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1 Introduction

A fuzzy subset p of a set S is a function from S to the closed interval [0, 1]. This
concept of a fuzzy set was introduced by Zadeh [1], in 1965. Since its inception, the
theory has developed in many directions and found applications in a wide variety
of fields. Kuroki [2] introduced the notion of fuzzy ideals and fuzzy bi-ideals
in semigroups. Faisal et al. [3] applied fuzzy set theory on I~AG**-groupoids
also see [4]. Zadeh [5] made an extension of the concept of a fuzzy subset by an
interval valued fuzzy subset, i.e., a fuzzy subset with an interval valued membership
function. Interval valued fuzzy subsets have many applications in several areas.
Biswas [6] worked on Rosenfeld’s fuzzy subgroups with interval valued membership
function. In [7], Narayanan and Manikantan, introduced the concept of an interval
valued fuzzy left (right, two-sided, interior, bi-) ideal generated by an interval
valued fuzzy subset in semigroups.
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Atanassov introduced the idea of defining a fuzzy set by ascribing a member-
ship degree and a non-membership degree separately in such a way that sum of the
two degrees must not exceed one. Such a pair was given the name of Intuitionistic
Fuzzy Sets [8]. Atanassov et al. [9, 10] introduced the notion of interval valued in-
tuitionistic fuzzy sets which is a generalization of both intuitionistic fuzzy sets and
interval valued fuzzy sets. Several mathematicians applied the concept of interval
valued intuitionistic fuzzy sets to algebraic structures. Akram and Dudek [11] in-
troduced the notion of interval valued intuitionistic fuzzy lie ideals of lie algebras
and in [12, 13] Akram et al. applied the theory of interval valued intuitionistic
fuzzy sets to K-algebras. Yaqoob et al. [14] characterized left almost semigroups
by their interval valued fuzzy ideals also see [15, 16]. The theory of interval valued
intuitionistic (S, T)-fuzzy sets applied to different algebraic structures by Akram
[17], Hedayati [18, 19], Lee et al. [20] and Zhan et al. [21].

This paper concerned the relationship between interval valued intuitionistic
fuzzy sets and regular LA-semigroups. The left almost semigroup abbreviated
as an LA-semigroup, was first introduced by Kazim and Naseerudin [22]. They
generalized some useful results of semigroup theory. Every LA-semigroup satisfies
the law (ab)c = (cb)a, and this law is known as left invertive law. Despite the fact,
the structure is non-associative and non-commutative. It nevertheless possesses
many interesting properties which we usually find in commutative and associative
algebraic structures. It is a useful nonassociative structure with wide applications
in theory of flocks. In this paper, the concept of interval valued intuitionistic fuzzy
sets is applied to regular LA-semigroups.

2 Preliminaries and Basic Definitions

Let S be an LA-semigroup. From [23], a non-empty subset A of S is called an
LA-subsemigroup of S if ab € A for all a,b € A. A non-empty subset L of S is
called a left ideal of S if SL C L and a non-empty subset R of S is called a right
ideal of S if RS C R. A non-empty subset I of S is called an ideal of S if I is
both a left and a right ideal of S. A subset A of S is called an interior ideal of S
if (SA)S C A. An LA-subsemigroup A of S is called a bi-ideal of S if (45)A C A.
A subset @ of S is called a quasi-ideal of S if QS NSQ C Q. An LA-semigroup S
is said to be regular if for all a € S, there exists z € S such that a = (az)a.

In an LA-semigroup the medial law holds:

(ab)(cd) = (ac)(bd) for all a,b,c,d € S.

In an LA-semigroup S with left identity, the paramedial law holds:
(ab)(ed) = (de)(ba) for all a,b,c,d € S.

If an LA-semigroup contain a left identity then the following law holds:

a(bc) = b(ac) for all a,b,c € S.
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Now we will recall the concept of interval valued fuzzy sets. An interval number is
a=[a",at], where 0 < a~ < a’ < 1. Let D0, 1] denote the family of all closed
subintervals of [0,1], i.e

D[0,1]={a=[a",a"]:a” <a", fora”,a™ €I}.

We define the operations <7, ” =7,”7 <7, "min” and " max” in case of
two elements in D[0, 1]. We consider two elements @ = [a~,a™] and b = [b—,b"] in
D[0,1]. Then

(1) @ < bifand only if a~ < b~ and at < b,
(2) @=bif and only if = = b~ and at = bt
(3) @< bif and only if @ < b and @ # b,

(4) ﬂb—mln{a b}—a/\b—[a Ab™, at ADT],
(5)

It is obvious that (D[0,1], <,V,A) is a complete lattice with 0 = [0, 0] as its
least element and 1 = [1,1] as its greatest element.
Let X be an ordinary set. An interval valued fuzzy set B on X is defined as

B = {(z,[np(@), up(2)]) 1w € X},

where MT;( z) < pj(x), for all 2 € X. Then the ordinary fuzzy sets up : X — |0, 1]
and uB : X — [0,1] are called a lower fuzzy set and an upper fuzzy set of i,

respectively. Let fip(r) = [ug(z), u}(x)], then
B ={{z,up(x)) :x € X},

where fip : X — D|0, 1].

A mapping A = (fia,74) : X — D[0,1] x DJ[0,1] is called an interval valued
intuitionistic fuzzy set (IIF-set, in short) in X if () + v (x) < 1 and pf(z) +
4 (z) <1 for all x € X. Where the mappings

fia(z) = [pa (), (2)] : X — DI[0,1] and Fa (@) = [v,4 (2), 74 (2)] : X — D0, 1],

denote the degree of membership (namely 14 (z)) and the degree of non- 1-membership
(namely J4(x)) of each element z € X. We define 0(x) = [0,0] and 1(z) = [1,1],
for all x € X.

3 Interval Valued Intuitionistic Fuzzy Ideals of
Regular LA-semigroups

In this section, we characterize ITF-left (right, two-sided) ideals, IIF-generalized
bi-ideals and ITF-bi-ideals of regular LA-semigroups.
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Definition 3.1. Let S be an LA-semigroup. An IIF-subset A = (jia,74) of S is
called an IIF-LA-subsemigroup of S if

pa(zy) > pa(e) Apa(y) and Ja(zy) <ya(e) VAyaly) forallz,yes.

Definition 3.2. An IIF-subset A = (Jia,74) of an LA-semigroup S is called an
IIF-left ideal of S if

fia(zy) = pa(y) and a(zy) <7ya(y) forallz,yeS.

Definition 3.3. An ITF-subset A = (jia,74) of an LA-semigroup S is called an
IIF-right ideal of S if

fia(ay) > fia () and Fa(2y) <7a(2) forallz,ye S,

An TTF-subset A = (jia,74) of an LA-semigroup S is called an ITF-two-sided ideal
or an IIF-ideal of S if it is both an IIF-left ideal and an ITF-right ideal of S.

Example 3.4. Let S = {1,2,3,4}, the binary operation 77 on S be defined as
follows:

|1 2 3 4
12 4 3 1
211 2 3 4
33 3 3 3
414 1 3 2

Clearly, 4 =4-(2-1) # (4-2) -1 = 2. As S satisfies left invertive law so S is an
LA-semigroup. We define I1F-subset as

A= ([1a,Va)

B 1 2 3 4 1 2 3 4
B {([0.1,0.2]’ [0.1,0.2]" [0.5,0.6] [0.170.2]> ’ ([0.470.5}’ [0.4,0.5]" [0.1,0.3]" [0.4,0.5])}'

By routine calculations one can see that

fa (zy) = fia (y) and ya(zy) <ya(y) forallz,y€S.
And

fia (zy) > fia (x) and Y4 (vy) <Fa(x) for allw,y € S.
Hence, A = (lia,va) s an IIF-ideal of S.

Definition 3.5. Let A = (jia,74) and B = (ip,¥p) be two IIF-subsets of an
LA-semigroup S then A o B is defined as

S V {ia(y) Aip(2)} if ¢ =yz for some y,z € S
(Haopp)(x) = ==vz

[0,0] otherwise.
And
N {Faly) VAs(2)} if & =yz for some y,z € S

(Yao7s) (x) = { =yz

[1,1] otherwise.
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Note that an LA-semigroup S can be considered as an ITF-subset of itself and
let

B: <§ﬁ/7é\l;>
- {<x,§;(x),é;(z)> . S(2) = [1,1] and ©(x) = [0,0], for all  in s}

be an ITF-subset and 8 = <§;(1‘), é79($)> will be carried out in operations with

an IIF-subset A = (fia,74) such that §/; and é;; will be used in collaboration
with 14 and 74 respectively.

Let ITF(S) denote the set of all ITF-subsets of an LA-semigroup S. Let A =
(ta,74) and B = (pp,¥5) be two IIF-subsets of an LA-semigroup S. The symbol
AN B will means the following

(aNpg)(x) =pa(x) Apg(x) for all x € S.

(Fa UFB) () =Fa(z) VAp(x) for all z € S.
The symbol AU B will means the following

(taUpg)(x) =pa(x) Vap(x) for all x € S.
(34 NAB) (z) = Ya(z) AFp(z), for all x € S.

Definition 3.6. Let S be an LA-semigroup and let §) # A C S. Then interval
valued intuitionistic characteristic function xa = (fiy,,Vx4) of A is defined as

(L1 ifreA 4 5 {00 ifzeA
Fxa =\ [0,0] ifxga M aT V(1,1 ifzé A

Lemma 3.7. For any IIF-subset A = {fia,7a) of an LA-semigroup S, the follow-
ing properties holds.

(1) A is an LA-subsemigroup of S if and only if A is an IIF-LA-subsemigroup
of S.

(2) A is aleft (right, two-sided) ideal of S if and only if A is an IIF-left (right,
two-sided) ideal of S.
Proof. Proof is straightforward. O

Lemma 3.8. Let A = (jia,va) be an IIF-subset of an LA-semigroup S. Then,
(1) A= {pia,74) is an IIF-LA-subsemigroup of S if and only if fia o ia C fia
and Y4054 2 Ya.
(2) A= (lia,Va) is an IIF-left (resp. IIF-right) ideal of S if and only if§OﬁA C
fa and @ o4 D4 (resp. taoS C g and Y400 D F4).
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Proof. Proof is straightforward. O

Lemma 3.9. Let S be an LA-semigroup. Let A = (fia,va) and B = (lip,¥B) be
any two IIF-two-sided ideals of S, then Ao B=ANB.

Proof. Suppose that A = (jia,74) and B = (lip,¥p) be any two ITF-two-sided
ideals of a regular LA-semigroup 5, then by using Lemma 3.8, we have jiq o up C
naNpp and 74 0¥ 2 Y4 U~4p, which shows that Ao B C ANDB. Let a € S,
then there exists « € S such that a = (az)a and therefore, we have

(1a o i) (a) \/a:(w)a {na(ax) Npp(a)} = pralaz) A fip(a)
) (a).

> pala) App(a) = (paNps) (a)
And
(Yao7s)(a) = /\a:(ax)a {yalaz) VAp(a)} <7alaz) vV y5(a)
< Fala)VAs(a) = (aU7s) (a).

Thus, we get that 14 o pup 2 pa Npp and 74 0 yp € Y4 Up. This implies that
AoBDANB. Hence Ao B=AnNB. O

Example 3.10. Let S = {1,2,3,4}, the binary operation ”-” on S be defined as
follows:

|1 2 3 4
114 4 2 4
204 4 1 4
31 2 3 4
414 4 4 4

Clearly, 1 =2-(3-3) # (2-3) -3 =2. As S satisfies left invertive law so S is an
LA-semigroup. We define I1F-subsets as

A= (f1a,74)

B 1 2 3 4
B {([0.3,0.4]’ [0.3,0.4]” [0.1,0.2] [0.4,0.5]) ’

1 2 3 4
([0.4, 0.45]" [0.4,0.45]’ [0.5,0.6]" [0.1, 0.2]) } ’

and

B = <ﬁBv§B>

B 1 2 3 4
- {([0.5,0.55}’ [0.5,0.55] [0.4,0.5]’ [0.6,0.7]) ’

1 2 3 4
([0.2,0.3]’ [0.2,0.3]" [0.37,0.4] [0.1,0.12})}‘
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Clearly, A = (fia,Va) and B = (ip,¥p) are IIF-two-sided ideals of S. Now

(haopp) (a) ={[0.1,0.2], [0.3,0.4], [0.4,0.5]} = (12a N pip) (a)

for all a € S. Similarly, we can check that (Fa oyg) (a) = (Ya N7B) (a), for all
a € S. But note that S is not regular, because 2 € S is not reqular.

Theorem 3.11. Let S be an LA-semigroup with left identity and let A = (ia,7a)
be any IIF-subset of S, then S is regular if A(z) = A(x?) holds for all x € S.

Proof. Assume that S be an LA-semigroup with left identity. Clearly x29 is a
subset of S and therefore its characteristic function ¥,2g = <ﬁxz2sﬁxﬁzs> is an
[IF-subset of S. Let x € S, then by given assumption p, , (z) = ﬁxm2s(w2)
and Jy , (x) = Fy,,,(2?) holds for all z € S. As z* € 25, because by using
paramedial law, we have

228 = (zx)(SS) = (S5)(zz) = Sa?.

Therefore, iy , (2%) = [1,1] and 7, _, (2*) = [0,0], which implies that = € 2°S.
Now by using left invertive and paramedial laws, we have

r €228 = (22)(88) = ((88)x)x C ((S9)(2*S))x = ((S9)((xx)9))x
= ((89)((Sz)z))z = ((Sz)(Sz))z = (25)(25))z = (x((x5)S))z < (x5)z.

Thus, S is regular. O

An ITF-subset A = (jia,74) of an LA-semigroup S is said to be idempotent if
fiaofia=fia and 74 054 = 7a, that is, Ao A= A.

Lemma 3.12. Every IIF-two-sided ideal A = (fia,Va) of a regular LA-semigroup
is idempotent.

Proof. Let S be a regular LA-semigroup and let A = (ji4,74) be an ITF-two-sided
ideal of S. Now for a € S there exists € S such that a = (az)a and therefore,
we have

(haopia)(a) = \/a:(m)a {palax) Npa(a)} = palax) A fia(a)
> fia(a) A paa) = pa(a).
And
(Fa07a) (@) = /\

<7Ja(a) Vya(a) =7a(a).

o Talaz) VAa(a)} < Jalaz) Vya(a)

a=(azx)a

This implies that fra o 1a 2 ta and Y4 074 € 4. Now by using Lemma 3.8, we
get flaofia =ia and ¥4 054 =54. Hence, Ao A = A. O
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Lemma 3.13. In a reqular LA-semigroup S, Ao = A and fo A= A holds for

every ITF-two-sided ideal A = (fia,5a) of S, where § = <:§’;,@5>.

Proof. Let S be a regular LA-semigroup and let A = (fia,74) be an IIF-two-sided
ideal of S. Now for a € S there exists z € S such that a = (ax)a, therefore

(a0 8s) @ =V _ ., {Fala) A Ss(a) } > ia(az) A Sya)
> fia(a) A [1,1] = Fa(a).
And

(74°65) @ = A\ _.... {7a(a2) v 65(@)} <Fa(az) v B5(a)
<7a(a) v [0,0] = ya(a).
This implies that @4 o :S‘; D g and 4 o (:)VB C 4. Now by using Lemma 3.8,

we get f1a 0 Sg = fia and 74 0 ©g = 4. Hence, Ao f = A. Now we can prove
Bo A=A in a similar way. O

Lemma 3.14. Fvery IIF-right ideal of an LA-semigroup S with left identity is an
IIF-left ideal of S.

Proof. Proof is straightforward. O

Theorem 3.15. If A = (lia,74) is an IIF-two-sided ideal of a reqular LA-
semigroup S with left identity, then A(ab) = A(ba) holds for all a,b in S.

Proof. Let A = (fia,7a) be an IIF-two-sided ideal of a regular LA-semigroup S
with left identity and let a,b € S, then a = (ax)a and b = (by)b for some z,y € S.
Now by using medial and paramedial laws, we have

pa(ab) = pa(((ax)a)((by)b)) = pa(((ax)(by))(ab))
= fra((ba)((by)(ax))) > fra(ba),
paba) = pa(((by)b)((ax)a)) = pa(((by)(az))(ba))

pa((ab)((ax)(by))) = pra(ab).

Which shows that 114 (ab) = fia(ba) holds for all a,b in S and similarly 74 (ab) =
~4(ba) holds for all a,b in S. Thus, A(ab) = A(ba) holds for all a,b in S. O

Theorem 3.16. Let S be a reqular LA-semigroup with left identity, then A =
(ta,7ya) is an IIF-left ideal of S if and only if A = (ia,Va) is an IIF-bi-ideal of
S.
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Proof. Let A = (fia,74) be an IIF-left ideal of S and let w, z,y € S, then by using
left invertive law, we have
fa((zw)y) = pa(((yw)x)) > fia(x) = fpa(z) A pay).
And
Ya((zw)y) = Fa(((yw)z)) = Fa(x) = Ya(z) A7a(y).
Thus, A = (fia,74) is an IIF-bi-ideal of S.

Conversely, let A = (jia,74) is an ITF-bi-ideal of S and let x,y € S, then there
exists z € S such that y = (yz)y. Now

pa(zy) = pa(z((y2)y)) = mal(yz)(zy)) = MA((yfv)( y)) = pa(((zy)z)y)
= a(((zy)(ex))y) = ma(((ze)(y2))y) = pal((y((we)z))y) > fa(y).

Similarly, ¥4 (xy) < 74(y) and therefore A = (fig,74) is an IIF-left ideal of S. O

An element a of an LA-semigroup S is called an intra-regular if there exist
x,y € S such that a = (za?)y and S is called an intra-regular if every element of
S is an intra-regular.

Lemma 3.17. For an intra-regular LA-semigroup S with left identity, the follow-
ing holds.

(1) Fvery IIF-right ideal of S is an IIF-semiprime.
(2) Every IIF-left ideal of S is an IIF-semiprime.
(8) Every IIF-two-sided ideal of S is an IIF-semiprime.

Proof. (1). Let A = (jia,74) be an ITF-right ideal of an intra-regular LA-semigroup
S with left identity and let a € S, then there exists x,y € S such that a = (za?)y.
Now by using paramedial law, we have

fia(a) = fia((za®)y) = fia((za*)(ey)) = fia((ye)(a’x)) = fia(a*((ye)x)) > fa(a®),

and similarly

Ja(a) = Fa((wa®)y) = Fa((wa®)(ey)) = Fa((ye)(a®x)) = Fa(a®((ye)x)) < Fa(a®).

Thus, A = (fia,74) is an ITF-semiprime.

(2). Let A= (j1a,74) be an IIF-left ideal of an intra-regular LA-semigroup S
with left identity and let a € S, then there exist z,y € S such that a = (za?)y.
Now by using left invertive law and paramedial law, we have

fia(a) = fia((za®)y) = fia((z(aa))y) = fia((a(za))y) = fa((((za®)y)(za))y)
= fa(((az)(y(za®)))y) = fia ((( )( ((ex)(aa))))y)
= fa(((az)(y(a®(ze))))y) = fra(((az)(a®(y(we))))y)
= fia(a®((az)(y(we)))y) = (( ((y(we))(ax)))a®) > fia(a®).
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Similarly, we can show that J4(a) < F4(a?) and therefore A = (fia,74) is an
ITF-semiprime.
(3). Tt can be followed from (1) and (2). O

Lemma 3.18. For any non-empty IIF-subsets A = (fia,7¥4) and B = {fip,¥B) of
an LA-semigroup S, then x4 0 XB = XAB-

Proof. Proof is straightforward. O

Theorem 3.19. For an LA-semigroup S with left identity, the following condi-
tions are equivalent.

(1) S is an intra-reqular.

(2) RNL=RL, R is any right ideal and L is any left ideal of S such that R is

semiprime.

(3) ANB = Ao B, A= (ia,Va) is any IIF-right ideal and B = (jip,¥p) is
any ITF-left ideal of S such that A = {fia,74) is an IIF-semiprime.

Proof. (1) = (3) : Assume that S is an intra-regular LA-semigroup. Let A =
(ta,7a) be any IIF-right ideal and B = (ip,vp) be any IIF-left ideal of S. Now
for a € S there exists x,y € S such that a = (xa?)y. Now by using left invertive
law and paramedial law, we have

Therefore,

{Ba(a®(y((y2)2)) A fip(a)}

> pa(a) App(a) = (fa N fip)(a),

(e o fip)(a) = vaz(cﬂ(y((yz)w)))a

and

(G °78)(@) = N\ __ 2 (arenya 4@ W(@2)2) V Tz (0)}
<7a(a) ViB(a) = (Fa U7B)(a).

Which implies that AN B O Ao B and by using Lemma 3.8, Ao B C AN B,
therefore AN B = Ao B.

(3) = (2) : Let R be any right ideal and L be any left ideal of an LA-semigroup
S, then by Lemma 3.7, Xz = (lyn, Vxa) a0d X7 = (ly,, Vx.) are IIF-right and
ITF-left ideals of S respectively. As RL C RN L is obvious therefore let a € RN L,
then a € R and a € L. Now by using Lemma 3.18 and given assumption, we have

ﬁXRL (a) = (ﬁXR © :ZZXL) (CL) = (ﬁXR N :ZZXL) (a) = ﬁXR (CL) A :ZZXL (a) = [L 1]'
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Similarly,

Ve (@) = (xr ©Vxn) (@) = (Vxn Udxe) (@) = Fxn(@) V 3y, (@) = [0,0].

Which implies that ¢ € RL and therefore RN L = RL. Therefore, R is semiprime.

(2) = (1) : Let S be an LA-semigroup, then clearly Sa is a left ideal of S
such that a € Sa and a®S is a right ideal of S such that a®? € a2S. Since by
assumption, a2S is semiprime, therefore a € a?>S. Now by using left invertive law
and paramedial law, we have

a € a’SNSa=(a*9)(Sa) = (aS)(Sa?) = ((Sa*)S)a = ((Sa* )(SS))

= ((89)(a*$))a = (a*((55)S))a < (a*5)S = (85)(aa) = a
= (aa)S = (Sa)a C (Sa)(a?S) = ((a*S)a)S = ((aS)a?)S C (Sa )S.

Which shows that S is an intra-regular LA-semigroup. O

Theorem 3.20. Let S be an intra-reqular LA-semigroup with left identity and let
A= {1a,74) be an IIF-subset, then the following conditions are equivalent.

(1) A= {l1a,74) s an IIF-bi-ideal of S.
(2) A= (jia,va) is an IIF-generalized bi-ideal of S.

Proof. (1) = (2) is obvious.

(2) = (1) : Let A = (jia,Va) be an ITF-generalized bi-ideal of an intra-regular
LA-semigroup S and let a € S, then there exists z,y € S such that a = (za?)y.
Now by using left invertive law and paramedial law, we have

paab) = pa

Similarly, we can show that Y4 (ab) < J4(a)V74(b) and therefore A = (fig,¥4) is
an ITF-bi-ideal of S. O

4 Conclusion

In the structural theory of fuzzy algebraic systems, fuzzy ideals with special
properties always play an important role. In this paper, we applied the interval
valued intuitionistic fuzzy set theory to left almost semigroups and characterized
regular LA-semigroups by their interval valued intuitionistic fuzzy ideals.

In our future study of interval valued intuitionistic fuzzy structure of LA-
semigroups, may be the following topics should be considered:

1. To characterize other classes of LA-semigroups by the properties of these
interval valued intuitionistic fuzzy ideals.
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To characterize intra-regular LA-semigroups by the properties of these in-
terval valued intuitionistic fuzzy ideals.

To characterize regular and intra-regular LA-semigroups by the properties
of interval valued intuitionistic fuzzy soft ideals.
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