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1 Introduction

In 2007, Huang and Zhang [1] introduced the concept of the cone metric space,
replacing the set of real numbers by an ordered Banach space, and proved some
fixed point theorems of contractive type mappings in cone metric spaces. After-
ward, several fixed and common fixed point results in cone metric spaces were
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introduced in [2–6] and the references contained therein. Also, the existence of
fixed and common fixed points in partially ordered cone metric spaces was studied
in [7–10].

In 1996, Kada et al. [11] defined the concept of w-distance in complete metric
spaces. Later, many authors proved some fixed point theorems in complete metric
spaces (see [12–14]). Also, note that Saadati et al. [15] introduced a probabilistic
version of the w-distance of Kada et al. [11] in a Menger probabilistic metric space.
In the sequel, Cho et al. [16], and Wang and Guo [17] defined a concept of the c-
distance in a cone metric space, which is a cone version of the w-distance of Kada et
al. [11] and proved some fixed point theorems in ordered cone metric spaces. Then,
Sintunavarat et al. [18] generalized the Banach contraction theorem on c-distance
of Cho et al. [16]. Moreover, Sintunavarat and Kumam [19] and Kaewkhao et
al. [20] proved some common fixed point theorems on c-distance in cone metric
spaces. Recently, also, Cho et al. [21], Sintunavarat et al. [22], and Sintunavarat
and Kumam [23] proved coupled fixed point theorems under weak contractions in
a cone metric space.

The aim of this paper is to generalize and unify the common fixed point theo-
rems of Huang and Zhang [1], Abbas and Jungck [2], Abbas et al. [3], Song et al.
[6], Cho et al. [16], Wang and Guo [17] and Hardy and Rogers [24] on c-distance
in a cone metric space.

2 Preliminaries

Definition 2.1 (See [1, 25]). Let E be a real Banach space and 0 denote the zero
element in E. A subset P of E is called a cone if and only if

(a) P is closed, non-empty and P ̸= {0};

(b) a, b ∈ R, a, b ≥ 0, x, y ∈ P implies that ax+ by ∈ P ;

(c) if x ∈ P and −x ∈ P , then x = 0.

Given a cone P ⊂ E, we define a partial ordering ≼ with respect to P by
x ≼ y ⇐⇒ y − x ∈ P.

We shall write x ≺ y if x ≼ y and x ̸= y. Also, we write x ≪ y if and only
if y − x ∈ intP (where intP is interior of P ). If intP ̸= ∅, the cone P is called
solid. The cone P is named normal if there is a number K > 0 such that for all
x, y ∈ E, 0 ≼ x ≼ y =⇒ ∥x∥ ≤ K∥y∥.

The least positive number satisfying the above is called the normal constant
of P .

Definition 2.2 (See [1]). Let X be a nonempty set and E be a real Banach space
equipped with the partial ordering ≼ with respect to the cone P ⊂ E. Suppose
that the mapping d : X ×X → E satisfies:

(d1) 0 ≼ d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y;

(d2) d(x, y) = d(y, x) for all x, y ∈ X;
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(d3) d(x, y) ≼ d(x, z) + d(z, y) for all x, y, z ∈ X.

Then, d is called a cone metric on X and (X, d) is called a cone metric space.

Definition 2.3 (See [1]). Let (X, d) be a cone metric space, {xn} a sequence in
X and x ∈ X.

(i) {xn} converges to x if for every c ∈ E with 0 ≪ c there exist n0 ∈ N such
that d(xn, x) ≪ c for all n > n0, and we write limn→∞ d(xn, x) = 0.

(ii) {xn} is called a Cauchy sequence if for every c ∈ E with 0 ≪ c there
exist n0 ∈ N such that d(xn, xm) ≪ c for all m,n > n0, and we write
limn,m→∞ d(xn, xm) = 0.

(iii) If every Cauchy sequence in X is convergent, then X is called a complete
cone metric space.

Lemma 2.4 (See [1, 5]). Let (X, d) be a cone metric space and P be a normal
cone with normal constant K. Also, let {xn} and {yn} be sequences in X and
x, y ∈ X. Then the following hold:

(c1) If xn → x and yn → y as n → ∞, then d(xn, yn) → d(x, y) as n → ∞.

(c2) {xn} is a Cauchy sequence if and only if d(xn, xm) → 0 as n,m → ∞.

Lemma 2.5 (See [8, 26]). Let E be a real Banach space with a cone P in E.
Then, for all u, v, w, c ∈ E, the following hold:

(p1) If u ≼ v and v ≪ w, then u ≪ w.

(p2) If 0 ≼ u ≪ c for each c ∈ intP , then u = 0.

(p3) If u ≼ λu where u ∈ P and 0 < λ < 1, then u = 0.

(p4) Let c ∈ intP , xn → 0 and 0 ≼ xn. Then there exists positive integer n0

such that xn ≪ c for each n > n0.

Definition 2.6 (See [16, 17]). Let (X, d) be a cone metric space. A function
q : X ×X → E is called a c-distance on X if the following are satisfied:

(q1) 0 ≼ q(x, y) for all x, y ∈ X;

(q2) q(x, z) ≼ q(x, y) + q(y, z) for all x, y, z ∈ X;

(q3) for all n ≥ 1 and x ∈ X, if q(x, yn) ≼ u for some u = ux, then q(x, y) ≼ u
whenever {yn} is a sequence in X converging to a point y ∈ X;

(q4) for all c ∈ E with 0 ≪ c, there exists e ∈ E with 0 ≪ e such that q(z, x) ≪ e
and q(z, y) ≪ e imply d(x, y) ≪ c.

Remark 2.7 (See [16]). Each w-distance q in a metric space (X, d) is a c-distance
with E = R+ and P = [0,∞). But the converse does not hold. Thus, the c-distance
is a generalization of the w-distance.
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Example 2.8 (See [16–18]).

(1) Let (X, d) be a cone metric space and P be a normal cone. Put q(x, y) =
d(v, y) for all x, y ∈ X, where v ∈ X is a fixed point. Then q is a c-distance.

(2) Let E = R, P = {x ∈ E : x ≥ 0} and X = [0,∞). Define a mapping
d : X × X → E by d(x, y) = |x − y| for all x, y ∈ X. Then (X, d) is a
cone metric space. Define a mapping q : X ×X → E by q(x, y) = y for all
x, y ∈ X. Then q is a c-distance.

(3) Let (X, d) be a cone metric space and P be a normal cone. Put q(x, y) =
d(x, y) for all x, y ∈ X. Then q is a c-distance.

Remark 2.9 (See [16–18]). From Example 2.8, we have two important results

(i) For c-distance q, q(x, y) = 0 is not necessarily equivalent to x = y for all
x, y ∈ X.

(ii) For c-distance q, q(x, y) = q(y, x) does not necessarily hold for all x, y ∈ X.

Lemma 2.10 (See [16–18]). Let (X, d) be a cone metric space and let q be a
c-distance on X. Also, let {xn} and {yn} be sequences in X and x, y, z ∈ X.
Suppose that {un} and {vn} are two sequences in P converging to 0. Then the
following hold:

(qp1) If q(xn, y) ≼ un and q(xn, z) ≼ vn for n ∈ N, then y = z. Specifically, if
q(x, y) = 0 and q(x, z) = 0, then y = z.

(qp2) If q(xn, yn) ≼ un and q(xn, z) ≼ vn for n ∈ N, then {yn} converges to z.

(qp3) If q(xn, xm) ≼ un for m > n, then {xn} is a Cauchy sequence in X.

(qp4) If q(y, xn) ≼ un for n ∈ N, then {xn} is a Cauchy sequence in X.

Remark 2.11. Note that Dordević et al. [27] proved this lemma for a tvs-cone
metric space, where tvs is a real Hausdorff topological vector space.

Definition 2.12 (See [2]). Let X be a nonempty set and f, g : X → X be two
mappings. If fw = gw = z for some z ∈ X, then w is named a coincidence point
of f and g, and z is named a point of coincidence of f and g.

Definition 2.13 (See [2]). Let X be a nonempty set and f and g be two self-maps
defined on a set X. Then f and g are said to be weakly compatible if they commute
at every coincidence point, that is, if fgw = gfw for all coincidence points w.

3 Main Results

Our main result is the following theorem. We prove a common fixed point
theorem by using c-distance and we do not require that f and g are weakly com-
patible. The following theorem extends and improves Theorems 2.1 and 2.3 of [2],
Theorem 2.1 of [17] and Corollary 2.11 of [3] under generalized distance in a cone
metric space.
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Theorem 3.1. Let (X, d) be a cone metric space, P be a normal cone with constant
K and q be a c-distance on X. Suppose that the mappings f, g : X → X satisfy
the following two contractive conditions:

q(fx, fy) ≼ α1q(gx, gy) + α2q(gx, fx) + α3q(gy, fy) + α4q(gx, fy)

+α5q(gy, fx), (3.1)

q(fy, fx) ≼ α1q(gy, gx) + α2q(fx, gx) + α3q(fy, gy) + α4q(fy, gx)

+α5q(fx, gy) (3.2)

for all x, y ∈ X, where αi for i = 1, 2, . . . , 5 are nonnegative constants such that

α1 + α2 + α3 + 2(α4 + α5) < 1. (3.3)

If the range of g contains the range of f , g(X) is a complete subspace of X, f and
g satisfy

inf{∥q(fx, y)∥+ ∥q(gx, y)∥+ ∥q(gx, fx)∥ : x ∈ X} > 0

for all y ∈ X with y ̸= fy or y ̸= gy, then f and g have a common fixed point in
X. If fz = gz = z, then q(z, z) = 0.

Proof. Let x0 ∈ X be an arbitrary point. Since the range of g contains the range
of f , there exists an x1 ∈ X such that fx0 = gx1. By induction, a sequence {xn}
can be chosen such that fxn = gxn+1 for n = 0, 1, 2, . . .. Now, set x = xn−1 and
y = xn in (3.1). Thus, by (q2), for any natural number n, we have

q(gxn, gxn+1) = q(fxn−1, fxn)

≼ α1q(gxn−1, gxn) + α2q(gxn−1, fxn−1) + α3q(gxn, fxn)

+α4q(gxn−1, fxn) + α5q(gxn, fxn−1)

= α1q(gxn−1, gxn) + α2q(gxn−1, gxn) + α3q(gxn, gxn+1)

+α4q(gxn−1, gxn+1) + α5q(gxn, gxn)

≼ α1q(gxn−1, gxn) + α2q(gxn−1, gxn) + α3q(gxn, gxn+1)

+α4[q(gxn−1, gxn) + q(gxn, gxn+1)]

+α5[q(gxn, gxn+1) + q(gxn+1, gxn)]. (3.4)

Similarly, set x = xn−1 and y = xn in (3.2). Thus, by (q2), for any natural number
n, we have

q(gxn+1, gxn) ≼ α1q(gxn, gxn−1) + α2q(gxn, gxn−1)

+α3q(gxn+1, gxn) + α4[q(gxn+1, gxn) + q(gxn, gxn−1)]

+α5[q(gxn, gxn+1) + q(gxn+1, gxn)]. (3.5)

Adding up (3.4) and (3.5), we get that

q(gxn, gxn+1) + q(gxn+1, gxn) ≼ (α1 + α2 + α4)[q(gxn−1, gxn) + q(gxn, gxn−1)]

+(α3 + α4 + 2α5)[q(gxn, gxn+1)

+q(gxn+1, gxn)]. (3.6)
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Now, set vn = q(gxn, gxn+1) + q(gxn+1, xn) in (3.6). Thus, we have

vn ≼ (α1 + α2 + α4)vn−1 + (α3 + α4 + 2α5)vn.

So, vn ≼ hvn−1 for all n ≥ 1 with

h =
α1 + α2 + α4

1− (α3 + α4 + 2α5)
< 1,

since α1 +α2 +α3 +2(α4 +α5) < 1. Repeating this process, we get vn ≼ hnv0 for
n = 0, 1, 2, . . .. Thus,

q(gxn, gxn+1) ≼ vn ≼ hn
(
q(gx0, gx1) + q(gx1, gx0)

)
(3.7)

for all n = 0, 1, 2, . . .. Let m > n, then it follows from (3.7) and h < 1 that

q(gxn, gxm) ≼ q(gxn, gxn+1) + q(gxn+1, gxn+2) + · · ·+ q(gxm−1, gxm)

≼ (hn + hn+1 + · · ·+ hm−1)
(
q(gx0, gx1) + q(gx1, gx0)

)
≼ hn

1− h

(
q(gx0, gx1) + q(gx1, gx0)

)
. (3.8)

Lemma 2.10 implies that {gxn} is a Cauchy sequence in X. Since g(X) is a
complete subspace of X, there exists a point x′ ∈ g(X) such that gxn → x′ as
n → ∞. By (3.8) and (q3)

q(gxn, x
′) ≼ hn

1− h

(
q(gx0, gx1) + q(gx1, gx0)

)
, n = 0, 1, 2, . . . .

Since P is a normal cone with normal constant K, we get

∥q(gxn, x
′)∥ ≤ K

( hn

1− h

)
∥q(gx0, gx1) + q(gx1, gx0)∥, n = 0, 1, 2, . . . , (3.9)

and

∥q(gxn, gxm)∥ ≤ K
( hn

1− h

)
∥q(gx0, gx1) + q(gx1, gx0)∥, (3.10)

for all m > n ≥ 1. If fx′ ̸= x′ or gx′ ̸= x′, then, by the hypothesis, (3.9) and
(3.10) with m = n+ 1, we get

0 < inf{∥q(fx, x′)∥+ ∥q(gx, x′)∥+ ∥q(gx, fx)∥ : x ∈ X}
≤ inf{∥q(fxn, x

′)∥+ ∥q(gxn, x
′)∥+ ∥q(gxn, fxn)∥ : n ≥ 1}

= inf{∥q(gxn+1, x
′)∥+ ∥q(gxn, x

′)∥+ ∥q(gxn, gxn+1)∥ : n ≥ 1}

≤ inf
{
K
( hn+1

1− h

)
∥q(gx0, gx1) + q(gx1, gx0)∥

+K
( hn

1− h

)
∥q(gx0, gx1) + q(gx1, gx0)∥

+K
( hn

1− h

)
∥q(gx0, gx1) + q(gx1, gx0)∥ : n ≥ 1

}
= 0.
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which is a contradiction. Hence x′ = fx′ = gx′. Also, suppose that fz = gz = z.
Then, by (3.1) we have

q(z, z) = q(fz, fz)

≼ α1q(gz, gz) + α2q(gz, fz) + α3q(gz, fz) + α4q(gz, fz) + α5q(gz, fz)

= (α1 + α2 + α3 + α4 + α5)q(z, z).

Since α1 + α2 + α3 + α4 + α5 < α1 + α2 + α3 + 2(α4 + α5) < 1, we get that
q(z, z) = 0 by Lemma 2.5(p3). This completes the proof.

Remark 3.2.

(i) Obviously, our Theorem 3.1 has generalized and unified the Corollary 2.11
of Abbas et al. [3] and the Theorem 2.1 of Song et al. [6] on c-distance in
a normal cone metric space.

(ii) As corollary, we obtain common fixed point result for mappings f and g
satisfying

q(fx, fy) ≼ α1q(gx, gy) + α2q(gx, fx) + α3q(gy, fy) + α4q(gx, fy)

for all x, y ∈ X, where αi for i = 1, 2, 3, 4 are nonnegative constants such
that

α1 + α2 + α3 + 2α4 < 1.

Therefore, our Theorem 3.1 has generalized the main theorem of Wang and
Guo’s work [17] in a cone metric space.

(iii) Theorems 2.1 and 2.3 of [2] cannot be applied to some examples, but by the
following conditions

q(fx, fy) ≼ kq(gx, gy), k ∈ [0, 1),

q(fx, fy) ≼ k
(
q(gx, fx) + q(gy, fy)

)
, k ∈ [0,

1

2
)

for all x, y ∈ X of Theorem 3.1, f and g have a common fixed point theo-
rem. Thus, our Theorem 3.1 has generalized the main results of Abbas and
Jungck’s work [2] on c-distance in a cone metric space.

Example 3.3. Let E = R, P = {x ∈ E : x ≥ 0} and X = [0,∞). Define a
mapping d : X × X → E by d(x, y) = |x − y| for all x, y ∈ X. Then (X, d)
is a cone metric space. Define a mapping q : X × X → E by q(x, y) = y for all
x, y ∈ X. Then q is a c-distance (by Example 2.8). Define the mapping f : X → X
by f(2) = 5

3 and fx = 2x
3 for all x ∈ X with x ̸= 2 and the mapping g : X → X by

gx = x for all x ∈ X. Since d(g(1), g(2)) = d(f(1), f(2)), there is not 0 ≤ k < 1
such that d(fx, fy) ≤ kd(gx, gy) for all x, y ∈ X. Hence, Theorem 2.1 of [2]
cannot be applied to this example. Observe that
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(a) the range of g contains the range of f and g(X) is a complete subspace of
X;

(b) if y = 2, then we have q(fx, fy) = fy = 5
3 ≤ kq(gx, gy) = kgy = 2k. Thus,

there is k ∈ [0, 1) such that q(fx, fy) ≤ kq(gx, gy) for x ∈ X and y = 2;

(c) if y ̸= 2, then we have q(fx, fy) = fy = 2y
3 ≤ kq(gx, gy) = kgy = ky. Thus,

there is k ∈ [0, 1) such that q(fx, fy) ≤ kq(gx, gy) for x ∈ X and y ̸= 2;

(d) for y ̸= fy or y ̸= gy, i.e., y ̸= 0, inf{∥q(fx, y)∥+ ∥q(gx, y)∥+ ∥q(gx, fx)∥ :
x ∈ X} > 0.

So, the hypothesis is satisfied. From Theorem 3.1 with α1 = k and α2 = α3 =
α4 = α5 = 0, we conclude that f and g have a common fixed point. That is x = 0.

In Theorem 3.1, if g = iX is the identity map on X, then we get the following
Corollary of Hardy-Rogers type on c-distance in a cone metric space.

Corollary 3.4. Let (X, d) be a complete cone metric space, P be a normal cone
with constant K and q be a c-distance on X. Suppose that the mapping f : X → X
satisfies the following two contractive conditions:

q(fx, fy) ≼ α1q(x, y) + α2q(x, fx) + α3q(y, fy) + α4q(x, fy)

+α5q(y, fx), (3.11)

q(fy, fx) ≼ α1q(y, x) + α2q(fx, x) + α3q(fy, y) + α4q(fy, x)

+α5q(fx, y) (3.12)

for all x, y ∈ X, where αi for i = 1, 2, . . . , 5 are nonnegative constants such that

α1 + α2 + α3 + 2(α4 + α5) < 1. (3.13)

If f satisfies

inf{∥q(fx, y)∥+ ∥q(x, y)∥ : x ∈ X} > 0

for all y ∈ X with y ̸= fy, then f has a fixed point in X. If fz = z, then
q(z, z) = 0.

Remark 3.5.

(i) Some special cases of the previous theorem, for example Banach-type and
Kannan-type fixed point results, need only one condition:

q(fx, fy) ≼ kq(x, y), k ∈ [0, 1), (3.14)

q(fx, fy) ≼ k
(
q(x, fx) + q(y, fy)

)
, k ∈ [0,

1

2
), (3.15)

respectively.
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(ii) Obviously, Theorems 1 and 3 in [1] are a special case of Corollary 3.4 on
c-distance in a cone metric space by relations (3.14) and (3.15). Therefore,
our Corollary 3.4 has generalized and unified the main results of Huang and
Zhang’s work in [1]. Also, Theorem 2.3 in [16] is a special case of Corollary
3.4 and most of the examples in [1, 2, 16] will easily translate into c-distance
in a cone metric space.

Acknowledgement : The authors thank an anonymous referee for his/her valu-
able suggestions that helped to improve the final version of this paper.
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