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Abstract : This paper deals with the study of an entire function of the form

2"
Zf‘an—iﬁ

where
Re(a) > 0,Re(B8) > 0,Re(y) > 0,Re(d) > 0 and q € (0,1) UN.

Various properties that exist between E;Y% 5(#) and Rieman Liouville fractional
integrals and derivatives are investigated. It has been shown that the fractional
integration and differentiation operators transform such functions with power mul-
tipliers into the function of the same form. Some of the results given earlier by
Khan and Ahmed follow as special cases.
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1 Introduction

In 1903, the Swedish mathematician Mittag-Leffler [1] introduced the function

oo

- Zom (1.1)

where z is a complex variable and IT" is a Gamma function a > 0. The Mittag-Leffler
function is a direct generalisation of exponential function to which it reduces for
a = 1. For 0 < a < 1 it interpolates between the pure exponential and hyperge-
ometric function i Its importance is realized during the last two decades due
to its involvement in the problems of physics, chemistry, biology, engineering and
applied sciences. Mittag-Leffler function naturally occurs as the solution of frac-
tional order differential or fractional order integral equation. The generalization

of E,(z) was studied by Wiman [2] in 1905 and he defined the function as

Eap(z) =3 F(#lm, (o, B € C;Re(a) > 0,Re(8) > 0).  (1.2)

n=0

In 1971, Prabhakar [3] introduced the function E] 4(z) in the form of

n

)= Z:% m (@, 8,7, € C;Re(a) > 0,Re(8) > 0,Re(y) > 0),

(1.3)
where (), is the Pochhammer symbol (Rainville [4]).

Mo=1,Vn=79r+D(+2)-(y+n-1).

In 2007, Shukla and Prajapati [5] introduced the function E_’4(2) which is
defined for «, 8,7 € C; Re(ar) > 0,Re(B8) > 0,Re(y) > 0 and g € (0 71) UN as

EJ%( _ Mgnz" .
Z T an+ﬂ mE (o, B,7,€ C;Re(a) > 0,Re(B) > 0,Re(y) > 0)

(1.4)
In 2009, Salim [6] introduced the function the function EA” "3(2) which is defined
for a, 8,7,0 € C;Re(cr) > 0,Re(B) > 0,Re(y) > 0,Re(d) > 0 as

5
Eas Z I( om+ﬁ (1.5)

Recently, Khan and Ahmed [7] defined and studied an entire function of the
form

B _ Wanz" 1.6
o Z T(an + 5)(0 (1.6)
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where
min (Re(a), Re(8), Re(y),Re(d) > 0) and q € (0,1) UN. (1.7)

It is an entire function of order [Re(a)]~!. The eq.(1.6) is a generalization of all
above functions defined by the egs. (1.1)-(1.5). Note that

, )0 , ) ,
E;g 5(2) = E13(2), BV (2) = ELY (2), Eg,}m(z) =E) , (2),

0.5.1(2) = Ea5(2), B35 1(2) = Ea(2), By 1(2) = exp(2).

2 Preliminaries

This section contain some basic results and formulas which will be used in our
main results. The fractional calculus operators are defined by (see Samko, Kilbas
and Marichev [8, Sect. 2]) for v > 0:

I = I‘(lu) /0 @ f(f))l—l’dt’ (2.1)

050 @) - (1) "W
I =

@ =) i @
- ﬁ (;;)Wl /OE (xi(;){u}dt, (2.4)

where [v] means the maximal integer not exceeding v and {v} is the fractional
part of v. The object of this paper is to derive the relations that exist between the
generalized Mittag-Leffler function defined by (1.6) and the left- and right-sided
operators of Riemann-Liouville fractional calculus operators defined by (2.1)-(2.4).
The results derived in this papers are believed to be new.

Lemma 2.1. Ifa, 8,7v,6 € C;Re(a) > 0,Re(8) > 0,Re(y) > 0,Re(d) > 0and q €
(0,1) UN, then

« « d «
(ax®) = BE G 5(ax®) + x%EZ:%H,é(ax ) (2.5)
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3 Main Results

In this section we derive several interesting properties of the generalized Mittag-
Leffler functions E'} 5(2) defined by (1.6) associated Riemann-Liouville fractional
integrals and derivatives.

Theorem 3.1. Let Re(v) > 0,Re(a) > 0,Re(8) > 0,Re(y) > 0,Re(d) > 0and q €
(0,1)UN and a € R. Let I§, be the left-sided operator of Rimann-Liouville frac-
tional integral (2.1). Then there holds the formula

(25, 197 B8, a))) (&) = 2 B (), (31)
Proof. By virtue of (1.6) and (2.1) we have

K

(fmtﬂ-lw <at“>]) (v)

1 ’ 1 n
_ u tan+’8_1dt.
T(v) / Z (an + B

Interchanging the order of integration and summation and evaluating the inner
integral by beta function formula, we have

(az®)"

V+B 1
Z I'( V+an+5)( In
or
K="y, 5(ax®).

O

Corollary 3.2. For Re(a) > 0,Re(8) > 0,Re(v) > 0 and a € R, then there holds
the formula

(B 7 B8 (@) (2) = 2”0 B (aa®) (3.2)

Corollary 3.3. For Re(a) > 0,Re(8) > 0,Re(y) > 0,Re(d) > 0,Re(v) >
0 and a € R, then there holds the formula

(Ig+ [tﬁflEg;g(atQ)]) (2) = 2P B, (aa®) (3.3)
Remark 3.4. The formula (3.3) is a known result of Khan and Ahmed [9, (2.1)]

Theorem 3.1 and Lemma 2.1 imply
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Theorem 3.5. Let Re(a) > 0,Re(8) > 0,Re(y) > 0,Re(6) > 0 and q €
(0,1)UN and a € R. Let I§,_ be the left-sided operator of Rimann-Liouville
fractional integral (2.1). Then there holds the formula

(Ig+[tﬂ_1EZj%75(ata)]> ()
v+B— @ d «
_ gvtB LB+ V))Eg:%wﬂ,é(ax )+ x%[EgngH,a(am ))- (3.4)

Corollary 3.6. For Re(a) > 0,Re(8) > 0,Re(v) > 0,9 € N and a € R. Then
there holds the formula

(7 B at)]) (@)
d
= 2B+ V) EL Gy 4 (a2) + 2 [BUG 4 (a2)] (3.5)

Corollary 3.7. For Re(a) > 0 Re(8) > 0 Re(y) > 0Re(vy) > 0Re(v) >0and a €
R. Then there holds the formula

(17 B2 ()] (@)
= 2" (B + 1)) By, g (az®) + dd (B2 5 (02™)]. (3:6)

Remark 3.8. The formula (5.6) is a known result of Khan and Ahmed [9, (2.5)].

Theorem 3.9. Let Re(v) > 0,Re(a) > 0,Re(8) > 0,Re(y) > 0,Re(d) > 0,q €
(0,1)UN, and a € R. Let I” be the right-sided operator of Rimann-Liouville
fractional integral (2.2). Then there holds the formula

(11t P BLS slat™)) () = 2~ BT, s(an ™). (3.7)
Proof. By virtue of (1.6) and (2.2) we have

K= (e ﬁEz?”(af“)]) ()

1 o0 l/ TL*O[TL
“r /. 1ZFom+ﬂ) et

Interchanging the order of integration and summation and evaluating the inner
integral by beta function formula, we have

= afﬁEg qﬁ+u5(ax .
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Corollary 3.10. For Re(a) > 0,Re(8) > 0,Re(v) > 0,a € R and q € (0,1) UN.
Then there holds the formula

(Iﬁ [t_”_BEZ:%(at_a)]) (x) = x_BE;”%+V(ax_“). (3.8)

Corollary 3.11. For Re(a) > 0,Re(8) > 0,Re(y) > 0,Re(v) > 0 and a € R.
Then there holds the formula

(Iz [t*”*ﬂEgjg(afa)]) () = 2 B, (az™®). (3.9)

Remark 3.12. The formula (3.9) is a known result of Khan and Ahmed [9, (2.8)].

Theorem 3.13. Let Re(v) > 0,Re(a) > 0,Re(8) > 0,Re(y) > 0,Re(d) > 0,q €
(0,1)UN and a € R. Let I” be the right-sided operator of Rimann-Liouville
fractional integral (2.2). Then there holds the formula

(117 B35 s(at) (@)

e « d —
=z "B+ VE G 5(az®) + m%[Eg:%Jrqul,a(ax ))- (3.10)

Corollary 3.14. For Re(a) > 0,Re(8) > 0,Re(r) > 0,9 € (0,1)|JN and a € R.
Then there holds the formula
(B @)

e —Q d —Q
=z B[(ﬁ + V))E32%+y+1(a$ )+ x%[Egz%errl(am )l (3.11)

Corollary 3.15. For Re(a) > 0,Re(8) > 0,Re(y) > 0,Re(v) > 0 and a € R.
Then there holds the formula

(re B )] (@)

=275 + v))EZZ§+y+1( “)+ “"di[EZ’muH( 2= %)) (312)

Remark 3.16. The formula (3.12) is a known result of Khan and Ahmed [9,
(2.11)].

We now proceed to derive certain other properties of £’ % (z) associated with
Rimann-Liouville fractional derivative operators D¢, and D” defined by (2.3) and
(2.4) respectively.

Theorem 3.17. Let Re(v) > 0,Re(a) > 0,Re(S) > 0,Re(y) > 0,Re(d) > 0,q €
(0,1)UN and a € R. Let Dy, be the left-sided operator of Rimann-Liouville
fractional derivative (2.3). Then there holds the formula

(D7 BT slat)]) (@) = 2"~ BT, s(ax®) (3.13)
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Proof. By virtue of (1.6) and (2.3), we have
K= (Ds+ 1 EL s(at)]) ()

[v]+1 1—{1/} )
) (15 2 et (@)

A\ s —{v}
Z:: Om+ﬂ . (dx) /Ot (g — )~ Wy,

Interchanging the order of integration and summation and evaluating the inner
integral by beta function formula, we have

a"()gn d \ " an+B—{v}
k= Z M 5+ Lo 0 (dw) e
n(’Y)qn mozn+6—l/—1
_Zl“om—i—ﬂ v)(0)n

_ v—1 ('Y)qn a\n
= 2P~ Zl‘an—i—ﬁ TGN (azx®)

P IEZ’% vs(az®).

O

Corollary 3.18. For Re(a) > 0,Re(8) > 0,Re(r) > 0,9 € (0,1)[JN and a € R.
Then there holds the formula

(Ds P BT (@t*)]) (@) = 2P~ BT (ax®). (3.14)

Corollary 3.19. For Re(a) > 0,Re(8) > 0,Re(y) > 0,Re(d) > 0,Re(v) >
0 and a € R. Then there holds the formula

(Dg i [tﬁflEg;g(ata)]) () = 2" EYS_, (az®)). (3.15)

Remark 3.20. The formula (3.15) is a known result of Khan and Ahmed [9,
(2.14)].

Theorem 3.21. Let Re(v) > 0,Re(a) > 0,Re(8) > 0,Re(y) > 0,Re(d) > 0,q €
(0,1)UN,a € R. Let Dy, be the left-sided operator of Rimann-Liouville fractional
integral (2.3). Then there holds the formula

(D[~ 28 s(at™)]) (@)

—V— « d 3 (e}
= P15 — y))Eg:g_H_M(ax )+ x%[E;%_H_M(ax )]. (3.16)
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Corollary 3.22. For Re(v) > 0,Re(a) > 0,Re(8) >0, and q € (0,1) UN,a € R.
Then there holds the formula
(D51~ B (@t)]) ()

=7 H(B - V)EY Gy (az®) + xdi[E7 by (az®)]. (3.17)

Corollary 3.23. For Re(v) > 0,Re(a) > 0,Re(8) > 0,Re(y) > 0,q € (0,1) N
and a € R. Then there holds the formula
(D17 BT 0t™)]) ()

=" (B - v)EY), (ax) +

s

BV ()] (318)

Theorem 3.24. Let Re(v) > 0,Re(a) > 0,Re(S) > 0,Re(y) > 0,Re(d) >
0 with 8 —a+ {a} > 1 and q € (0,1)|UN,a € R. Let D” be the right-sided
operator of Rimann-Liowville fractional derivative (2.4). Then there holds the for-
mula

(D2 P B s(at™)]) (@) = P BLS_, 5aa™). (3.19)
Proof. By virtue of (1.6) and (2.4) we have

K = (D[P B (0t (@)

) v (12 B (a7 (a)

(_dci
s [v]+1
=2 Tan+ BT O (‘i) [t s

x

If we set t = %, then the above expression transforms into the form

— an(V)qn
h= ;) Man + BT~ 1) 0)n

1 d [v]+1
X/ Zanfu+,3+{v}72( ){ v}dz xufanfﬁf{v}qu'
0 Cdx
Using beta integral, we have

—an—0

K= Z cm+ﬁ—V)() v

=z P axr” )"
Z an+/a—u><>< )

*ﬁEqu 1/6( 70‘)'
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Corollary 3.25. For Re(v) > 0,Re(a) > 0,Re(8) > 0 with 8 — a + {a} > 1.
Let DY be the right-sided operator of Rimann-Liouville fractional derivative (2.4).
Then there holds the formula

(Di[t”’BEZ:%(at*”‘)D (@) =2 PEYY_ (az™®). (3.20)
Corollary 3.26. For Re(v) > 0,Re(a) > 0,Re(8) > 0,Re(y) > 0 with 8 —
a+ {a} > 1. Let DY be the right-sided operator of Rimann-Liowville fractional
derivative (2.4). Then there holds the formula

(Dz[tV—BEg;g(at—a)]) (@) =2 PEYY_ (ax™). (3.21)
Remark 3.27. The formula (3.21) is a known result of Khan and Ahmed [9,
(2.20)].

Theorem 3.28. Let Re(v) > 0,Re(a) > 0,Re(5) > 0,Re(y) > 0,Re(d) >0q €
(0,1)UN and a € R. Let D” be the right-sided operator of Rimann-Liouville
fractional derivative (2.4). Then there holds the formula

(D272 s(at™)]) (a)

— —a d —«a
=z B[(ﬁ - V)Eg:qg—u+1,5(ax )+ x%[EZ:%—u-i-L&(ax ))- (3.22)

Corollary 3.29. For Re(v) > 0,Re(a) > 0,Re(8) > 0,Re(y) > 0,Re(d) >
0 and a € R. Then there holds the formula

(Dz [t”*ﬂEg;g(afa)]) ()

- —« d > —«
=2 P[(B—v)ELS_, (a2 + x%[Eg;g_Vﬂ(az )] (3.23)

Corollary 3.30. For Re(v) > 0,Re(a) > 0,Re(8) >0 q € (0,1)[JN and a € R.
Then there holds the formula

(D21 BTt ) (@)

—« d —a
u+1(a$ )+x—[E3:qﬁ7V+1(ax )] (3.24)

=2 (B - v)EY_ —
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