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Abstract : In this article, we introduce the Fourier transform of the distribu-
tional family (,Ho(z,m) £, Ho(z,m))> when ,H,(x,m) is defined by (1.1) and
vHo(z,m) is defined by (1.2). As consequence we obtain the Fourier transform of
(@34 +a2)—(@h g+ -+l ) (@4 4ad) = (@hy + - +a2y,)R, O,
ok§ and ®*§,where p + v = n dimension of the space,® is the operator defined
by (2.89) introduced by Satsanit in [1],the operator < is the Diamond operator
defined by (2.90) introduced by Kananthai [2] and and the operator @ defined by
(2.91) introduced by Kananthai et al. in [3].
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1 Introduction

Let , H.(x,m) be quadratic forms with complex coefficients defined by

m

m
wHo(z,m) =, Ho(21,...,z5m) = Zajz? (1.1)
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and
m
ptv

vHo(z,m) =y Ho(Tpq1, o Tpgo;m) = Z ozja:? (1.2)
J=p+1

where m = 1,2, ..., u + v = n dimension of the space.
Associated to ,H,(x,m) and , H,(z,m) considering ,, ,HE defined by

W,Hf =, Hof(mh ey, T g1y oy Tpgo; M) = Ho(x,m) £y Ho(z,m) (1.3)

with complex coefficients, and let Im(, Hq(z,m)) and Im(,Hq (2, m))be two posi-
tive definite quadratic forms,i.e. Imoa; >0 for j =1,2,...,u, pu+ 1, ..., u +v.

The generalized functions ,H)(z,m) and ,H)(z,m) and therefore also it’s
Fourier transform F{, H)(z,m)} and F{,H,(z,m)} are analytic functions of the
a; in the region Im a;; > 0,where A is a complex number.

We know from [4] that the following formula is valid

]:{((Z;L_l ajx?>m>)\} - —ia1~~\/—7;(lue\_/iT:;u+l"'\/—iau+'v

(1.4)
m>\+nﬂ,ﬂ m n 52 s2 \_ n
X2 F(iTI;L()\)A+2)(0711++ﬁ) mA—3g
where the Fourier transform is defined by
Fif@h= [ e (1.5)
Rn
with
<x7y> =T1Y1+ 2y (1-6)

Using (1.4) we obtain the following formulae

—pmi

et 2O ITmAL B) (5 Sy
vV —i()q \/—Z'O{M F(—TTL)\) q oy,

]:{ILHQ(‘%m)} =

(1.7)
and
N B e 2mx+v.n.%p(m)\+%) st Spto \—mA—2
]:{UHQ (x7 m)} B \/_i(xu.+1"'\/—iau+v L(—=mA\) (a;Hrl + + O‘/,Hrv) -
(1.8
We observe that by putting a1 = ag = -+ =, = 1 and oy = apqo =
- = Quyy = —1in (1.3), we have

(uo HT) = (uH (2, m) +, H(z,m))*

m my A
putv

= i:sz + Z x? —M’\($7m) (1.9)
j=1

Jj=p+1
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and
A
(ol )" =
my\ A
/H—v
22 A
] = G*(x,m). (1.10)
Jj= u+1
The distributional family (,,,H _)/\ = G*(x,m) appear in [5] and [6]
On the other hand, from [7] we have,
n 9 ma A
ree () -
(1.11)
T 2B LF7 (5} T(mA+3)
(2m)2’“"F(%-i—mk)(km)!x/—ial~~\/—ia“\/—iau+1w\/—iaquU L(—mA)
where o; = ib;,0; > 0,5 =1,2,...,n and
~ 1 97
L, = . 1.12
jZ1 a; 83: ( )

2 The Fourier transform of ,H(z,m) £, H(x,m)
From (1.1),(1.2) and using the definition(1.4) we have,

F{(,H(x,m) +, H(z, m))A} = fR" (L H(z,m) +, H(x,m))/\ i< > e

(2.1)
my A .
fRn (( 5:1 O‘ij) (ZJM+:+1 QT 2) ) e <S> dy

where < s,z > is defined by (1.6).

In order to obtain the Fourier transform of ,H (x, m) +, H(z, m) we are going
to study two cases:

Case 1: m = 1. From (2.1) and considering the formula (1.4) we have
A
F{(uH (2, 1) +o H(z,1))"}

A

A
ptv n
_ _ 2
=F E a]:r + E a;x; =F E ;]
Jj=p+1 j=1

—nwi

B e 1 22/\+”7r%]_—‘()\ + %)
V—iaq - \/—iozﬂ\/fiozw_l e \/fio%_vf(f)\)

2 2 2 2

5?2 s 5511 Stw . _A_n
X(7+...+i+“7+...+ﬂ A-g (2.2)

(65} [ Q1 Aty
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In particular if oy = = -~ =y =1 and a1 = apgo =+ = gy =
—1, we have

A
FLl@d++a2) = @2+ +02,0))
efnva 22”"77%1‘()\ + %)

2 2 2 2 —_\—n
e,u;mevzl F(—)\) (51 Su Sp,-&-l Su+v)
evzi 22/\+nﬂ.%f‘()\ + %) 5 9 9 9 an
= cen — —_ e — 2
F(—)\) (51 =+ =+ SH Su-&-l Su+v) ( )
2.3

ifx%—i—---—&—xiinﬂ—i—---—&—xf“rv ands%—i—---—f—siZsi+1+---+si+v.

By putting 01 = 51,02 = 82,...,0,, = 5., 0441 = Sut1s -3 Opgo = Sputo and
considering the formulae

2 2 2 2 \—A-12
P)\{‘SS(UI+...+U;L_U;L+1_.-._O-/J,+7J) 2
= Res o4 dod -0t =02 )
v:—%—k,kzo,m,u.( ! poo T o)
(-1)int

= __F
2D (2 + k) {o(e)}
if 4 is odd v is even (n odd) ([9], page 260, formula 28),

2 2 2 2
Res o+ 4ol —0 — =0 v
'y:—%—k,k:O,l,Q,...( 1 w p+1 p.+v)

Il
[\
[~}
=
=
!
—~
(SN
_|_
=y
~

if k> % —1, pand v are both even (n even) ([10], p. 38-39, formula 59)

and
v:—%—%scio,l,z,...(ﬁ Tt Ui - Uiﬂ S U;QHrv)7
1) (1) AW (L) — w2 §
Y G i L (2)]Lk_7+1{5(0)} (2.6)

22T (2 + k)

if k> % — 1, p and v are both odd (n even) ([10], p. 42, formula 60) and
the formula

1\
ResI'(z) = ( '1) (2.7)
2=—1,1=0,1,2,... I
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we have,
- (0%_’_...4_0—[% _J;QhLl ... _UiJrv)f/\f%
A —k I'(=\)
_ lim (O-%+"'+O-/?L_O-}24+1_.'._O-fb-‘r'u)’y
y=—%—k L(vy+3)
_ Mmoo s k(Y H 5+ R)OT - 0h oG — = 0)
limy 2 _x(y+ 5+ Ky + 3)
Res (o4 4ok -0l ol
- lim,__p(z + k)[(2)
:}Eegsfk(a% +o oL =i T = 0h)
B (~ D)%/l
(—DE(=Drr%
=———— L% 2.
2z k) ) 28)
if 4 is odd, v is even (n odd),
- (g% 4o +UA2L — 012t+1 — e — J;2t+v)7>\7ﬂ
Ao —k I'(=\)
(=DEDEEDE gy
= LF=2H§ 2.
2FT(3 + k) sy 29)
if k> % — 1, p and v are both even (n even), and
- (U% S Ui _ Ui+1 . UZJFU)—)\—H
A——Fk INEY)
(DEDFaE CDMPE) - VB ey
= L3145} (2.10
22K (5 + k) Ty (210
if k> % — 1, p and v are both odd (n even), where
9? 02 0? 0?
L= — 4+ i - .- 2.11
do? o do?  da?,, dor.,’ (2.11)
1 1
U(k)=—-CHlt=4+—— k=23, .. (2.12)
2 k-1
okt Coom24+2 (14— (2.13)
Y- -2 4. .
2 2 2k —1

and C is Euler’s constant.
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Therefore from (2.3) and using (2.8),(2.9) and (2.10) we obtain the following
formulae

FU@T+ -+ ai) = (@f + -+ aiy,)) = @m)"(=1)FL* if n is odd

(2.14)
Fll@?++a2) = (22, + - +22,)F ) = —@2m)"(-1)FLF- 3+
(2.15)

if k> % — 1, p and v are both even (n even), and

F{(af+--+ xi) - (xi+1 et $i+v))k}

= ¥ 2 () ~ W(H(-DFLA IS (2.16)

n
2
if k> 4§ — 1, p and v are both odd (n even).

From (2.14),(2.15) and (2.16) we obtain the following formulae

F{=DFLF6} = (aF + - +a) —aly — - —a5y,) if nisodd, (2.17)

FUDFLF5116) = —(af + - ol —af — - —aiy,) (218)
if k> % — 1, p and v are both even (n even) and

i

F{(=DkLr2H16} = [qj(g;:iqz,(i)] (2} + -+ :vi - xiﬂ - $Z+v)k
if k> 5 —1, p and v are both odd.

Case 2: m > 2.

From (1.5) and (1.6) using that n = pu + v dimension of the space and
considering that o; = ib;,j = 1,2, ...,n we have,

m my A
I3 putv
2 2
F g ;] + E ;T
Jj=1 J=p+1
m my A
H ptv
_ 2 2
—/ E ;T + E ;T
) j=1 J=p+1

% e*’i(llsl+"'+$u5u+Iu+15u+1+"'+w#+v5u+v)dx}

mAwi

e 2

Viar /g - N
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—q S1 Sp
J {</ (2 4 stmpe VI ”“m)dyl---dyu)
v RM

—i(y, AJ’,J’, V&
% e (yl +1 m Yu+ W)dy#+1 . dy#+1/

V—iar V/=ias’

w [ et Swde ) (2.20)
Vi /i

First we are going to calculate the integral

=fRu{fm{<r2m+s2m>*}< =, = -wﬂéa >}

S1 S92 Sy )

V=iag /=iy T\ /=ia,

- / (24 2P VIR TTIEE  ay dy, (221)
RH

-FRH {(7,.2771 + S2m)/\}(

where
P = (i )" (2.22)

and

S2m = (y/21,+1 +ee yi—&-v)m‘ (223)

Without loss of generality we may assume that the components of o are
given by o = (|o],0,...,0), so that the integral (2.24) becomes

—i( A=yt =
/ (r2m+s2m)/\e Z(\/Tulyl \/Wy“)dyy--dyﬁ
R~

:/ (r?™ 4 s>M)Ae~ vy, . dy, (2.24)
RH
where
S1 S2 Su
o= (01,02,...,0,) = —, —, ..., 2.25
( 1,02 l) (\/—Zal \/—ZOéQ \/'L‘Oé‘u> ( )
and
2 52 . 2 52
|o|=\/o%+-.-+a,a=\/ c U, Y £ S
—tQ —iay, aq ay,
(2.26)

We shall perform the integration in (2.24) by going to polar coordinates.
After integrating over the angles 05,03, ...,60,,_1 and using the fact that

p—1
22

L(43)

Q= (2.27)
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we arrive at
/ (7,2m + SQm)/\efﬂo\yldyl L dyu
Rr
otz R )
== / / (82m + 7,2m))\ezr\o\cos 01 Sinu—? Ql,rp,fldaldr (228)
I'(5=) Jo Jo
using the formula

T =t
/ ezr|a\c0501 Sinu*Q 01d0; = MJ%—l(T ‘o’|) (229)
o )

where J3(2) is a Bessel function,

AN ENON
6= (5) ey (20

we have,

/ (,,,2m + S2m)/\e—i|0|y1dy1 e dy,,
R~

277-“;7(\/771' M — 1 n_ —5+1 > L m m
= Ty TSR ol E T [ ) o,
(2.31)
using the formula
(1+2)*= i ()\> 2 for|z| < 1 (2.32)
t
t=0
where
N _ PO+ EDTEA-1+t+1)  (=DT(A+)
t) IO 1= T(1-x—1) IR YCOV
(2.33)

t=0,1,2,..., we have
/ (r2m + 82m)>\6*i|‘7|y1 dyl A dy#
R

© s A 1 < E j
7% o Z ( .)stJ/ patBATENT gy (r|o|)dr. (2.34)
0

(2.35)
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if —Rev—1< Reu < 3 ([8], page 686, formula 4) we have,

/ (T2m + sZm))\efi\a\yldyl . dyu
R

o # T D (mA + § — mij)

_ 2#7_[_% 22m)\ Z (A> S2mj272mj ' )
S\ L(—mA +mj)

(2.36)

From (2.20) and (2.36) we have,

Iz v
FUQaya)™ + > aza)™™
j=1 Jj=p+1

mAmni

e gpr 92m

- V=i -y —io /=i /=i

y Z A F(mA + % * m]) / Sij |O_|—u—2mk+2mj
=\ L(—mA +myj)22mi [,

Sputv

. Sp41
—i( iy ey )
X e “p+1 vV prtv dyu_,’_l N dyu+v

mAmi

e ™2 ot s 92mA
V=i V=0 /i

o Z A\ T(mA+ 5§ —myj) |~ 2mA+2mi
J) T(—=mA\ + myj)22mi

Jj=0

S s
Coi (L Yy )
X/ s?Me VTR Vot T dy e dyp
(2.37)

On the other hand, considering the Fourier transform of

= (22 -+ 22)2, (2.38)

f{rA}:/ et <Yt dy = 2 )p*A*” (9], page 194) (2.39)

and taking into account that 7* has singularitie at A = —n — 2k, k =
0,1,2,..., we have
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. Spu41 Sp+v
2mj —i(—= Yut1t ot —= Yutov)
/ $2mi ¢ ey V% to dyu+1-~-dy,¢+v

2 2 mj —i(\/j‘;i%llyu-u-ﬁ-“'ﬁ-%y;rm)
= | W+ F Yugn)™e a p Y Y

_ f{Sij} < Sp+1 Sptv )

Vi i

v A —A-v
= Jim |piodep (22Y) £ (2.40)
A—2mj 2 T (_5)
where
52 52
p= AL 4.y ety (2.41)
bu+1 bu-i-v
b#+1 = —’L'OZIL+1,
b#_A,_v = *Z.O[#_A,_v.
On the other hand, by putting 8 = mA in (1.11) we have,
Re s(auﬂxiﬂ N O‘u+vxi+u)ﬁ
B=—%—mk,k=0,1,2,...
= 22 oLyTd (2.43)
(2)2PmT (% 4+ mk)(km)!\/—icg 1 -/~ ity '
where N
HTv 2
1 0
j=ptl I T

Now, using (2.43) and (2.44) we have,

1 &2
mtv

1
Res .(7si+1+~--+ )P
B=—5—mj Oyl Qpytv
2rie 5 e

~ 2m)WmT (3 + mj)(zm)!\/m' RV

2 2\ ™
x<18+~~+1a> 5. (2.45)

2 2
Q41 asu—i—l Xpto as,u,Jrv

On the other hand, using (2.45) and considering the formula

z:_h}fygg’l,l__F(Z) = (2.46)
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we have

B
2

A

lim = hm = lim
) po—5-2mj (& Tv

~—

. () ) L (n+% mj)(p®)"
= lim o = lim > =
n=—5-mji '(n+3)  n=-3-mj (n+35+mj)l'(n+3)
Res  (p?)"
_ n=—g-mj
 lim (2 +my)D(2)
z——mj

9 2 n .
Res ’91‘7+1+...+ Sty (mj)
n=—3—mj —’iOé;H—l _iali""v <_1)mj

2 2 K
(e%)_%_mj Ress 5,“7“—1—----1- %M_U (m)! ;
n=—=%—mj —10 41 —yty (

v

e~ He " orte T 1/ozu_,_l Vv (mj)!

(2m) 2er( mj) (j (—1)mi
1 1o\
g1 05,4y Qv 0851

From (2.40) and using (2.47) we have,

. 1 1
]:{82m]} .752 +.._+‘752 "
N ptl N Kt

m222mItvp (Y 4 myj)e” "5 e "5 2ms [O 1 - /Pt ()]
(2m)2mL(5 +myj)(jm)(=1)™7

S "
Qur1 8si+1 Qpto 8Si+v
(2m)ve e "9 Oyl /Ot 1 02 1 02 " 5
m2im(—1)m Qpt1 asfurl Qo 0551,
(2.48)
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From (2.1) and(2.37) and using (2.45) we obtain the following formula:

F{(pHa(z,m) +, Ho(xz,m

N—

S—
>

-

m my A
14 v

_ 2 L2

=F E ;] + E ;]
j=1 Jj=p+1

mAmi n

e 'z 92mAgu

6_%’6_%M@... /a#... /a#+v
AN T(mA+ 5 —mj o .
XZ() 2(m +5 mj). o] w—2mA+2mj
S \J 22m30(—mA + my)

i mjj

y (2m)ve” 4 em 2 2, /00 51 /o

m2jm(71)mj

mj
1 02 1 0
x| —— gt t——ay—| 4 (2.49)
a1 05,40 Qv 0574

From (2.20) and (2.49) and using the formula (2.26) we have,

m my\ A

1 ptv
F Zajx? + Z aj:c?

J=1 j=p+1

52 52 —pu—2mA+2mj
_ s 22mAQH (2mr)" Z A\ T(mA+ 5 —myj) (0711"""07‘;)
Var/ag e e j) 22T (—=mA +mgj) m2m(—=1)m
J
1 02 1 02
X|—55—+ -+ — 55— 1) (2.50)
Oyt 83#4_1 Opypo 8SH+U

if m> 2.

Similarly, considering the formula (2.38),(2.40),(2.50) and the formula

(1—2)*= i(—l)j (j) P (2.51)

=0
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for |z| < 1,where (;‘) is defined by (2.33) we obtain the following formula

F { ((uHa(:c, m) —v Ha(z, m))A) }

m my A
I3 ptv
_ 2 . 2
=F g ;] E ;]
Jj=1 Jj=p+1

75 22MAM (27r)V A L(mA + £ —my)
J) 22T (=mA + mj)(—1)™

0
—p—2mA+2mj ;
52 SN 1 o 1o\
X —=4+..-4 = 7T+...+ Y 9.
a1 W Q1 asp,+1 Qptv asu—b—v

(2.52)
We observe that the formula (2.52) is valid for the case m = 1.
On the other hand, considering the elliptic kernel of Marcel Riesz
|x|a7n
(1) = 2.
Rolw) = s (2:53)
where
F n—o
Da(a) = 2 ) (2.54)
202 F(%)
and the properties
AFR,(z) = Ro—o(7) (2.55)
R_op = (=1)FAFS(2y...2,) (2.56)
R,(x) = d0(x) (2.57)

where

k
s 02 "
A’:L_{ 81'2} —{M+...+ax2} (2.58)
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the formulae (2.51) and (2.52) can be rewritten in the following form

F { ((/LHQ(:c, m) +v Ha(z, m))A) }

m my A
w Qv
=F Zozjxf + Z aj:v?
Jj=1 J=p+1

r\/(iﬂ) ~Jan Z:O <>\> R_2mat2m;(o)

2 2 mj
X(—l)mj <16+...+1a> 5

2 2
Qpt1 aspﬂtl Aptv asy+v

ffj) rz(A) R munsamy (0) (< 1) ,AZIS (2.59)
and
F{((uHaw,m) =, )}
A
ptv
:“((Z% ) (Z& 1)
@2m)"
rr O( ) R_ 2m)\+2mj< )
mjg ( _—~ 7 Li "
x (1) (aﬂ+1 88H+1 + ot P 85i+v> 0
N \/071\/(027:)” \/@; (A) R_omriomj(0)(=1)™ ,A™I§ (2.60)
where

|O_|—2m>\+2mj—,u F( p2mA—2mj )

. — 2
pl2mriom;(@) = 272m)\+2mj71—%]_"(w) (2.61)

2 2 st 5;%
_ =23yt 2.62
o] = \/o}+ - +02 2Tt (2.62)
1 02 1 92
WDy = —— (2.63)
QXpt1 as;ﬁ—l Qptv 6S;L+v

In particular by putting A = k in (2.59), (2.60) and using the properties
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(2.56) we have,

]:{((NH (x,m) 4+, H, k)

e (s ’) )k

D

\/7\/(2771-) \/7 Z (k> Am(k ])5( )mj(_1>m(k—j) UA;njé
>0

(2.64)

and

F { ((MHa(a:, m) —v Ha(z, m))k) }

() (£))

- @\/(CQT:?T.L.\/CT'Z(_I)J- (f) NR*2m(k*j)(U)v(_1)mjAglj5
Hoj>0

B (2m)™ o (k
- g

)( ™ ATEIG  ATTS(2.65)

where
1 02 1 0?

A, = _
a o) 052 oy, 352

(2.66)

Developing by into binomial series the second factor of the right-hand mem-
ber of (2.64) and (2.65) we have,

F { <(/LHa(177 m) +o Ha(z, m))k)}

m my k
13 pn+v
2 2
Zaja:j + Z ;T
Jj=1 J=p+1

(27)"

:@@.'.M.(—l)mk(#Ag(ﬂmAgld)k (2.67)
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if m > 2, and

F { ((MHa(x, m) — Hal(z, m))k)}

m m k
I ptv
j=1 j=p+1

(2m)" k k
- (=1)R (AT — ) AT 2.68
m\/@' . \/@ ( ) (M « ) ( )
m > 2.
By putting oy = o1 = -+ = ) = apy1 = -+ = Qu4p = 1 in (2.67) and

(2.68) and using (1.9) and (1.10) we have,

m my k
I3 ptv
F{(M(z,m))*} = F ((Zx?) + ( Z x?) )
Jj=1 J=n+1

= (2m)"(—=1)"F(,A™5 +, Ak (2.69)
and
m v my\ k
FGam)y=F( (D] | X =
Jj=1 J=p+1
= 2m)" (=)™ (,A™5 —, A™)E. (2.70)
By putting
/L,UBZL —u AZL +o AZL (271)
and
,u,vLZl =pu AZL v AZI (272)

From (2.67), (2.68), (2.69), (2.70), (2.71) and (2.72) we have,
F { ((,,,Ha(a:, m) +o Ha(z, m))k)}

m m k
13 p+v
=F Zaja:? + Z ozjx?
j=1 Jj=p+1

e

(—1)mk  B™ks, (2.73)

pvla
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= _1\mk mk
= Javasyar U weleo (2.74)

= (2m)" (=)™, By*6 (2.75)
and
m my k
1z ptv
k 2 2
FlGwm)t=F ([ 2a] | X
j=1 j=p+1
= (QW)n(_l)mku,szlk(s (276>
where
},L,’UB ~u A™ +o A™ (277)
and
wol =, AT —, AT (2.78)
From (2.73), (2.74), (2.75) and (2.76) we obtain the following formulae
S )
F +BIES
{ /a /g -+ - /a# K

m my k
Iz putv
= ((Zajxi) +(Z aj:ci) ) , (2.79)
j=1 j=nt1

-1 mk
( ) H,ULng(S}

]:{\/071\/072”' A
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and

m my k
Iz ptv
F{(=1)mk |, Lmks) = ((Zx?) — ( > x?) ) . (2.82)
Jj=1 Jj=p+1

In particular if £k = 1,m = 2 and m = 4 we have,

Iz 92 2 ptv 92 2 Iz 2 ptv 2
_ 2 2
F pred Bl U DR =3 RS DO Bl BB
j=1 "7 j=p+1 i j=1 j=ptl

(2.83)
and
4 4 4 4
Iz 92 putv 92 1z ) pA-v )
W) |\ 2 g 0=\ 2] | 2
j=1"1 j=pt1 i=1 j=nt1
(2.84)

Similarly if m = 2 and m = 4 for k> 1 from (2.81) and (2.82) we have,

M=
g%
SN

[ 2 2 p+v 82 2 7 2 ptv 2
2 2
ol o] |f DL R DDA I
Jj=1 Jj=p+1 J Jj=1 J=p+1
: 4 4: 4 (2125)
Iz 92 ptv 92 Iz ptv
2 2
)b w2 Bl IO D=3 B KRl DL I IO D I
j=1 "7 j=p+1 " 7J j=1 Jj=p+1
i i (2.86)
utv pe 27 ® m 2 ptv 2\ *
j=1 J=ut1l "I/ j=1 j=p+1
(2.87)
© 82 ptv 82 a1k 2 ) 4 pto a\ k
j=1 J j=p+1 "7 j=1 Jj=p+1
(2.88)

1z 2 ? putv 92 ?
D 3F ) I b S (2.90)
j=1 J j=p+1 I



A Generalization of the Fourier Transform of Ultrahyperbolic Operator 517

and
Iz 92 * ptv 92 :
R I () gl 201
3 (
(J=1 Ox? 5 075

from (2.85), (2.87) and (2.88) we have,

2 2\ k
. H 82 putv 82
Flors} = Zax + 5 , (2.92)
j=1 j=p+1 "7
2 2\ k
. I3 2 ptv 92
Floks} = Zazz - > 52 (2.93)
j=1""7 j=pA1
and
4 a\ k
. I3 2 ptv 92
Fetr=( 2oz | 2 32 (2.94)
j=1 "3 j=p+1 I

The operator @ defined by (2.89) was introduce by Satsanit in [1], the
operator ¢ defined by (2.90) was introduced by Kananthai [2] and is named
the Diamond operator and the operator & defined by (2.91) has been studied
in [3] by Kananthai, Suantai and Longani.
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