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Abstract : The notion of I'-semigroup introduced in [1] as a generalization of a
semigroup. In this paper, we investigate the formation of quotient and generated
I'-semigroups and I'-ideals. Also, by a congruence relation p on a I'-semigroup
S, we construct the quotient I'-semigroup S : p and discuss on the behavior of
some diagrams of quotients and their commutativity. In particular, we prove that
the product of quotient I'-semigroups is isomorphic to the quotient of product of
I'-semigroups.
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1 Introduction and Preliminaries

A semigroup is an algebraic structure consisting of a non-empty set S together
with an associative binary operation. The formal study of semigroups began in
the early 20th century. Semigroups are important in many areas of mathematics,
for example, coding and language theory, automata theory, combinatorics and
mathematical analysis. In 1986, Sen and Saha [1] defined the notion of a I'-
semigroup as a generalization of a semigroup. Many classical notions of semigroups
have been extended to I'-semigroups and a lot of results on I'-semigroups are
published by a lot of mathematicians, for instance, Chattopadhyay [2, 3], Chinram
and Tinpun [4], Hila [5-10], Saha [11], Sen et al. [1, 12-15].
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Let S and T" be two non-empty sets. S is called a I'-semigroup ([11, 1]) if
there exists a mapping S x I' x § — S written as (z,7,y) — zvyy satisfying
(xyy)Bz = xy(yBz) for all z,y,z € S and v, 5 € T'. In this case by (S,T") we mean
S is a I'-semigroup.

Let S be a I'-semigroup. A non-empty subset A of S is called a I'-sub-semigroup
of S, if ATA C A. A non-empty I'-sub-semigroup I of S is called a I'-ideal of S, if
IT'S C I and STT C I. Also, S is called a commutative I'-semigroup, if zyy = yyx
for all z,y € S and vy € T.

Example 1.1.

(1) Let S =[0,1] andT = {X| n is a positive integer}. Then S is a commutative
I'-semigroup under the usual multiplication.

(2) Let S be the set of all 3x2 matrices and T be the set of all 2x 3 matrices over
a field. Then for A, B € S, the product AB can not be defined i.e., S is not
a semigroup under the usual matriz multiplication. But for all A,B,C € S
and P,QQ € T' we have APB € S and since the matriz multiplication is
associative, we have (APB)QC = AP(BQC). Hence S is a I'-semigroup.

In what follows, S is a I'-semigroup unless otherwise specified.

Lemma 1.2. Let A be a non-empty index set and {Ix}xrea be a family of T'-ideals
of (S,T'). Then Nxealy is a T'-ideal of (S,T').

Proof. 1t is easy to verify that Nycal)y is a I'-sub-semigroup of S. Also, we have
(Mxeal))TS = Naca(INTS) C Nyealy and ST(Naealn) = Nxea(STT)) C Naealn.
Therefore, Nxeply is a -ideal of (S,T). O

In the next theorem, we see that the lattice of I'-ideals of a I'-semigroup 5, is
a complete lattice.

Theorem 1.3. Let L be the set of all T'-ideals of (S,T). Then (L,C,A,V) is a
complete lattice, where INJ = INJ and IV J = (I U.J) the unique smallest
I"-ideal containing I U J.

Proof. It is a consequence of Lemma 1.2. O

Let S be a I'-semigroup. An equivalence relation p on S is called congruence if
xpy implies that (zv2)p(yyz) and (zyx)p(zvyy) for all x,y,z € S and v € T', where
by xpy we mean (z,y) € p.

Let Sy be a I'i-semigroup and Sy a I's-semigroup. Then (f,g) : (S1,T1) —
(S2,T2) is called a homomorphism if f : S1 — Sz and g : I'y — T'p are functions
and f(zvy) = f(x)g(v)f(y) for all z,y € Sy and v € T'y.
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2 Properties of I'-Ideals and I'-Semigroups

Some comprehensive studies on I'-semigroups and some related extended struc-
tures can be found in [16-27]. In this section, we investigate some interesting
properties of I'-semigroups and I'-ideals. For instance, the following theorems are
theorem of quotient I'-semigroup and correspondence theorem.

Theorem 2.1. Let S be a commutative I'-semigroup and I a non-empty subset of
S. Then S/I = {zT'I | x € S} is a I'-semigroup.

Proof. We define % : S/I xT' x S/I — S/I by (xT'I) x v * (yI'T) = zyyI'I for all
al'I, yI'I € S/I and v € T. We prove that x is well-defined. Let aT'T = 2'T1I,
~v=+"and yI'T = y'I'. We have

(aI) %y (yI'l) = aylT=ayyTI
y'yall = y'+/2'TI
2’y y'TI = (2'TI) s~ * (y'TI).

Thus * is well-defined. Also, for all z,y,z € S and v, 8 € I", we have

((@yd) =y (L)) = B (2D1) = ((xyy)l'T) B (2I'])
= (vyy)BzI'T = ay(yBz)l'1
= ay((yI'T) = B+ (1))
= (aTI) x vy« ((yT'I) * g * (2I'T)).

Therefore, S/T is a I'-semigroup. O

Theorem 2.2 (Correspondence Theorem). Let S be a commutative I'-semigroup
and J a T-ideal of S such that @ # I C J. Then J/I is a T'-ideal of (S/I,T).
Conversely, let K be a T'-ideal of (S/I,T'). Then there exists a I'-ideal J of (S,T)
such that I C J and K = J/I.

Proof. We prove J/I«T'xS/T C J/I. Let jTIT € J/I,v€T and 2I'IT € S/I. We
have (jT 1)~y («I'T) = jy2I'I € J/I. Similarly, we can prove that S/I«T'xJ/I C
J/I. Therefore, J/I is a I'-ideal of S/I.

Conversely, let K be a I'-ideal of (S/I,T'). Put J = {z € S | 2'l € K}. We
prove that JI'S C J. Suppose that x € J, r € S and v € I'. Then 2I'] € K and
ryI € S/I. Hence xyrT'I = (') x v * (rT'I) € K. Thus zyr € J. Similarly, we
can prove that ST'J C .J. Therefore, J is a I'-ideal of (S, T). O

Theorem 2.3. Let A be a I'-ideal and B a T'-sub-semigroup of a commutative
T-semigroup S. Then AN B and AU B are I'-sub-semigroups of (S,T"). Moreover,
there is a homomorphism from B/(AN B) to (AU B)/A.

Proof. We prove AN B and AU B are I'-sub-semigroups of (S,T"). We have

(ANB)T(ANB) = ATANATBNBUANBIB
C ANATBNBTANBC ANB.
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Similarly, we can prove that (AU B)['(AU B) € AU B. Now, we define ¢ :
B/(ANB) —s (AUB)/A by (b0(ANB)) = bl A forall b € B. Let 1y : ' —» T
be the identity map. If 2I'(AN B), ¥T(AN B) € B/(AN B) and v € T, then we
have
Y(OT(ANB)xyxbVT(ANDB)) = Y(by'T(ANB))
= bW TA=(bLA)xv=x (bTA)
= P(bI'(ANB))*1p(y) *x (BT (AN B)).
Therefore, (¢, 1r) : (B/(ANB),T') — ((AU B)/A,T') is a homomorphism. O
Let A be a non-empty subset of a I'-semigroup S. Put
X ={B | B is aI-ideal of (S,T') containing A}.

Then X # &, because S € X. Let (A) = NpexB. Clearly, A C (A). By Lemma
1.2, (A) is a -ideal of (S,T'). Also, (A) is the smallest I-ideal of (S,T") containing
A. (A) is called the I'-ideal of S generated by A.

Theorem 2.4. If A is a non-empty subset of (S,T), then (A) = AUSTAUATSU
ST AT'S.

Proof. We prove that B = AU STAU AI'S U STAT'S is a I'-ideal of (S,I). We
have

ST'B

ST(AUSTAUAT'S U STAI'S)
STAUSTSTAU STAI'S U STSTAT'S
STAUSTAUSTAL'S U STAl'S
ST'AUSTAT'S C B.

N

Also, we have

Br'S = (AUSTAUATSUSTATS)IS
ATSUSTATS U ATSTS U STATSTS
ATSUSTAT'S U AT'S U STAT'S

= AISUSTATSUALS C B.

N

Therefore, B is a I'-ideal of (S,T"). Since A C B, then (A) C B. Let I be a
I-ideal of (S,T") such that A C I. Then STA C STI C I, AT'S C IT'S C I and
STAT'S C STIT'S C I, which imply that B = AU STAU AT'S U STATS C (A).
Therefore, B = (A) and the proof is completed. O

Theorem 2.5. Let S be a commutative I'-semigroup, A C S and I a T'-ideal of
(S,T). Then (I : A)={zx € S|avyacl, foralla € A and vy € T'} is a I'-ideal of
(S,I).
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Proof. Suppose that z € (I : A), r € Sand f €. Then zya € [ foralla € A
and v € I'. It implies that (r8z)ya € I. Thus rfz € (I : A). Similarly, we can
prove that zf8r € (I : A). Therefore, (I : A) is a T'-ideal of (S,T). O

Theorem 2.6. Let S be a commutative I'-semigroup. If I is a T'-ideal of (S,T),
g+ ACS andy €T, then the following statements hold:

(1) IC(I:A)C(I:ATA)C (I:AvA).
(2) If ACI, then (I: A)=S.

Proof. (1) If x € I, then 2TA CITS CI. Thusz € (I: A). If z € (I: A), then
al'(ATA) = (2TA)TA CITAC I. Thus z € (I : AT A). Finally, if x € (I : AT A),
then zI'(AyA) C aT'(AT'A) C I. Hence = € (I : AvA).

(2) Let AC T and z € S. Then 2TA C STI C I, so z € (I : A). Thus
(I:A)=5. O

Theorem 2.7. Let S be a commutative T'-semigroup. If I is a T'-ideal of (S,T)
and @ #ACS, then (I:A)=Ngea(l :a)=(I:A\I).

Proof. We have (I : A) C Ngea({ :a). Let © € Ngea(I : a). Then 2T'a C I for all
a€ A SoNgea(l:a) C(I:A). Hence (I: A) =Ngea(l:a). Again by Theorem
2.6, we have (I : A) = Ngea(I :a) = (I : A\I). O

3 Congruence Relations on the Product of
['-Semigroups

Let p be a congruence relation on (S,T"). By S : p we mean the set of all
equivalence classes of the elements of S with respect to p, that is S : p = {p(z) |

x € S}

Lemma 3.1. Let p be a congruence relation on (S,T"). Then p(zyy) = p(p(z)vp(y))
forallz,y € S and vy €T.

Proof. Clearly p(zvy) C p(p(z)vp(y)). Let 2 € p(p(z)vp(y)), then z € p(z'yy’) for
some ' € p(z) and ¥’ € p(y). In other hand, p is a congruence relation on (S,T"),
so p(zyy) = p(a’vy’"). This implies that z € p(ayy). Therefore, p(p(z)yp(y)) C
p(z7y). O

In the next theorem, we demonstrate how to construct a new I'-semigroups by
using congruence relations.

Theorem 3.2. Let p be a congruence relation on (S,I'). Then S : p is a T-
semigroup.
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Proof. Define the map ©@ : (S : p) xI'x (S: p)
playy) for all z,y € S and v € T. Let p(z) = p(
3.1, we have

— (S p) by p(z) ©v© p(y) =
a’) and p(y) = p(y'). By Lemma

p(x) ©y©ply) = plzyy) = plp(z)vo(y))
= plp(@")vpy)) = p(@") ©v O py').

Thus @ is well-defined. Also for all p(x), p(y),p(z) € S: p and v, € I' we have

(p(x)©vOpy) ©BOp(z) = playy) © Lo p(2)
= p((zvy)Bz) = p(zy(yBz))
= p(z) ©7 0O p(yB=)
= p(x) ©70 (p(y) © B O p(2)).
Therefore, S : p is a I'-semigroup. O

Lemma 3.3. IfIlg: S — S : pis defined by llg(x) = p(x) and 1r is the identity
map on I, then (Ilg, 1r) : (S,T') — (S : p,I') is an epimorphism.

Proof. Let z,y € S and v € I'. By Theorem 3.2, we have

Hs(zvy) = p(zvy) = p(x) ©7 © p(y) = lUs(z) © Ir(y) © Us(y).

Clearly, IIg is onto. Therefore, (Ilg, 1) is an epimorphism. O

In the following, we show how to use a I'-ideal and a congruence relation on a
I’-semigroup S to construct a new I'-ideal of S and to investigate the relationship
between them.

Theorem 3.4. Let p be a congruence relation on (S,T). If I is a T-ideal of (S,T),
then Cr = {z € S| zpa,3Ja € I} is a T-ideal of (S,T) and I C Cy.

Proof. Clearly I C Cj. Let z € Cy, r € S and v € I'. Then zpa for some a € I.
In other hand p is a congruence relation which implies that (zyr)p(ayr). Thus

xyr € Cp. Similarly, we can prove that ryx € Cj. Therefore C; is a I'-ideal of
(S,T). O

Theorem 3.5. If I is a I'-ideal of (S,T), then I : p is a I'-ideal of (S : p,T').

Proof. Suppose that p(x) € I : p, p(r) € S: p and v € I'. Then, by Theorem 3.2,
p(x)OvOp(r) = p(zyy) € I : p. Similarly, we can prove that p(r)©Oy®p(z) € I : p.
Therefore, I : p is a I'-ideal of (S : p,T). O

Theorem 3.6. If J is a I'-ideal of (S : p,T"), then there exists a T'-ideal I of (S,T)
such that J =1 : p.
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Proof. Put I ={x € S| p(z) € J}. We have
plyeJ =zel=p(x)el:p,

and
ple)yel:p=Facl p(x)=pla) = px)=pla) € J

Thus J = I : p. Now, suppose that z € I, r € S and v € I". Then p(z) € J and
by Theorem 3.2, p(xyy) = p(x) © vy © p(r) € J. Hence zyr € I. Similarly, we can
prove that ryx € I. Therefore, I is a I'-ideal of (S,T"). O

Lemma 3.7. Let Sy be a I'x-semigroup (A € A). Then [ cp Sx = {(zx)aen |
xx € Sa} is a [],cp Ia-semigroup.

Proof. Define o : (JTxca Sx) X (ITaea I'a) X (ITaea Sa) — TTaea Sx by (#a)reao
(a)aeao(ya)aen = (@xyaya)rea forall (za)ren, (Ya)rea € [1ea Sxand (7a)rea €
[Inca I'a- It is easy to verify that o is well-defined. We have

((@x)aea o (M)rea © (Un)ren) © (Bra)ren o (2a)rea =

(@aayr)ren o (Ba)rea o (2a)ren =
((@arayx)Brza)aea = (@ava(yaBaza)
(ma)rea © (M) aen © (YaBaza

(zx)rea © (a)aea © ((Ya)rea © (Ba)aea © (2a)ren)

)
)AGA =
)

AN —

for all (zx)xea, (Wa)ren, (2a)rea € Tlaea Sx and (7a)xea, (Ba)aea € [lnea Ia-
Therefore, [Tycx Sx is a [[1cx I'a-semigroup. O

In the next lemma, we investigate the behavior of congruence relations on the
product of I'-semigroups.

Lemma 3.8. Let py be a congruence relation on (Sx,T'y) for all X € A. Then p is

a congruence relation on (JJycp Sx, [Inea I'a) where (ax)rxeap(ba)aea if and only
if axpabx for all ay,by € S\ and X € A.

Proof. If (zx)xeap(Yn)aea, then zyppyy for all A € A. Hence (zxvazx)ox(Uayazn)
for all z) € Sy, 7» € 'y and A € A. Hence

((@x)rea © (m)aea © (2a)aen)p((Ya)rea © (Ma)rea © (2x)aen)-
Similarly, we can prove that

((2x)aea o (M)aea o (2a)aea)p((2x)aea © (A)rea © (Yn)ren)-
Therefore, p is a congruence relation on (Jycp Sx, [Ixea I'a)- O

In the following theorem, we prove an isomorphism theorem on the product of
I'-semigroups.
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Theorem 3.9. Let py be a congruence relation on (Sx,T'y) for all A € A and p
the congruence relation on ([Tycp Sx,[1rea I'a) defined in Lemma 3.8. Then,

(H(SA o 11 FA> =~ <<H 500 1] rk> |

AEA AEA AEA AEA

Proof. By Theorem 3.2 and Lemmas 3.7 and 3.8, [ [, (Sx : pa) and ([[ycp Sx) i p

are [],cp I'a-semigroups. Define o : [ ca(Sx @ px) — (IIaea Sr) @ p by
U((pa(@a))ren) = p((za)ren) for all zy € Sy (A € A). We show that (¢, 117, _ r,)

is an isomorphism between (JTyca (Sx : pA), [[nea T'x) and ((ITxea Sa) 25 T1aea Ta)-
We have

(pa(ma))aer = (pa(Ur)ren =
p)\(Q:)\) :pA(y)\), V)\GA<:>1’>\p)\y)\, VAEAN —
(@a)aeap(n)aer == p((wa)ren) = p((Un)ren)) <=

Y((pa(za))ren) = Y ((pr(Yr))ren)-

Hence (2, ISS IO r,) is well-defined and one to one. Clearly, (¢, ISS IO r,) is onto.
Now, we prove that (1, Hlen r,) is a homomorphism. We have

P((pa(za))ren © (Va)ren © (PA(Yr))ren)
P((pa(mr) © 2 © pa(Yr))aen)

Jren)

A)aen)

Y((pr(@rx72Yx))ren) = p((ZA7AYA) rer
p((zx)ren) © (M)aea © p((Ya)rea
Y((pa(za))aen) © 1y, ma ((M)aen) © P((pa(ya))aen)-

Therefore, (v, T, r,) is an isomorphism. O

In the next theorems, we consider the congruence relation induced by homo-
morphisms and investigate the corresponding results and properties associated
with this congruence relation.

Theorem 3.10. Let (¢, g) : (S1,T1) — (S2,T2) be a homomorphism. Define the
relation p, gy on (S1,1'1) as follows: xpi, oy if and only if p(x) = p(y). Then
P(e.g) U5 a congruence relation on (S1,I'1).

Proof. Clearly, p(, 4) is an equivalence relation. Suppose that zp(, 4)y. We have
p(x) = (y) = p(x)g(v)e(2) = e(W)g(V)e(2) = p(a72) = @(y72)

for all z € Sy and v € I'1. Thus (272)p(p,9)(y72). Similarly, we can prove that
(27)p(p,g) (27y). Therefore, p(, 4 is a congruence relation on (S1,T). O

Theorem 3.11. Let (p,g) : (S1,T1) — (S2,T'2) be a homomorphism. Set A =
{I CS1|ppg ©SIxI}and B={J|JC Sy}. Then there exists an one to one
map from A to B.
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Proof. Define v : A — B by ¥(I) = ¢(I). Clearly, ¥ is well-defined. Suppose
that ¥(I1) = (1), then ¢(I1) = p(I2). Also we have

= ¢(2) € p(I) = p(I2)
= 3y € Lyp(r) = ¢(y)
= (2,Y) € pp,g) € I2 X I>
= x€ly,=— 1 Cls.

€l

Similarly, we can prove that I C I;. Thus Iy = Iy and therefore 3 is one to
one. [

Theorem 3.12. Let (Sy,Iy) (P19 ) (S2,Tg) 7 (p2.92) ) (83,1'3) be a sequence of ho-
momorphisms. Then

(¥,9) : (81 x S1,T'1 xI'1) — (82 x S2,T'y x I'y)

defined by ¢ (xz,y) = (p1(x), e1(y)) and g(v,B) = (91(7),91(8)) for all x,y € Sy
and v, 3 € 'y is a homomorphism such that VY(p(p,,g,)) € Plgs,g.)- Moreover, if

(¢1,91) is onto and (@2, g2) is one to one, then Y(pip, ,g1)) = P(ps.g2)-

Proof. Tt is easy to verify that (¢, g) is a homomorphism. We have

1,/}(&, b) € qu(p(sal,gl))’ (CL, b) € p(‘Phgl) =
p1(a) = p1(b) = @2(p1(a)) = @2(p1(b)) =
(‘pl(a)7 301(17)) € P(p2,92) = w(% b) € P(p2,92)

Thus Y(p(p1,9)(%)) € P(a,g)- Now, if (1,91) is onto and (p2,g2) is one to
one, then we prove that ¥ (p(,, 4,)(z)) = p( It is enough we prove that

Plpa,g2) C V(P(pr,00) (7)), We have

p2,92)"

(6,1) € P(pargs) = #2(t) = @2(t')
(a

= dJa,be S, pi(a)=t,p1(b) =1t
= (t,t) =(a,b) = (¢1(a), 1 (D))
= (t’t ) 1/}(p(</’1,91))
Therefore py,.g.) € ¥(P(p1,1) (%)), which completes the proof. O

Theorem 3.13. Let (S;,T;) ($1:90) ) (S, Tg) (¢2,92) ) (S3,I'3) be a sequence of ho-
momorphisms. Then Imp; X Im<p1 C Ppa,92) zf and only if w2 0 Y1 is constant.

Proof. (<=): Let (x,y) € Ime; X Imy;, then 2 = ¢1(a) and y = ¢1(b) for some
a,b € S1. By hypothesis, we have pa2(¢1(a)) = w2(p1(b)), which implies that
(p1(a), p1(b)) = (2,y) € p(ps,g.)- Therefore Impy x Imp1 C p(e,.g0)-

(=>): Let x,y € Sy, then (p1(x),1(y)) € Imp1 x Impy C p(yp,,g,)- Hence
wa(p1(x)) = p2(¢1(y)). Therefore, ps 0 1 is constant.
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Finally, by the congruence relation induced by homomorphisms, we are able to
establish some isomorphism theorems and investigate the commutativity of some
diagrams.

Theorem 3.14 (Isomorphism Theorem). If (¢, g) : (S1,T1) — (S2,T'2) is an ho-
momorphism, then there exists an unique isomorphism (¥, g) : (S1: p(p,9),T'1) —
(S2,T's) such that the following diagram commutes:

(51.T4) (#:9) (S2.T2)
(H-S‘L:ll—lj (ﬂ“g)
(511 p(p,g),T1)

where Ils, : S1 — (S1 @ pre.g)) is defined by Ils, (x) = pp q)(x) for all z € Sy
and 1, is the identity map on I';.

Proof. Define 1 : (S1 : p(,9)) — S2 by ¥(p(e,q)(x)) = o(x) for all € S;. Then,
we have

Plo,0) () = Po,g)(Y) = TP, Y = @(T) = ©(y),

which implies that 1 is well-defined and one to one. Clearly, v is onto. Now, we
prove (%, g) is a homomorphism. We have

V(P(o.0)(T) OV O o) (W) = P(p(p.0)(@1Y))
= p(xvy) = w(x)g(7)p ()
= Y(P(o,0) (@) INY(P(0.9) (V)

for all p(y.q)(T); P(p,g)(¥) € S1 : pre,q) and v € T'y. Therefore, (1, g) is a homo-
morphism. Also p(r) = ¥(p(,,e) (7)) = (I, (x)) and g o 1r, = g, which imply
that the diagram is commutative. Let (1, 9) : (St : p(p,g),I'1) — (52,12) be a
homomorphism such that ¢ o Ils, = ¢. We have

V(p(p,9) (@) = (15, (2)) = (@) = Y(IIs, (2) = P(p(pq) (2))-
Therefore, (1, g) is unique and the proof is completed. O

Theorem 3.15. Let (S,I';) ($190) ") (52,T2) 1 (p2,92) ) (S3,1'3) be a sequence of ho-
momorphisms. Then there exists an unique homomov“phzsm

(¥,91) : (S1: P(or,91), L1) — (S22 Ppg.g2)5 1'2)
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such that the following diagram is commutative:

(e1,91)
(S1,T1) - (S2,T2)
| |
(s, 1r,) | | (ILs,, 1r,)
{ {
(1/1,91)
(Sl :p(gal,gl)arl) B (S2 :p(tpz,QQ))FQ)

Moreover, if (v1,91) is onto and (2, 92) is one to one, then (1, g1) s an isomor-
phism.

Proof. Define  : 81 : pg1.g1) = 52 % Poa,92) BY Y(P(p1.01) (2)) = P2 g0) (01(2))
for all piy, g,)(x) € S1: prey,g,). We prove that 1 is well-defined:

p(¢1791)(m) = p(tphgl)(y) = 901( ) = @1(3})
== Plp2,92) ( (I)) p(tpz,gz)(@l( ))
= w(p(cphgl ( )) (p(<p2792)( ))

Now, we prove that (¢, g1) is a homomorphism. We have
w(p(tphgl)(x) Ov0O p(tphgl)(y)) = w(p(tp17gl)(x7y))
= p(#’zygz)( ( ))
= Pleagn) (@1(2)91(7)e1(y))
)

(v
= Pp2,g2) (P1(T) © g1(7) © Pgy,g0) (P1(Y))
= V(P(p1.91)(®) © 91(7) © Y(P(g1.9:) (V)

Therefore, (¢, g1) is a homomorphism. Also, we have

V(s () = V(P(p1,90) (T)) = Plpa,g0) (P1(7)) = s, (01 (2)),

and g; o 1p, = 1r, 0 g1. Therefore, the diagram is commutative. Let (1, g1) : (S :
Plp1,g0): L) = (S2 1 P(ps,g0), ['2) be a homomorphism which makes the diagram
commutative. We have

V(P(p1,91) (7)) = (U5, (2) = I, (91(2)) = P(ps,g2) (01(2)) = Y (P(1,91) (2))-

Therefore, (1, g1) is unique and the proof is completed. O
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