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equilibrium problems in a a uniformly smooth and strictly convex real Banach
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1 Introduction

Let E be a real Banach space with dual E* and C be nonempty, closed and
convex subset of E. A mapping T : C — C is called nonexpansive if

|| Tz —Ty|| < |z —yl|, Vz,yeC. (1.1)

A point z € C' is called a fized point of T if Tx = x. The set of fixed points of T
is denoted by F(T) :={x € C : Tz = z}.
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We denote by J the normalized duality mapping from E to 28" defined by
J(x) ={f € E*: (z, f) = ||z|]” = ||fII*}-

The following properties of J are well known (The reader can consult [1-3] for
more details):

1. If E is uniformly smooth, then J is norm-to-norm uniformly continuous on
each bounded subset of E.

2. J(x)#0, z€E.
3. If E is reflexive, then J is a mapping from F onto E*.
4. If E is smooth, then J is single valued.
Throughout this paper, we denote by ¢, the functional on F x E defined by

¢(a,y) = ||z|[* = 2(z, J(y)) + llyl]*, Vz,y € E. (1.2)

Let C be a nonempty subset of F and let T" be a mapping from C into E. A
point p € C' is said to be an asymptotic fixed point of T if C contains a sequence
{zn}52, which converges weakly to p and lim,_, ||z, — Tx,|| = 0. The set of
asymptotic fixed points of T is denoted by F(T). We say that a mapping T is
relatively nonexpansive (see, for example, [4-13]) if the following conditions are
satisfied:

(R1) F(T) #0;
(R2) o(p, Tx) < ¢(p, ), Vo eC, pe F(T);
(R3) F(T)= F(T).

A point p € C is said to be an strong asymptotic fized point of T if C' contains
a sequence {z,}52, which converges strongly to p and lim,,,c ||, — Tx,|| = 0.
The set of strong asymptotic fixed points of T is denoted by F (T). We say that
a mapping T is weak relatively nonexpansive (see, for example, [14, 15]) if the
following conditions are satisfied:

(R1) F(T) # 0
(R2) ¢(p,Tz) < ¢(p,x), Vo€ C, pe F(T);
(R3) F(T)= F(T).

If T: E — E is a relatively nonexpansive mapping, then using the definition of
¢, one can show that F(T') is closed and convex. It is obvious that relatively
nonexpansive mapping is weak relatively nonexpansive mapping. In fact, for any
mapping T : C — C, we have F(T) C F(T) C F(T). Therefore, if T is relatively
nonexpansive mapping, then F(T) = F(T) = F(T). Xu and Su [16] and Kang et
al. [14] gave examples of weak relatively nonexpansive mappings which are not
relatively nonexpansive.

Remark 1.1. In [15], the weak relatively nonexpansive mapping is also said to be
relatively weak nonerpansive mapping.
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Remark 1.2. In [17], the authors gave the definition of hemi-relatively nonez-
pansive mappings as follows: A mapping T : C — C is said to be hemirelatively
nonexpansive if the following conditions are satisfied:

(1) F(T)#0;

(2) ¢(p.Tx) < é(p,x), Yo eC, peF(T).

Observe that an operator T in a Banach space E is said to be closed if x, — =
and Tz, — y, then Tx = y.

The following conclusion is obvious.
Conclusion: A mapping is closed hemi-relatively nonexpansive if and only if it is
weak relatively nonexpansive.

Let F be a bifunction of C x C into R. The equilibrium problem is to find z € C
such that

F(z,y) >0, (1.3)

for all y € C. We shall denote the set of solutions of this equilibrium problem by
EP(F). Thus

EP(F):={z2"e€C:F(z*,y) >0, YyeC}.

Numerous problems in Physics, optimization and economics reduce to find a solu-
tion of problem (1.3). Some methods have been proposed to solve the equilibrium
problem, see for example, [18-32]. The equilibrium problems include fixed point
problems, optimization problems and variational inequality problems as special
cases (see, for example, [18]).

In [7], Matsushita and Takahashi introduced a hybrid iterative scheme for
approximation of fixed points of relatively nonexpansive mapping in a uniformly
convex real Banach space which is also uniformly smooth: xg € C,

Yn = J HanJz, + (1 — ap)JTx,),

H, = {w eC: (b(wayn) < ¢(w7$n)}a (1 4)
W, ={weC: (x, —w,Jrg — Jx,), ’
ZTnt1 = g, nw,z0, n>0.

They proved that {z,}72 converges strongly to Iz, where F(T') # 0.

In [12], Takahashi and Zembayashi introduced the following hybrid iterative
scheme for approximation of fixed point of relatively nonexpansive mapping which
is also a solution to an equilibrium problem in a uniformly convex real Banach
space which is also uniformly smooth: zo € C, C; =C, z; =Il¢, zo,

yn = J HanJr, + (1 — an)JTzy,),

F(un,y) + 7=y — tn, Jun — Jyn) > 0,Vy € C
Cn+1 = {’LU S Cn : ¢(w7un) S ¢(w7xn)}a

Tn4+1 = HCnJrlev n Z ]-7
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where J is the duality mapping on E. Then, they proved that {z,}2, converges
strongly to llpxzg, where F = EP(F)NF(T) # 0.

In [33], Plubtieng and Ungchittrakool introduced the following hybrid projec-
tion algorithm for a pair of relatively nonexpansive mappings: xg € C,

2 = J BN Tz + B ITy, + B TS,)

yn = J HanJzo + (1 — ) J2n)

Cn={2€C:¢(z,yn) < d(2,2) + an||zo]]? + 2(w, Jx,, — Jo))}  (1.5)
Qn={z€C:(xy,—2zJx, — Jay) <0}

Tn+1 = PCnﬂQn$07

where {a,}, {57(})}, {6,(?)} and {67(13)} are sequences in (0, 1) satisfying 67(11) +
57(12) + &(13 =1 and T and S are relatively nonexpansive mappings and J is the
single-valued duality mapping on E. They proved under the appropriate conditions
on the parameters that the sequence {x,} generated by (1.5) converges strongly
to a common fixed point of 7" and S.

Recently, Li et al. [34] introduced the following hybrid iterative scheme for
approximation of fixed points of a relatively nonexpansive mapping using the prop-
erties of generalized f-projection operator in a uniformly smooth real Banach space
which is also uniformly convex: zg € C,

Yo = J HanJz, + (1 — ap)JTxy,),
Cry1 ={w € Cp : G(w, Jy,) < G(w, Jxy,)},
Tpal = chﬂxo, n>1,

They proved a strong convergence theorem for finding an element in the fixed
points set of T. We remark here that the results of Li et al. [34] extended and
improved on the results of Matsushita and Takahashi, [7].

Quite recently, motivated by the results of Matsushita and Takahashi [7] and
Plubtieng and Ungchittrakool [33], Su et al. [35] proved the following strong
convergence theorem by Halpern type hybrid iterative scheme for approximation
of common fixed point of two countable families of weak relatively nonexpansive
mappings in uniformly convex and uniformly smooth Banach space.

Theorem 1.1 (Su et al. [35]). Let E be a uniformly convex real Banach space
which is also uniformly smooth. Let C be a nonempty, closed and convexr sub-
set of E. Suppose {T,,}22; and {S,}>2, are two countable families of weak rel-
atively nonexpansive mappings of C into itself such that F := (N2, F(T,)) N
(NS, F(Sy)) # 0. Suppose {x,}2, is iteratively generated by xo € C,
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Zn=J7 (6(1 Jxg + /Bn )']Tnxn + ﬁr(Lg)JSnmn)
Yn = J Handzy + (1 — ap)Jzy),
Ch { eCp1 N anl : d)(wvyn)
< (1 - O‘n/B?(“Ll))d)(wa zn) =+ O‘nﬁg)(b(wa '1:0)}7 (1.6)
CO = {U} € C : (rb(wvyo) S ¢(w71'0)}3
Qn={weCh_1NQn_1: {(xn—w,Jxg— Jx,) > 0},
Qo =

Tnt+1 = le,nQ, o, n2>1,

with the conditions

(i) lim, o0 B = 0;

(#) limsup,,_, . B2BY > 0.

Then, {x,}52, converges strongly to Ilpxg.

Motivated by the above mentioned results and the on-going research, we in-
troduce a new iterative scheme by hybrid method and prove strong convergence
theorem for an infinite family of weak relatively nonexpansive mappings and a
system of equilibrium problems in a uniformly smooth and strictly convex real
Banach space which also has Kadec-Klee property using the properties of gener-
alized f-projection operator. Our results extend many recent known results in
the literature. Finally, we also apply our results to obtain some applications in
a Banach space. Our results extend the results of Matsushita and Takahashi [7],
Plubtieng and Ungchittrakool [33], Takahashi and Zembayashi [12], Li et al. [34]
and other recent results in the literature.

2 Preliminaries

Let F be a real Banach space. The modulus of smoothness of F is the function
pE : [0,00) — [0,00) defined by

1
pi(r) i=sup { 51l + vl + ke = yl) = 1: el < Lyl < 7.
FE is uniformly smooth if and only if

lim PEAT) (7)
T—0 T

Let dimE > 2. The modulus of convezity of E is the function dg : (0,2] — [0, 1]
defined by

=0.

Tty

3i(0)i= it {1~ || 25| all =yl = e = llo =}

E is uniformly convex if for any e € (0,2], there exists a § = d(¢) > 0 such that
if 7,y € E with |[z]| <1, |jy]| <1 and |z —y|| > ¢ then [|[2(z+y)|| < 1-6.
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Equivalently, E is uniformly convex if and only if dg(e) > 0 for all € € (0,2]. A
normed space E is called strictly convex ifforallz,y € E, = # vy, ||lz||=|lyl| =1,
we have |[Ax 4+ (1 — Ny|| <1, VA € (0,1).E is said to be 2-uniformly conver if
there exists constant ¢ > 0 such that §p(e) > ce? for all € € (0,2]. The constant
is called the 2-uniformly convezity a constant of E. We know that a 2-uniformly
convex Banach space is uniformly convex.

Let E be a smooth, strictly convex and reflexive real Banach space and let C' be
a nonempty, closed and convex subset of E. Following Alber [36], the generalized
projection Il from F onto C' is defined by

Il (2) := argming(y,x), Vz € E.
yel

The existence and uniqueness of Il follows from the property of the functional
¢(z,y) and strict monotonicity of the mapping J (see, for example, [3, 36-39]). If
E is a Hilbert space, then Il is the metric projection of H onto C. From [39], in
uniformly convex and uniformly smooth Banach spaces, we have

(lzll = llylh? < oz, y) < (=]l + [lyl)?, Va,y € E. (2.1)

The fixed points set F'(T') of a weak relatively nonexpansive mapping is closed
convex as given in the following lemma.

Lemma 2.1 (Su et al. [35]). Let C be a nonempty, closed and convex subset of a
smooth, strictly convex Banach space E. Let T be a weak relatively nonexpansive
mapping of C into itself. Then F(T) is closed and convex.

Next, we recall the concept of generalized f-projector operator, together with
its properties. Let G : C' x E* = RU {400} be a functional defined as follows:

G(& ») = [IEII* = 2(&,9) + lloll* +20£(£), (2.2)

where £ € C, ¢ € E*, pis a positive number and f: C — RU {400} is proper,
convex and lower semi-continuous. From the definitions of G and f, it is easy to
see the following properties:

(1) G(&, ) is convex and continuous with respect to ¢ when £ is fixed;

(13) G(&, @) is convex and lower semi-continuous with respect to £ when ¢ is fixed.

Definition 2.2. Let F be a real Banach space with its dual E*. Let C be a
nonempty, closed and convex subset of E. We say that Hé :B* - 2¢ is a
generalized f-projection operator if

il ={ueC:Glup) = nG(E Q). Vo b

For the generalized f-projection operator, Wu and Huang [40] proved the following
theorem basic properties:
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Lemma 2.3 (Wu and Huang [40]). Let E be a real reflexive Banach space with its
dual E*. Let C be a nonempty, closed and convex subset of E. Then the following
statements hold:

(1) Hé is a nonempty closed convexr subset of C for all p € E*;

(i1) If E is smooth, then for oll ¢ € E*,x € Hé if and only if

(x—y,p—Jx) +pf(y) — pf(x) >0, VyeC;

(t31) If E is strictly convex and f: C — RU {+o0} is positive homogeneous (i.e.,
fltz) = tf(x) for all t > 0 such that tx € C where x € C), then Hé is a single
valued mapping.

Fan et al. [41] showed that the condition f is positive homogeneous which
appeared in Lemma 2.3 can be removed.

Lemma 2.4 (Fan et al. [41]). Let E be a real reflexive Banach space with its
dual E* and C a nonempty, closed and convex subset of E. Then if E is strictly
convez, then Hé is a single valued mapping.

Recall that J is a single valued mapping when FE is a smooth Banach space.
There exists a unique element ¢ € E* such that ¢ = Jx for each x € E. This
substitution in (2.2) gives

G(€, Jz) = [[€]]* - 2(¢, Jx) + ||z[|* + 2pf () (2.3)
Now, we consider the second generalized f-projection operator in a Banach space.

Definition 2.5. Let E be a real Banach space and C' a nonempty, closed and
convex subset of E. We say that Hé . B — 2% is a generalized f-projection
operator if

£ . _
Iz = {u € 0+ Glu, Jx) = il (&, Jx)}, Vi € E.

Obviously, the definition of T is a weak relatively nonexpansive mapping is
equivalent to
(R'1) F(T) #0;
(R'2) G(p,JTz) < G(p,Jx), VxeC, pe F(T).

(R'3) F(T)=F(T).

Lemma 2.6 (Deimling [42]). Let E be a Banach space and f : E — RU{+oco} be
a lower semi-continuous convex functional. Then there exists x* € E* and a € R
such that

f(z) > (x,z*) +a, Vz € E.

We know that the following lemmas hold for operator Hé.
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Lemma 2.7 (Li et al. [34]). Let C be a nonempty, closed and convex subset of a
smooth and reflexive Banach space E. Then the following statements hold:
(1) Héx is a nonempty closed and convex subset of C for all x € E;

(it) forallzx e E, T € Héx if and only if
(@ -y, Jz—Ji+pf(y) —pf(x) 20, VyeC;
(iii) if E is strictly convex, then Hcx! is a single valued mapping.

Lemma 2.8 (Li et al. [34]). Let C be a nonempty, closed and convex subset of a
smooth and reflexive Banach space E. Let x € E and T € Hé. Then

o(y. 2) + G(&, Jz) < G(y, Jx), Vye€C.
Also, this following lemma will be used in the sequel.

Lemma 2.9 (Chang et al. [43]). Let E be a uniformly convex real Banach space.
For arbitrary r > 0, let B.(0) :={x € E : ||z|| <r}. Then, for any given sequence
{zn}22, C B.(0) and for any given sequence {\,}52, of positive numbers such
that 221 Ai = 1, there exists a continuous strictly increasing convex function

g:10,2r] =R, ¢(0)=0

such that for any positive integers i,j with i < j, the following inequality holds:

ores
n=1

For solving the equilibrium problem for a bifunction F' : C' x C' — R, let us
assume that F satisfies the following conditions:
(Al) F(xz,xz)=0 for all z € C;
(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 for all z,y, € C;
(A3) for each x,y € C, }i_I)I(l)F(tZ + (1 —t)x,y) < F(z,y);
A4)

(

Lemma 2.10 (Blum and Oettli [18]). Let C be a nonempty closed convex subset
of a smooth, strictly conver and reflexive Banach space E and let F be a bifunction
of C x C into R satisfying (A1)-(A4). Let r > 0 and x € E. Then, there exists
z € C such that

2 o0
< Aalleall® = Xidjg(lfas — 25)).
n=1

for each x € C, y— F(z,y) is convex and lower semicontinuous.

1
F(z,y)—i—;(y—z,Jz—Jx)zO for all ye K.

Lemma 2.11 (Takahashi and Zembayashi [44]). Let C' be a nonempty closed
convex subset of a smooth, strictly convex and reflexive Banach space E. Assume
that F : C x C — R satisfies (A1)-(A4). Forr >0 and x € E, define a mapping
TF . E — C as follows:

1
TF(z)={2€C:F(z,y)+ -y —2,Jz — Jz) > 0,¥y € C}
r
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for all z € E. Then, the following hold:
1. TF is single-valued;
2. TF is firmly nonexpansive-type mapping, i.e., for any v,y € E,

(TFx =T y, JT w = JTFy) < (TFx =Ty, Jo - Jy);

3. F(TF) = EP(F);
4. EP(F) is closed and convez.

Lemma 2.12 (Takahashi and Zembayashi [44]). Let C be a nonempty, closed and
convex subset of a smooth, strictly convex and reflexive Banach space E. Assume
that F : C x C — R satisfies (A1)-(A4) and let r > 0. Then for each x € E and
q € F(T)),

¢(a, T, ) + ¢(T, x,2) < ¢(g, ).

We recall that a Banach space E has Kadec-Klee property if for any sequence
{xn}22, C F and z € E with z,, — x and ||z,|| = ||z||, then z, — x as n — .
We note that every uniformly convex Banach space has the Kadec-Klee property.
For more details on Kadec-Klee property, the reader is referred to [2, 38].

Lemma 2.13 (Li et al. [34]). Let E be a Banach space andy € E. Let f : E —
R U {400} be a proper, convexr and lower semicontinuous mapping with convex
domain D(f). If {xn} is a sequence in D(f) such that x, — x € int(D(f)) and
limy, 00 G(zn, Jy) = G(z, Jy), then lim, o ||2n]] = ||2]].

3 Main Results

We now prove the following strong convergence theorem.

Theorem 3.1. Let E be a uniformly smooth and strictly convez real Banach space
which also has Kadec-Klee property. Let C' be a nonempty, closed and convex subset
of E. For each k =1,2,...,m, let Fy be a bifunction from C x C satisfying (Al) —
(A4) and suppose {T;}32, is an infinite family of weak relatively nonexpansive map-
pings of C into itself such that Q) := (ﬂ}?:l EP(Fk)) N (ﬂ;’il F(Ti)) # (). Let Let
f:+ E — R be a conver and lower semicontinuous mapping with C C  int(D(f))
and {x, }52 be iteratively generated by xo € C, C; =C, x1 = Hélxm

Yn = Jﬁl(anojzn + Zzoil O‘anszn)

w, — TFm Trmel ... Ry y
n Tm,n m—1,n rT2n  T1,ndM (31)

Tn+1 = HénJr g, n =1,

1

where J is the duality mapping on E. Suppose {an; }22, for each i =10,1,2,... is a
sequence in (0,1) such that iminf,, o anoan; >0, 1 =1,2,3,..., Y72 an =1
and {ry o2, C (0,00), (k= 1,2,...,m) satisfying liminf, ,cry, > 0, (k =
1,2,...,m). Then, {x,}2, converges strongly to IT}zq.
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Proof. We first show that C,,, ¥n > 1 is closed and convex. It is obvious that
C7 = C is closed and convex. Suppose that C,, is closed and convex for some
n > 1. From the definition of C, 1, we have that z € C,; implies G(z, Ju,) <
G(z,Jxy,). This is equivalent to

2((z: Jzn) = (2 Jun)) < [l = |funl .

This implies that Cj,41 is closed and convex for the same n > 1. Hence, C,, is
closed and convex Vn > 1. This shows that Hénﬂato is well defined for all n > 0.

By taking 6% = TTI‘;’VHT]‘E’C’1 TR TR =12 . mand 0 =1 foralln > 1,

Tk—1,n T2, T1,n?
we obtain u, = 0,y
Since f : E — R is a convex and lower semi-continuous, applying Lemma 2.6,
we see that there exists u* € E* and a € R such that

fy) > (y,u") +a, VyeE.
It follows that

G(xn, Jao) = [[wal* = 2(an, Jzo) + ||loll* + 20 (24)
> [|lznl® = 2{zn, Jzo) + ||zoll* + 20(zn, u*) + 20
= ||znl|? — 2(zn, Jzo — pu*) + ||z0||* + 2pr
> [zn||? = 2[Jzal[||Jzo — pu*]] + [zo||* + 2pa
= (lzall = 120 — pu[1)? + [[zol[* — || Jzo — pu”||* + 2pa. (3.2)

Since z,, = Hénxo, it follows from (3.2) that
G(2*, Jwo) > G(xn, Jwo) = (|lnl| = [[Jzo — pu”|)* + ||zol|* = ||Tz0 — pu*[|* + 2pax

for each z* € Q. This implies that {z,}52 is bounded and so is {G(xy, Jxo)}22,.
This implies that {T;z,}52; is bounded for each i = 1,2,.... We next show that
QcCC,, VYn>1. Forn=1, we have Q) C C = (. Since F is uniformly smooth,
we know that E* is uniformly convex. Then from Lemma 2.9, we have for any
positive integer j > 1 that

Gz, Jun) = G(z*, IO y,) < G(z*, Jyn)

= G(2", (anoJxn + Y aniJTizy))

i=1

= ||(E*H2 - 2an0<x*»an> - QZanz<x*aJﬂxn>
=1

e 2
apoJ Ty, + ZamJT,;xn + 2pf(z").

i=1

|
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This furthermore implies that

G(x*, Jun) < ||2*|]> = 200 (z*, J2,) — ZZam<x*7 JT;z,,)
i=1
2

o0
+ anol[Jonl? + > ami — anoanjg(||Jz, — JTjz,||)

i=1

+2pf(z")

= ||z*|]* = 200 (z*, J2,) — 2204,”-(;16*7 JT;2)
i=1
2

+ ol [ Jonl? + D i || Tian || = anocnjg(||Jan — JTjzn]))
=1
+2pf(z")
< G(z*, Jzn) — anoom;g(||Jxn — JTjz,]]) (3.3)
< G(z*, Jxy).

So, z* € C),. This implies that Q C C,,, Vn > 1.

We now show that lim,, o, G(z,, Jxo) exists. By the construction of C,,, we
have that C,, ¢ C, and x,, = Hémmo € C, for any positive integer m > n. It
then follows Lemma 2.8 that

(T, Tn) + G(Xn, Jxo) < G(Tim, J20). (3.4)
It is obvious that
D(@mstn) = ([|2m]| = |[zal])* > 0.

In particular,
(a1, Zn) + G(xn, Jro) < G(Tpa1, Jxo)

and
(@ns1,20) = ([2nga|l = [Jzal])? >0,

and so {G(xy, Jxo) }52 is nondecreasing. It follows that the limit of {G(z,, Jz0) }52,
exists.
Now since {z,}52 is bounded in C and E is reflexive, we may assume that
x, — p and since C), is closed and convex for each n > 0, it is easy to see that
p € C, for each n > 0. Again since x,, = Hénxo, from the definition of Hén, we
obtain
G(xn, Jzo) < G(p, Jzp), Vn > 0.

Since
linrging(xn, Jxg) = hnH_l)lOI(l)f{HfEnHQ — 2wy, Jxo) + ||m0||* + 2pf(xn)}
> [Ipl* = 2(p, Jxo) + |lzo||* + 20f (p) = G(p, Jxo)
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then, we obtain

G(p, Jxg) < hl’I_l}il’lfG(l‘n, Jxg) < limsupG(z,, Jxo) < G(p, Jxo).
n o0

n—o0

This implies that lim, o G(zn, Jxg) = G(p, Jxo). By Lemma 2.13, we obtain
lim, 00 ||Zn|| = ||p]|- In view of Kadec-Klee property of E, we have that lim,,_, o =,
= p.

By the fact that C,,41 C C,, and z,,41 = Hénﬂxo € (), we obtain

¢($n+17 un) S ¢($n+17 xn)
Now, (3.4) implies that

P(@n1,un) < G(Tnt1,2n) < G(Tnt1, J20) = Gl@n, Jao). (3:5)

Taking the limit as n — oo in (3.5), we obtain

lim ¢(xp41,2,) = 0.

n— oo
Therefore,
nILH;o¢(I”+1’ uy) = 0.
It then yields that lim, oo (||Zn+1|| — [lun]]) = 0. Since lim,— o ||znt1]] = |IP],
we have
Tim_ [l | = ol
Hence,
lim [|Jun|| = |[7p||.
n—oo

This implies that {||Jun||}5%, is bounded in E*. Since E is reflexive, and so E*
is reflexive, we can then assume that Ju, — fo € E*. In view of reflexivity of E,
we see that J(E) = E*. Hence, there exists x € E such that Jx = fy. Since
(i1, un) = ||zn+1”2 = 2(zn+1, Jun) + Hun||2
= llznt1ll® = 2(znr1, Jun) + [[Junl*. (3.6)

Taking the limit inferior of both sides of (3.6) and in view of weak lower semicon-
tinuity of ||.||, we have

0> [plI* = 2(p, fo) + |lfoll* = llplI* — 2(p, Jz) + || J||?
= llpll* = 2(p, J2) + ||2[]* = 6(p, v),

that is, p = x. This implies that fy = Jp and so Ju,, — Jp. It follows from

limy, o0 || Jun|| = ||Jp|| and Kadec-Klee property of E* that Ju, — Jp. Note
that J=! : E* — E is hemi-continuous, it yields that u, — p. It then follows
from lim, o0 ||un|] = |Ip|| and Kadec-Klee property of E that lim, e tun = p.

Therefore, Hence,

lim ||z, — u,|| = 0.
n—oo
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Since J is uniformly norm-to-norm continuous on bounded sets and lim,, o ||2n —
un|| = 0, we obtain

lim ||Jz, — Ju,|| = 0.

n— oo

It then follows from (3.3) that
o g(||Jxn — JTx,||) < G(z*, Jz,) — G(z*, Juy,).
On the other hand,
G(z*, Jxn) — G(z*, Jup) = ||z,][* = |Junl|? — 2(z*, Tz, — Ju,)
< |zl = funl 2| + 2| @, T = Jun)

(znll + [funll) + 2[l2"[[[|J2n = Jun||

< [llwall = Ifunll
< |z = unl| (]l + funll) + 2[|z*(|[[J2n — Jun|].
From lim,, o ||2, — un|| = 0 and lim,— o ||J2n — Ju,|| = 0, we obtain
G(z*, Jxy,) — G(z*, Ju,) — 0, n — oo. (3.7
Using the condition liminf,, o ano0,j > 0, we have for any j > 1 that

nl;rr;og(||an — JTjz,||) = 0.

By property of g, we have lim,,_, ||J2,, —JTjz,|| =0, j > 1. Since z, — p and J
is uniformly norm-to-norm continuous on bounded sets, we have Jx, — Jp. Now,
from lim,,_, o ||Jzp, — JTjz, || = 0 and Jz,, — Jp, we get lim,, oo ||J Tz, — Jp|| =
0. Since J~ ! is also hemi-continuous on bounded sets, we have T;z, — p. On the
other hand,

W Tjzn = lplll = [l Tj2n — [|Tp]l]
<||JTjxy — Jp|| = 0, n — oo.

Since E has the Kadec-Klee property, we get Tz, — p, n — oo. This further
implies that

li_>m [|[Jxn — JTxs|| =0, j>1. (3.8)

Since x,, — p, we obtain that =, — p as n — oco. Now, from the definition of
weak relatively nonexpansive mappings, x, — p as n — oo and lim,_, ||Jz, —
JTyz,|| = 0, i > 1 imply that p € F(T;) = F(T}) for each i > 1. Hence,
p € N2 F(T;).

Next, we show that p € NJ*_ | EP(F}). From (3.3), we obtain

A", upn) = (™, 0, yn)
:¢(x* TFm em—lyn)

P T Tmun M

< ox*,0m y,) <L < o(at, ). (3.9)

rYn



532 Thai J. Math. 11 (2013)/ Y. Shehu

Since z* € EP(Fy,,) = F(Tfj;n) for all n > 1, it follows from (3.9) and Lemma
2.12 that

¢(una ozﬁbilyn) ¢(T7~I;mn92171yna azﬁbilyn)

< o(x*, 00 yn) — d(a*, un)

< (", @) — d(@", up).
From (3.7), we obtain lim,, oo (07 Y, 0™ Ly,) = lim, o0 @(tn, 07 Ly,) = 0. Tt
then yields that lim,, oo (||un|| — |07 ya||) = 0. Since lim, o ||un|| = ||p]|, We
have

: m—1 _
Tim (167l = 5]

Hence,

lim [|J6;" || = || Tpl|-
n— oo

This implies that {||J07 1y,|[}5°; is bounded in E*. Since E* is reflexive, we
can then assume that JO™ 1y, — f; € E*. In view of reflexivity of E, we see
that J(E) = E*. Hence, there exists z € E such that Jz = f;. Since

(b(umezlilyn) = HunH2 — 2(un, J9?719n> + ‘|91T71yn||2
= HunH2_2<umJ921_lyn>+HJQZI_1?JH||2~ (3.10)

Taking the limit inferior of both sides of (3.10) and in view of weak lower semi-
continuity of ||.||, we have

0> |lpll* = 2(p, f1) + If2ll* = lIpl]* = 2(p, Jz) + || T2||*
= lpll* = 2(p, J2) + |I2II* = 6(p, 2),

that is, p = 2. This implies that f; = Jp and so JO™ 1y, — Jp. It follows from
limy, o0 |[JO™ 2y, || = ||Jp|| and Kadec-Klee property of E* that JO™ =1y, — Jp.
Note that J~! : E* — E is hemi-continuous, it yields that 071y, — p. It
then follows from lim,, , ||07 " 'y,|| = ||p|| and Kadec-Klee property of E that
lim,, 00 0 1y,, = p. Therefore,

Tim |07y — 077 || = i Jfup — 077y = 0.

Furthermore, using Lemma 2.12 again, we have that

07y, 00 2yy) = (TEm1 00 2y, 00 2y,)

Tm—1m N

S ¢($*797T_2yn) - ¢($*, 921_12171)
< o(z*,zp) — (™ up) = 0, n— o0,
which yields that lim,, o (|07~ 2y || =107 =2y, ||) = 0. Since lim,, oo || Ly, || =

[Ip||, we have
lim [|6;7>yn|| = ||p|l-
n—oo
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Hence,
lim (|70 yn|| = ||Tp]|-
n—o0

This implies that {||JOm~2y,|[}°; is bounded in E*. Since E* is reflexive, we
can then assume that JO7 2y, — fo € E*. In view of reflexivity of F, we see
that J(E) = E*. Hence, there exists w € E such that Jw = f,. Since
SOy, 02 yn) = 1107 2 = 2000 g, JOT ) + 1107yl

= 107yl = 2000y, JOT " Pyn) + 170772yl (3.11)
Taking the limit inferior of both sides of (3.11) and in view of weak lower semi-
continuity of ||.||, we have

0> [[plI* = 2(p, f2) + |If2lI* = llpll* = 2(p, Jw) + || Jw||*
= |lpl* = 2(p, Jw) + [[w]|* = ¢ (p, w),

that is, p = w. This implies that fo = Jp and so JO™ 2y, — Jp. It follows from
limy, 00 || 7072y, || = ||Jp|| and Kadec-Klee property of E* that JO™~2y,, — Jp.
Note that J~=! : E* — F is hemi-continuous, it yields that ™ 2y, — p. It

then follows from lim,, . ||072y,|| = ||p|| and Kadec-Klee property of E that
lim,, 00 0 2y,, = p. Therefore,

lim |67 Yy, — 07 2y,|| =0

n
n—oo

In a similar way, we can verify that

lim 07 3y, = = lim y, =p
n— oo n— oo
and
lim [|67" 2y, — 07" Pyl = -+ = lim [|6,9n — yall = 0.
n—o00 n—00

k

n

Hence, we conclude that 67y, — p, we have for each k =1, 2,...,m and

lim (|85, — O yall =0, k=1,2,..,m. (3.12)

Also, since J is uniformly norm-to-norm continuous on bounded sets and using
(3.12), we obtain

lim [|J0%y, — JO 1y, || =0, k=1,2,...,m.
n—oo
Since liminfry , > 0, k=1,2,...,m, then
n—oo

L 0y — 65 yl|

n— oo Tk,n

0. (3.13)

By Lemma 2.11, we have that for each k =1,2,....m

F(0%y,,y) + (y — 0%y, JOFy, — JOF1y,) >0, Yy e C.

k.n
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Furthermore, using (A2) we obtain
T;n@ = Oy JOyn — JOL yn) = Fi(y, 0y). (3.14)
By (A4), (3.13) and 6%y, — p, we have for each k = 1,2, ...,m
Fi(y,p) <0, VyeC.

For fixed y € C, let 2, :=ty+ (1 —¢)p for all ¢ € (0,1]. This implies that z; € C.
This yields that Fy(z:,p) < 0. It follows from (A1) and (A4) that
0 = Fy(2t,2¢) < tFx(2t,y) + (1 — 1) Fr(2t,p)
< tFe(ze,y)
and hence
0 é Fk(zta y)

From condition (A3), we obtain

This implies that p € EP(Fy), k= 1,2,...,m. Thus, p € NJ*, EP(F}). Hence,
we have p € Q := (m,;n:l EP(Fk)> N (m;?gl F(Ti)).
Finally, we show that p = Héxo. Since Q = (ﬂ’k”:l EP(Fk)) N (ﬂfil F(E))

is a closed and convex set, from Lemma 2.7, we know that Héxo is single valued
and denote w = H{lxo. Since x,, = Hénl‘o and w € Q C C,, we have

G(xn, Jxo) < G(w, Jxg), Vn > 1.

We know that G(§, Jy) is convex and lower semi-continuous with respect to &
when ¢ is fixed. This implies that

G(p, Jxg) < liniinfG(xn,Jxo) < limsup G(z,, Jxg) < G(w, Jxg).
n (oo}

n—oo

From the definition of Héxo and p € Q, we see that p = w. This completes the
proof. O

Corollary 3.2. Let E be a uniformly smooth and strictly convex real Banach space
which also has Kadec-Klee property. Let C be a nonempty, closed and convex subset
of E. For each k =1,2,...,m, let Fy, be a bifunction from C x C satisfying (A1) —
(A4) and suppose {T;}52, is an infinite family of weak relatively nonexpansive
mappings of C into itself such that Q := (ﬂzlzl EP(F;Q) N (ﬁf; F(E)) # 0.
Let {x,}52 be iteratively generated by xog € C, Cy = C, x1 =g, xo,

Yn = I (omoJwn + D521 ani I Tiy)

— F, Fnzfl F: F
Up = TTWTHTTW*M” e TT22JL Tllﬁny” (3.15)

Cn—i—l = {w € Cn : ¢(w7un) < ¢(w7l‘n)}
Tpy1 = e, 00, n2>1,
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where J is the duality mapping on E. Suppose {an; }°2, for each i =0,1,2,... is a
sequence in (0,1) such that iminf,, o anoan; >0, 1=1,2,3,..., Z;’io ap; =1
and {rEn 152, C (0,00), (k= 1,2,...,m) satisfying liminf, _,oory, >0, (k=
1,2,...,m). Then, {x,}22, converges strongly to Ilgxg.

Proof. Take f(x) = 0 for all z € E in Theorem 3.1, then G(&, Jx) = ¢(§, z) and
Héxo = Ilgzg. Then, the desired conclusion follows. O

Corollary 3.3 (Li et al. [34]). Let E be a uniformly convex real Banach space
which is also uniformly smooth. Let C' be a nonempty, closed and convex subset
of E. Suppose T : C — C' is a relatively nonexpansive mappings of C into itself
such that F(T) # 0 and f : E — R is a convez and lower semicontinuous mapping
with C C  int(D(f)). Suppose {x,}52 is iteratively generated by xo € C, Cy =
C, T = Hclxo,

Yn = J HanJz, + (1 — an)JTz,)
Cpt1 ={w e C, : Gw, Jy,) < G(w, Jx,)}
Tg, n>1,

Tn41 = HCn+1

where J is the duality mapping on E. Suppose {a,}S2; is a sequence in (0,1)
such that limsup,, , . an < 1. Then, {x,}52, converges strongly to H;(T)xo.

Corollary 3.4 (Takahashi and Zembayashi [12]). Let E be a uniformly convex
real Banach space which is also uniformly smooth. Let C be a nonempty, closed
and convez subset of E. Let F be a bifunction from C x C satisfying (A1) — (A4).
Suppose T is a relatively nonexpansive mapping of C into itself such that Q :=
EP(FYNF(T) # 0. Let {x,}52, be iteratively generated by xy € C, Cp =
C, z1 =Il¢g, zo,

Yn = J HanJzn + (1 — ap)JTz,)

F(un,y) + 2=y — tn, Jun — Jyn) > 0,Vy € C
Cpr1 ={w € Cy : dp(w,uy,) < d(w,x,)}

Tn+1 = HCW,_HSCOa n Z ]-7

(3.16)

where J is the duality mapping on E. Suppose {a, }°  is a sequence in (0,1) such
that liminf, o o (1—ay) > 0 and {re 152, C (0,00), (k= 1,2,...,m) satisfying
liminf,, oo 76 >0, (k=1,2,....m). Then, {z,}22, converges strongly to Ilgzg.

4 Applications

Let A be a monotone operator from C' into E*, the classical variational in-
equality is to find z* € C such that

(y—z,Ax*) >0, VyeC. (4.1)

The set of solutions of (4.1) is denoted by VI(C, A).
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Let ¢ : C' — R be a real-valued function. The convex minimization problem
is to find * € C such that

p(x*) <ply), Yyel. (4.2)

The set of solutions of (4.2) is denoted by CM P(p).
The following lemmas are special cases of Lemma 2.8 and Lemma 2.9 of [44].

Lemma 4.1. Let C be a nonempty closed convex subset of a smooth, strictly
convex and reflexive Banach space E. Assume that A : C — E* is a continuous
and monotone operator. For r > 0 and x € E, define a mapping T : E — C as
follows:

T (x) :{ZGC’:<Az,y—z>+%<y—z,Jz—Jﬂc> >0,y € C}.

Then, the following hold:

1. TA is single-valued;

2. F(TA) =VI(C,A);

3. VI(C,A) is closed and convez;

4o ¥la, Tfz) + ¢(T e, 2) < ¢(q,x), Vg€ F(TH).

Lemma 4.2. Let C be a nonempty closed convex subset of a smooth, strictly
convex and reflexive Banach space E. Assume that ¢ : C — R is a lower semi-
continuous and convex. Forr > 0 and x € E, define a mapping T, : E — C as
follows:

T#(x) = {2 € C gly) + - ly — 2,72 — Ja) > p(2), Yy € C).

Then, the following hold:

1. Ty is single-valued;

2. F(T¥)=CMP(y);

3. CMP(yp) is closed and convex;

4. 0(a,Tfx) + §(Tf,2) < d(g.x), Vg€ F(TE).

Then we obtain the following theorems from Theorem 3.1.

Theorem 4.3. Let E be a uniformly smooth and strictly convez real Banach space
which also has Kadec-Klee property. Let C' be a nonempty, closed and convex subset
of E. For each k =1,2,...,m, let Ay be a continuous and monotone operator from
C into E* and suppose {T;}32, is an infinite family of weak relatively nonexpansive
mappings of C into itself such that Q := (ﬂ?leI(C, Ak))ﬁ (ﬂg‘ilF(Ti)) £ (. Let
f:+ E — R be a convex and lower semicontinuous mapping with C C  int(D(f))
and {x, 152, be iteratively generated by xo € C, C1=C, x1 = Hélxo,

Yn = I omoJxn + D521 ani JTiy)

_ A, mAm— Ay A

Un = Tr,,,“nTTm,—l?n e Tr;n rl,nyn (43)
Cni1 ={w e Cy : G(w, Juy,) < G(w, Jz,)}

Tg, n>1,

_1/
Tn+1 = ch+1
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where J is the duality mapping on E. Suppose {an; }°2, for each i =0,1,2,... is a
sequence in (0,1) such that iminf,, o anoan; >0, 1=1,2,3,..., Z;’io ap; =1
and {rEn 152, C (0,00), (k=1,2,...,m) satisfyz'ng liminf,, oo 76m >0, (k=
1,2,...,m). Then, {x,}>2, converges strongly to Hﬂxo

Theorem 4.4. Let E be a uniformly smooth and strictly convex real Banach space
which also has Kadec-Klee property. Let C be a nonempty, closed and convez subset
of E. For each k = 1,2,....m, let p : C — R be a lower semi-continuous and
convex and suppose {T} °. s an infinite family of weak relatively nonexpansive

mappings of C into itself such that Q := (ﬂz”:ICMP(gok)) ﬂ(ﬁioil ( 1)) # 0. Let
f:E — R be a conver and lower semicontinuous mapping with C C  int(D(f))
and {xn }52 be iteratively generated by v € C, C1 =C, x1 = Hél T,

Yn = I HanoJzn + oy aniJTizy,)
up =10 Trﬁn n Trﬁ%anlnyn

Crpr = {w € Cy: Glw,Juy) < G(w, Jzy,)} (4.4)
$n+1—ch+1 0, TLZl,

where J is the duality mapping on E. Suppose {an; }22, for each i =0,1,2,... is a
sequence in (0,1) such that iminf,, o apoan; >0, 1 =1,2,3,..., Y2 an =1
and {rEn 152, C (0,00), (k= 1,2,...,m) satisfying liminf, oo ry, >0, (k=
1,2,...,m). Then, {x,}>2, converges strongly to Héxo.

Example 4.5. The following are examples of parameters appearing in the iterative
schemes:

Qi = W, i:0,172,..., n:1,2,...
1
P = Pk =1,2, e mye, n=1,2, .
n

Example 4.6. Let C be a closed, convexr and nonempty subset of a real Hilbert
space H. If we define Fy(z,y) = (Agx,y —x) for allz,y € C and k =1,2,.

We see that F(TEr) = EP(Fy) = VI(C, Ay) = (TAk) for each k =1,2,.

Also, we can easily show that {Fy}y satisfy conditions (A1) — (A4). Let T be a
nonezxpansive mapping of C into itself. Let I denote the identity mapping on H.
For each k =1,2,....m, let Ay =1 —T. Then Ay, k=1,2,....,m is continuous
and monotone operator, with D(Ay) = C.

Example 4.7. Let C' be a nonempty, closed and convexr subset of a uniformly
smooth and uniformly convex real Banach space E. If we define Fy(x,y) := @k (y)—
or(z) for all z,y € C and k = 1,2,...,m. We see that F(Ttx) = EP(F,) =
CMP(pr) = F(TZ*) for each k = 1,2,...,m. Furthermore, we can easily show
that {F},} ', satisfy conditions (A1) — (A4). For each k =1,2,...,m, let ¢, = dc,
where §¢ is the indicator function defined by

60(56):{0 if zel

oo otherwise.
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Then @i, k=1,2,...,m is a proper convex function which is lower semi-continuous.

Example 4.8. Nezt, we give an explicit example of nonexpansive mappings con-
sidered. Let C' be a nonempty, closed and convex subset of a uniformly smooth and
uniformly convex real Banach space E. Now take T; = Ile, i =1,2,3,..., where
Il is the generalized projection map from a uniformly smooth and uniformly con-
vex real Banach space E. It is known (see, e.g., [45]) that Il¢ is a closed relatively-
quasi-nonexpansive mapping from E onto C and N2 F(T;) = F(Ilg) = C # 0.

Remark 4.1. Our result improves on the result of Matsushita and Takahashi [7].
In fact, our iterative procedure (3.1) is simpler than (1.4) in the following two
aspects: (a) the process of computing W, = {w € C : (x,, — w, Jxg — Jx) > 0} is
removed; (b) the process of computing 1y, ~w, o is replaced by computing Ilc,, .
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