THAI JOURNAL OF MATHEMATICS 'gb \
VoOLUME 11 (2013) NUMBER 3 : 633-643 [&

z
http://thaijmath.in.cmu.ac.th \m M/
ISSN 1686-0209

Weak and Strong Convergence Theorems
for an a-Nonexpansive Mapping and a
Generalized Nonexpansive Mapping
in Hilbert Spaces

Kriengsak Wattanawitoon and Yaowalux Khamlae!

Department of Mathematics and Statistics
Faculty of Science and Agricultural Technology
Rajamangala University of Technology
Lanna Tak, Tak 63000, Thailand
e-mail : kriengsak.wat@rmutl.ac.th (K. Wattanawitoon)
y.khamlae@rmutl.ac.th (Y. Khamlae)

Abstract : In this paper, we investigate iterative scheme for approximating
common solution of fixed point problems involving an a-nonexpansive mapping
and a generalized nonexpansive mapping in the framework of Hilbert spaces via
Takahashi and Tamura’s scheme. We obtain the weak convergence theorem under
appropriate conditions and strong convergence theorem by adding some necessary
condition in the same scheme. Our results extend and improve some recent results
in the literature.
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1 Introduction

Throughout this paper, we study the convergence theorems in the framework
of a Hilbert space H. Let C' be a nonempty closed and convex subset of H . We
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recall some definitions of mapping as shown in the following;:
e T:(C — Cissaid to be nonexpansive it ||Tz—Ty| < ||lx—y|| for all z,y € C.

e T:C — C is said to be quasi-nonezpansive if F(T) # () and | Tz — y| <
lx —y|| for all z € C and y € F(T), where F/(T) is the set of fixed point of
T.

In 2008, Suzuki [3] proposed the condition which is called condition (C). He
found that it is the weaker condition when comparing with the nonexpansive map-
ping and it is stronger than a quasi-nonexpansive mapping. Moreover, he also
proved the fixed point theorem and convergence theorem for this mapping.

Then, Dhompongsa et al. [6] improved and extended the main results of
Suzuki’s theorems. He proposed the fixed point theorem for mappings satisfying
condition (C) in Banach spaces under some appropriate conditions.

Later, Kohsaka and Takahashi [7] studied the existence of fixed points of firmly
nonexpansive type mappings and also introduced the class of nonspreading map-
pings in Banach spaces.

Afterward, Takahashi and Tamura [9] studied about the weak convergence of
two nonexpansive mappings. They proposed this following scheme:

T =2 € E, (1 1)
Tn+1 = (1 - an)l‘n + anTl{ﬁnTan + (1 - ﬁn)xn} .

Recently, Dhompongsa et al. [2] proposed the algorithm for proving the weak
convergence theorem of nonspreading mapping and mapping satisfying condition
(C) by using the Takahashi and Tamura’s scheme in the framework of Hilbert
spaces.

Remark 1.1. From [8], it can be concluded that
e T is called nonexpansive mapping if T' is 0-nonexpansive;
e T is called nonspreading mapping if T is %- nonerpansive;
e T is called hybrid mapping if T is %—nonexpansive;
e IfT is an a-nonexpansive mapping and F(T) # 0, then T is quasi-nonezpansive.

In the same period, Aoyama and Kohsaka [8] proposed the new class of a-
nonexpansive mappings in a Banach space E. This class can be reduced to non-
expansive, nonspreading and hybrid mappings.

Motivated and inspired by the above results, we proposed the iterative scheme
for proving the convergence theorem for an a-nonexpansive mapping and mapping
satisfying the condition (C) by using the iterative scheme of Takahashi and Tamura
[9] as shown in the following:

Tl =2 € C, (1 2)
Tn+1 = O‘nS{ﬁnTxn + (1 - /Bn)xn} + (1 - O‘n)xn7 -

for all n € N where {a,,} C (0,1] and {8, } C [0,1] satisfy the appropriate condi-
tions. Then we prove weak and strong convergence theorems.
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2 Preliminaries

In this section, we give some necessary notations, definitions, lemmas and
theorems which will be needed for the proof of our main results.

First, we recall some basic notations in Hilbert spaces. Note that N and R
stand for the set of integers and the set of real numbers, respectively. Let H be a
real Hilbert space with inner product (-,-) and norm || - ||.

In a Hilbert space H, it is known that

Iz + I = [l + lly*[l + 2¢z, y).

The nearest projection Po from H to C assigns to each € H the unique point
Pox € C satisfying the property

z — Pox|| = min ||z — y||.
o~ Poa| = min |z ~ |
We know that a Hilbert space H satisfies Opial’s condition, that is, for any se-
quence {x,} in H such that z, — x implies that
lim inf ||z, —z| < lim inf ||z, —y||, Yy € H and y # z. (2.1)
n—oo 1— 00
A mapping T : C — C is said to satisfy the condition (A) if there exists a

nondecreasing f : [0,00] — [0,00] with f(0) = 0 and f(¢) > 0 for all ¢ € (0, 00)
such that

fld(z, F(T))) < ||z = Txf, (2.2)

for all x € C, where d(z, F(T)) = inf{||lx — z*|| : z* € F(T)}.

Let F := F(S)NF(T), the mappings S, T : C — C are said to satisfy the condition
(A’) if there exists a nondecreasing f : [0, 00] — [0, 00] with f(0) =0 and f(¢) > 0
for all t € (0, 00) such that

fld(z, F)) < S(lle = Tl + [l — Sz), (2.3)

DN =

for all x € C, where d(z, F) = inf{||z — «*|| : * € F}.

Definition 2.1. Let E be a Banach space, let C' be a nonempty closed convex
subset of F, and let o be a real number such that a < 1. A mappingT : C — E
is said to be a-nonexpansive if

1T = Tyl* < al|lTz — y|* + a|| Ty — 2| + (1 - 2a)||lz — y||? (2.4)
for all z,y € C.

Definition 2.2 ([3]). Let T' be a mapping on a subset C of a Banach space E.
Then T is said to satisfy the condition (C) if

1
e =T <l — y|| which implies || T — Ty < |}z ]

for all z,y € C.
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Theorem 2.3 ([3, Theorem 4]). Let T be a mapping on a convex subset C of a
Banach space E. Assume that T satisfies condition (C) and either of the following
holds:

e (' is compact.

o (' is weakly compact and C' has the Opial’s property.

Then T has a fized point.

Remark 2.4. From [3], we also obtain the following facts.

e FEvery nonexpansive mappings satisfy condition (C) but the converse is not
true.

o If a mapping T satisfies condition (C) and F(T) # (0, then T is quasi-
NONETPANSIVE.

e Let T be a mapping on a closed subset C of a Banach space E. Assume
that T satisfies condition (C). Then F(T) is closed. Moreover, if E is
strictly convex and C is convez, then F(T) is also convex; see also Itoh
and Takahashi [1].

o Let T be a mapping on a subset C' of a Banach space E with the Opial’s
property. Assume that T satisfies condition (C). If {x,} converges weakly
to z and lim,, o || T2y, — x| =0, then Tz = z.

Theorem 2.5 ([6]). Let C' be a nonempty bounded closed convexr subset of a
Banach space E. Let T : C — C be a mapping satisfying condition (C). Suppose
that the asymptotic center in C of each bounded sequence of E is nonempty and
compact. Then T has a fixed point.

Recently, C.Mongkolkeha et.al prove the demiclosed lemma for T' and the
closed and convex property of F'(T) where T is an a-nonexpansive mapping as
shown in the following.

Lemma 2.6 ([10]). Let C' be a nonempty closed convex subset of a Hilbert space
H and let T : C — C be an a -nonexpansive mapping. If a sequence {x,} in C
with x, = «* and ||z, — Tx,| — 0, then z* = Tz*.

Theorem 2.7 ([10]). Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let T : C — C be an a-nonexpansive mapping such that
F(T)# 0. Then F(T) is closed and convez.

Lemma 2.8 ([4]). Suppose that {s,} and {e,} are sequences of nonnegative real
numbers such that s,11 < sp+ey, for alln € N. If Ezozl en < 00, then lim, o Sp
exists.
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Lemma 2.9. Let C be a nonempty closed convex subset of H and let {x,} be a
sequence on H. Suppose that, for all y € C,

[2n1 =yl < [len =yl
for alln € N. Then {Pcx,} converges strongly to some zg € C, where Po is a

metric projection of H onto C.

Lemma 2.10. Let C be a nonempty closed convex subset of a Hilbert space H.
Then, for x € H and y € C, y = Pox if and only if (x —y,y — 2z) > 0 for all
zeC.

3 Weak Convergence Theorem

In this section, we prove the weak convergence theorem for approximating a
common fixed point for mapping which satisfies the condition (C) and a-nonexpansive

mapping.
Theorem 3.1. Let C' be a nonempty closed convexr subset of a Hilbert space H.
Let S : C — C be an a-nonezxpansive mapping and let T : C' — C' be a mapping

satisfying the condition (C) such that F(S)NF(T) # 0. We generate the sequence
{zn} recursively by the following scheme:

r1=x € C, (3.1)
Tp+1 = ans{ﬂnTxn + (1 - 571)*7;77,} + (1 - an)xnv ’

for alln € N where 0 < a < a < 1 and {B,} C [0,1] satisfy the following
conditions:

(C1) liminf, o an(l —ay) >0,

(C2) liminf, . B,(1 — 3,) > 0.

Then {xy,} converges weakly tow € F(S)NF(T), where w = limy, 00 Pp($)nF(T)Tn-
Proof. Step 1. We first prove that the sequence {z,} generated by the above
scheme is bounded for all n € N.

Let p € F(S)N F(T). By Definition 2.1 and Definition 2.2, we consider
an|lSBnTxy + (1 — Bn)zn — pll + (1 — an)llzn — pl|
nBul|Tzn — p|l + an(l = Bp)llzn — pll + (1 — an)|zn — pl|

| n — pl|. (3.2)
So, limy, 0 || — pl| exists and hence {z,} is bounded.

Step 2. In this step, we will show that lim,_ . ||Su, — 2| = 0. Let w, =
BnTxn + (1 — Bp)xy, for all n € N. From p € F(S) N F(T), then we have

[£ns1 = pll

IN A CIA

[Sun —pll < lun —pll
1BnTxn + (1 = Bn)xn — Dl
< lan —pl- (3.3)

A
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Next, we consider

[2ne1 = plI* = [lanSun + (1 = an)z, — p|?
= anlSun —pl* + (1 = an) 2 = plI* = an(l = an)|Sup — z4*.

We reorder the above equation, then we obtain that

an[Sun = pl* + (1 = o) lzn = plI* = @nss = p|?
anllzn = pllI* + (1 = o)z = pl* = lznrs — plI?
lzn = plI* = |41 —pl*-

an (1 — ay)||Su, — anz

IN

Since limy, 00 @ (1 — @) > 0 and lim,,—, o ||z, — p|| exists, we can conclude that

nh_)ngo |Sun, — x| = 0. (3.4)
Step 3. We will show that lim, o [|Tz, — 2, || and lim, . ||Sz, — 25| = 0.

Let p € F(S)NF(T) and from the existence of lim,, _, o || —p||, we let lim, o0 [|2n—
p|| = c¢. Then, we obtain

Hx’ﬂ-i-l - p” = ”O‘nsun + (1 - an)xn _p”
< anSun —pll + (1 = an)llzn — p
< lun = pll + (1 = o) llzn — pl|-

We rewritten the above inequality, therefore we have

|Znt1 = pll = |20 — pll
an

+ llzn = pll < llun —pl|. (3.5)

By (3.3), (3.5) and the existence of lim,,_, ||z, — p||, we obtain

¢ < liminf ||u, — p|| < limsup ||u, — p|| < limsup ||z, —p|| = ¢
n—oo n— 00 n—00

and then lim,, o |u, — p|| = c.
Next, we consider

Bn(1 = Bl Tz — anQ = BulTxn —p||2 + (1= Bn) |7 —p||2
_Hﬁn(T‘rn —p) + (1= Bn)(2n _p)H2
Bullzn —plI> + (1 = Bn)llzn — plI> = [un — pl®

= Nan = pl* = llun —p*.

IN

Since liminf,, o0 B (1 — Br) > 0 and lim, o ||t — p|| = limy— o0 |25 — pl|, then
we can conclude that

lim ||Tx, —z,| =0. (3.6)

n—oo
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Next, we observe that

||xn - un”Q - Hxn - ﬁnT'rn - (1 - 571)‘1:71“2

= B2|len — Tz,

Since limy, o0 [| T2y, — x4 || = 0, we have that ||z, — u,|| tends to zero and next we
consider

152 — Znl|? + |20 — un||* + 2(Szp — T, 2 — uy)

|Szn — un||2

IN

12 = 2ol + 20 = unll? + 21520 — @2 — unl-

By the above inequality and definition of a-nonexpansive, then we obtain the
following:

1Sz, — z,]|> = [|S2n — Suy + S, — 2,
152, — Stn||® + || Stn — 2 ||* + 2(Sxp — S, S, — )

< |18z — Sup|)® + |Sun — znl|* + 2/|Sz — Sun || |Stwn — x|

< a|Szn —un |+ al|Sup — x| + (1 = 20) 20 — un?
HSun = zl|® + 2[[Szn — Stnl[[|Sun — 20|

< al|Szn — | + allz, — ull® 4+ 20| Szn — wa[[|l2n = unl|

+al[Sup, — In”Q + (1 = 20)||zn — un||2 + [|Sun — anQ
+2[|Sxy, — Sun|[||Sun — x|

Then we reorder the above inequality, we obtain

(1= )||Szn — al®
<allz, - “n||2 + 2a|| Sz — zpl| |0 — un| + | Sun — xn||2

+ (1= 20)||2n — un|® + |Sun — 20 ||* + 2]|Sz0, — Sun ||| Stn — T4]|-
Since a—nonexpansive is quasi-nonexpansive, we obtain that

lim ||Sz, — x,|| =0.

n—roo
Step 4. We will show that {z,} converges weakly to some v € F(S) N F(T).
Since {z,} is bounded, then there exists a subsequence {z,,} of {z,} such that
it converges weakly to v. From Lemma 2.6, we have that v € F(S). Let {z,,} be
another subsequence of {z,} such that z,, — w. We show that w = v. Next, we
will show that for any z € F(S), lim,— o ||2n — 2| exists. Obviously,

[znt1 =2l = lNowS{BpTan + (1= Bp)zan} + (1 — an)zyn — 2||
< onllS{BnTmn + (1 = Br)an} — 2[ + (1 — an)||zn — 2|
< anfulTzn — 2| + an(l = B)llzn — 2[| + (1 — an)llzn — 2||
= anfn|Tzn — 2 + (1 — anB)llzn — 2|
< BullTzn — 2| + [lon — 2.
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By condition (C2) and from Lemma 2.8, we obtain that lim,,_, ||z, — 2| exists.
Suppose that w # v, from Opial’s theorem [5] and v, w € F(S), we obtain

lim ||z, —w| = lm |z, —w| < lim ||z, — 9]
n—oo 71— 00 1—> 00

= lim |z, —v| < lim [z, —v
n—00 j—o0

A

lim ||z, —w| = lim [z, —w|.
j—o0 n—o0

This is a contradiction and we can conclude that v = w. So, x,, = w € F(95).
Since {x,} is bounded, there exists a subsequence {z,,} C {z,} such that {z,,}
converges weakly to some w € F(S) N F(T). As the same of the above proof, we
can conclude that z,, — w.

Finally, we will show that w = hmn_mo PF(S)OF(T)xn- Let Up = PF(S)ﬁF(T)‘Tn
and from w € F(S)N F(T) with Lemma 2.10, we have that (v — upn, u, —x,) >0
for all n € N. From (3.2), we obtain that for each p € F(S)NF(T), ||[xn+1 —pl| <
||z, — p||. Then by Lemma 2.9, we have u,, — zo for some zg € F(S) N F(T) and
hence (w—zp,2—0—w) > 0 as n — oo. This implies that w = zy. This completes
the proof. O

From Theorem 3.1, we can deduce to the following results.

Corollary 3.2. Let C' be a nonempty closed convexr subset of a Hilbert space H.
Let S : C — C be an a-nonexpansive mapping and let T : C' — C be a mapping
satisfying the condition (C) such that F(S)NF(T) # 0. We generate the sequence
{z,} recursively by the following scheme:

r1 =z € C, (37)
Tn+1 = anS{BnT(En + (1 - /Bn)mn} + (1 - an)xna .

for alln € N where 0 < a < a < 1 and {B,} C [0,1] satisfy the following
conditions:

(C1) liminf, . a,(1 —a,) >0,
(C2) 30 | Bn < 0.
Then {x,} converges weakly to w € F(S).
Next, we put 5, = 0 then we have the following corollary.

Corollary 3.3. Let C' be a nonempty closed convex subset of a Hilbert space H.
Let S : C' — C be an a-nonexpansive mapping such that F(S) # (. We generate
the sequence {x,} recursively by the following scheme:

z1=x €C,
(3.8)
Tpyl = OZnSl'n + (1 - Oén)l'n,

for alln € N where 0 < a < a <1 and liminf, . a,(1 — ) > 0. Then {z,}
converges weakly to w € F(S5).
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4 Strong Convergence Theorem

Based on the scheme in the Main Theorem, we propose the strong convergence
theorem by adjusting some conditions in our algorithm.

Theorem 4.1. Let C' be a nonempty closed convexr subset of a Hilbert space H.
Let S : C — C be an a-nonexpansive mapping and T : C — C' be a mapping
satisfying condition (C). Assume that both mappings also satisfy condition (A’)
and F := F(S)NF(T) # 0. Let the sequence x,, is generated iteratively by the
following scheme:

r] =€ C, (4 1)
Tpt+1 = ans{/gnTxn + (1 - /Bn)xn} + (1 - an)xnv .

for alln € N where 0 < a <« <1 and 8 C [0,1] satisfy the following conditions:
(C1) liminf, . an(l —ay,) >0,
(C2) S, Bn < 0.

Then, the sequence x,, converges strongly to w* € F where w* = Prx,.
Proof. By the mentioned proof in the Main Theorem, we have

nhﬁrr;o 1Sz, — 2,|| =0 and nILH;O T2y, — zn] = 0. (4.2)
Moreover, we also already confirm that

[2nt1 = pll < [lzn = pll (4.3)

for any p € F(S)N F(T). Taking infemum in both sides of the inequality 4.3, we
can conclude that lim, . d(z,, F) exists.

Next, we will claim that lim,, o d(2,,, F) = 0. Suppose that lim,, o d(2,, F) #
0, then we can choose t; € N such that 0 < g < d(xzp,F) for all n > t;.
Since f is nondecreasing and f(0) = 0, therefore

k
0< F(5) # 1(d(an, 7)) (1.4
By condition (A’) of S and T, we have that
1
f(d(wn, F)) < S{llen = Saall + llzn — Tl }, (4.5)
and from (4.2), it leads to the conclusion that
k 1
0< f(g) < fld(wn, F)) < 5{”5571 = Szl + ||lzn — Tan} — 0, (4.6)
as n — 0o. This is the contradiction. Therefore, we can conclude that

lim d(z,,F) =0

n—oo
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and hence, there exists to € N such that

d(zn, F) < % (4.7)
for all n > ty. Let m,n >ty and p € F, it follows that

< lon —pll + llzn = pll < llze, —pll + llze, —pll
S 2d(xt2,]:)
<

€

[Zn — Zml|

for all m,n > ty. Thus, the sequence {x,} is a Cauchy sequence. Finally, we
suppose that lim,, .~ x, = w* for some w* € H. Since F is closed, so we have w* €
F Therefore, the sequence {x,} converges strongly to w* € F. This completes
the proof. O
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