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Abstract : In this article, we introduce the Fourier transform of the distribu-
tional family (µHα(x,m) ±v Hα(x,m))λ when µHα(x,m) is defined by (1.1) and

vHα(x,m) is defined by (1.2). As consequence we obtain the Fourier transform of
((x2

1+ · · ·+x2
µ)−(x2

µ+1+ · · ·+x2
µ+v))

λ, ((x2
1+ · · ·+x2

µ)−(x2
µ+1+ · · ·+x2

µ+v)
k, ⊙kδ,

⋄kδ and ⊗kδ,where µ + ν = n dimension of the space,⊙ is the operator defined
by (2.89) introduced by Satsanit in [1],the operator 3 is the Diamond operator
defined by (2.90) introduced by Kananthai [2] and and the operator ⊕ defined by
(2.91) introduced by Kananthai et al. in [3].
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1 Introduction

Let µHα(x,m) be quadratic forms with complex coefficients defined by

µHα(x,m) =µ Hα(x1, ..., xµ;m) =

 µ∑
j=1

αjx
2
j

m

(1.1)
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and

vHα(x,m) =v Hα(xµ+1, ..., xµ+v;m) =

 µ+v∑
j=µ+1

αjx
2
j

m

(1.2)

where m = 1, 2, ..., µ+ v = n dimension of the space.
Associated to µHα(x,m) and vHα(x,m) considering µ,vH

±
α defined by

µ,vH
±
α =µ,v H±

α (x1, ..., xµ, xµ+1, ..., xµ+v;m) =µ Hα(x,m)±v Hα(x,m) (1.3)

with complex coefficients, and let Im(µHα(x,m)) and Im(vHα(x,m))be two posi-
tive definite quadratic forms,i.e. Imαj > 0 for j = 1, 2, ..., µ, µ+ 1, ..., µ+ v.

The generalized functions µH
λ
α(x,m) and vH

λ
α(x,m) and therefore also it’s

Fourier transform F{µHλ
α(x,m)} and F{vHλ

α(x,m)} are analytic functions of the
αj in the region Imαj > 0,where λ is a complex number.

We know from [4] that the following formula is valid

F
{((∑n

j=1 αjx
2
j

)m)λ}
= e−

nπi
4√

−iα1···
√

−iαµ

√
−iαµ+1···

√
−iαµ+v

×2mλ+nπ
n
2 Γ(mλ+n

2 )

Γ(−mλ) (
s21
α1

+ · · ·+ s2n
αn

)−mλ−n
2

(1.4)

where the Fourier transform is defined by

F{f(x)} =

∫
Rn

f(x)e−i<x,y>dx (1.5)

with
⟨x, y⟩ = x1y1 + · · ·+ xµyµ. (1.6)

Using (1.4) we obtain the following formulae

F{µHλ
α(x,m)} =

e
−µπi

4

√
−iα1 · · ·

√
−iαµ

2mλ+µπ
µ
2 Γ(mλ+ µ

2 )

Γ(−mλ)
(
s21
α1

+ · · ·+
s2µ
αµ

)−mλ−µ
2

(1.7)
and

F{vHλ
α(x,m)} = e

−vπi
4√

−iαµ+1···
√

−iαµ+v

2mλ+vπ
v
2 Γ(mλ+ v

2 )

Γ(−mλ) (
s2µ+1

αµ+1
+ · · ·+ s2µ+v

αµ+v
)−mλ− v

2 .

(1.8)
We observe that by putting α1 = α2 = · · · = αµ = 1 and αµ+1 = αµ+2 =

· · · = αµ+v = −1 in (1.3), we have(
µ,vH

+
)λ

= (µH(x,m) +v H(x,m))
λ

=

 µ∑
j=1

x2
j

m

+

 µ+v∑
j=µ+1

x2
j

mλ

= Mλ(x,m) (1.9)
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and (
µ,vH

−)λ = (µH(x,m)−v H(x,m))
λ

=

 µ∑
j=1

x2
j

m

−

 µ+v∑
j=µ+1

x2
j

mλ

= Gλ(x,m). (1.10)

The distributional family (µ,vH
−)

λ
= Gλ(x,m) appear in [5] and [6].

On the other hand, from [7] we have,

Re s
λ=− n

2m−k

((∑n
j=1 x

2
j

)m)λ
=

e
−nπi

4 2π
n
2 Lkm

α {δ}
(2m)2kmΓ(n

2 +mk)(km)!
√
−iα1···

√
−iαµ

√
−iαµ+1···

√
−iαµ+v

Γ(mλ+ v
2 )

Γ(−mλ)

(1.11)

where αj = ibj , bj > 0, j = 1, 2, ..., n and

Lα =
n∑

j=1

1

αj

∂2

∂x2
j

. (1.12)

2 The Fourier transform of µH(x,m)±v H(x,m)

From (1.1),(1.2) and using the definition(1.4) we have,

F{(µH(x,m) +v H(x,m))
λ} =

∫
Rn (µH(x,m) +v H(x,m))

λ
e−i<s,x>dx

∫
Rn

((∑µ
j=1 αjx

2
j

)m
+
(∑µ+v

j=µ+1 αjx
2
j

)m)λ
e−i<s,x>dx

(2.1)

where < s, x > is defined by (1.6).
In order to obtain the Fourier transform of µH(x,m)+v H(x,m) we are going

to study two cases:

Case 1: m = 1. From (2.1) and considering the formula (1.4) we have,

F{(µH(x, 1) +v H(x, 1))
λ}

= F


 µ∑

j=1

αjx
2
j +

µ+v∑
j=µ+1

αjx
2
j

λ
 = F


 n∑

j=1

αjx
2
j

λ


=
e

−nπi
4 22λ+nπ

n
2 Γ(λ+ n

2 )√
−iα1 · · ·

√
−iαµ

√
−iαµ+1 · · ·

√
−iαµ+vΓ(−λ)

× (
s21
α1

+ · · ·+
s2µ
αµ

+
s2µ+1

αµ+1
+ · · ·+

s2µ+v

αµ+v
)−λ−n

2 . (2.2)
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In particular if α1 = α2 = · · · = αµ = 1 and αµ+1 = αµ+2 = · · · = αµ+v =
−1, we have

F
{((

x2
1 + · · ·+ x2

µ

)
− (x2

µ+1 + · · ·+ x2
µ+v)

)λ}
=

e−
nπi
4

e−
µπi
4 e

vπi
4

22λ+nπ
n
2 Γ(λ+ n

2 )

Γ(−λ)
(s21 + · · ·+ s2µ − s2µ+1 − · · · − s2µ+v)

−λ−n
2

=
e

vπi
4 22λ+nπ

n
2 Γ(λ+ n

2 )

Γ(−λ)
(s21 + · · ·+ s2µ − s2µ+1 − · · · − s2µ+v)

−λ−n
2

(2.3)

if x2
1 + · · ·+ x2

µ ≥ x2
µ+1 + · · ·+ x2

µ+v and s21 + · · ·+ s2µ ≥ s2µ+1 + · · ·+ s2µ+v.

By putting σ1 = s1, σ2 = s2, ..., σµ = sµ, σµ+1 = sµ+1, ..., σµ+v = sµ+v and
considering the formulae

Re s
λ=k

(σ2
1 + · · ·+ σ2

µ − σ2
µ+1 − · · · − σ2

µ+v)
−λ−n

2

= Re s
γ=−n

2 −k,k=0,1,2,...
(σ2

1 + · · ·+ σ2
µ − σ2

µ+1 − · · · − σ2
µ+v)

γ

=
(−1)

v
2 π

n
2

22kk!Γ(n2 + k)
Lk{δ(σ)} (2.4)

if µ is odd v is even (n odd) ([9], page 260, formula 28),

Re s
γ=−n

2 −k,k=0,1,2,...
(σ2

1 + · · ·+ σ2
µ − σ2

µ+1 − · · · − σ2
µ+v)

γ

=
(−1)(−1)

v
2 π

n
2

22kk!Γ(n2 + k)
Lk−n

2 +1{δ(σ)} (2.5)

if k ≥ n
2 − 1, µ and v are both even (n even) ([10], p. 38–39, formula 59)

and

Re s
γ=−n

2 −k,k=0,1,2,...
(σ2

1 + · · ·+ σ2
µ − σ2

µ+1 − · · · − σ2
µ+v)

γ

=
(−1)(−1)

v+1
2 π

n
2 −1[Ψ(µ2 )−Ψ(n2 )]

22kk!Γ(n2 + k)
Lk−n

2 +1{δ(σ)} (2.6)

if k ≥ n
2 − 1, µ and v are both odd (n even) ([10], p. 42, formula 60) and

the formula

Re sΓ(z)
z=−l,l=0,1,2,...

=
(−1)l

l!
(2.7)
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we have,

lim
λ→−k

(σ2
1 + · · ·+ σ2

µ − σ2
µ+1 − · · · − σ2

µ+v)
−λ−n

2

Γ(−λ)

= lim
γ→−n

2 −k

(σ2
1 + · · ·+ σ2

µ − σ2
µ+1 − · · · − σ2

µ+v)
γ

Γ(γ + n
2 )

=
limγ→−n

2 −k(γ + n
2 + k)(σ2

1 + · · ·+ σ2
µ − σ2

µ+1 − · · · − σ2
µ+v)

γ

limγ→−n
2 −k(γ + n

2 + k)Γ(γ + n
2 )

=

Re s
γ=−n

2 −k
(σ2

1 + · · ·+ σ2
µ − σ2

µ+1 − · · · − σ2
µ+v)

γ

limz→−k(z + k)Γ(z)

=

Re s
γ=−n

2 −k
(σ2

1 + · · ·+ σ2
µ − σ2

µ+1 − · · · − σ2
µ+v)

γ

(−1)k/k!

=
(−1)

v
2 (−1)kπ

n
2

22kΓ(n2 + k)
Lk{δ} (2.8)

if µ is odd, v is even (n odd),

lim
λ→−k

(σ2
1 + · · ·+ σ2

µ − σ2
µ+1 − · · · − σ2

µ+v)
−λ−n

2

Γ(−λ)

=
(−1)(−1)

v
2 (−1)kπ

n
2

22kΓ(n2 + k)
Lk−n

2 +1{δ} (2.9)

if k ≥ n
2 − 1, µ and v are both even (n even), and

lim
λ→−k

(σ2
1 + · · ·+ σ2

µ − σ2
µ+1 − · · · − σ2

µ+v)
−λ−n

2

Γ(−λ)

=
(−1)(−1)

v+1
2 π

n
2 −1(−1)k[Ψ(µ2 )−Ψ(n2 )]

22kΓ(n2 + k)
Lk−n

2 +1{δ} (2.10)

if k ≥ n
2 − 1, µ and v are both odd (n even), where

L =
∂2

∂σ2
1

+ · · ·+ ∂2

∂σ2
µ

− ∂2

∂σ2
µ+1

− · · · − ∂2

∂σ2
µ+v

, (2.11)

Ψ(k) = −C + 1 +
1

2
+ · · ·+ 1

k − 1
, k = 2, 3, ... (2.12)

Ψ

(
k +

1

2

)
= −C − 2 ln 2 + 2

(
1 +

1

2
+ · · ·+ 1

2k − 1

)
(2.13)

and C is Euler’s constant.
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Therefore from (2.3) and using (2.8),(2.9) and (2.10) we obtain the following
formulae

F{((x2
1 + · · ·+ x2

µ)− (x2
µ+1 + · · ·+ x2

µ+v))
k} = (2π)n(−1)kLkδ if n is odd

(2.14)

F{((x2
1 + · · ·+ x2

µ)− (x2
µ+1 + · · ·+ x2

µ+v))
k} = −(2π)n(−1)kLk−n

2 +1δ
(2.15)

if k ≥ n
2 − 1, µ and v are both even (n even), and

F{((x2
1 + · · ·+ x2

µ)− (x2
µ+1 + · · ·+ x2

µ+v))
k}

= e
πi
2 πn−12n[Ψ(

µ

2
)−Ψ(

n

2
)](−1)kLk−n

2 +1δ (2.16)

if k ≥ n
2 − 1, µ and v are both odd (n even).

From (2.14),(2.15) and (2.16) we obtain the following formulae

F{(−1)kLkδ} = (x2
1 + · · ·+ x2

µ − x2
µ+1 − · · · − x2

µ+v)
k if n is odd, (2.17)

F{(−1)kLk−n
2 +1δ} = −(x2

1 + · · ·+ x2
µ − x2

µ+1 − · · · − x2
µ+v)

k (2.18)

if k ≥ n
2 − 1, µ and v are both even (n even) and

F{(−1)kLk−n
2 +1δ} = πe−

πi
2

[Ψ(µ
2 )−Ψ(n

2 )] (x
2
1 + · · ·+ x2

µ − x2
µ+1 − · · · − x2

µ+v)
k

(2.19)
if k ≥ n

2 − 1, µ and v are both odd.

Case 2: m ≥ 2.

From (1.5) and (1.6) using that n = µ + v dimension of the space and
considering that αj = ibj , j = 1, 2, ..., n we have,

F


 µ∑

j=1

αjx
2
j

m

+

 µ+v∑
j=µ+1

αjx
2
j

mλ


=

∫
Rn


 µ∑

j=1

αjx
2
j

m

+

 µ+v∑
j=µ+1

αjx
2
j

mλ

× e−i(x1s1+···+xµsµ+xµ+1sµ+1+···+xµ+vsµ+v)dx
}

=
e

mλπi
2

√
−iα1.

√
−iα2 · · ·

√
−iαµ+ν

.
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∫
Rυ

{(∫
Rµ

(r2m + s2m)λe
−i(y1

s1√
−iα1

+···+yµ
sµ√
−iαµ

)
dy1 · · · dyµ

)
× e

−i(yµ+1
sµ+1√
−iαµ+1

+···+yµ+ν
sµ+ν√
−iαµ+ν

)
dyµ+1 · · · dyµ+ν

}
= FRν

{
FRµ{(r2m + s2m)λ}( s1√

−iα1

,
s2√
−iα2

, ...,
sµ√
−iαµ

)

}

×

(
sµ+1√
−iαµ+1

, ...,
sµ+v√
−iαµ+v

)
. (2.20)

First we are going to calculate the integral

FRµ

{
(r2m + s2m)λ

}
(

s1√
−iα1

,
s2√
−iα2

, ...,
sµ√
−iαµ

)

=

∫
Rµ

(r2m + s2m)λe
−i(

s1√
−iα1

y1+···+ sµ√
−iαµ

yµ)
dy1 · · · dyµ (2.21)

where
r2m = (y21 + · · ·+ y2µ)

m (2.22)

and
s2m = (y2µ+1 + · · ·+ y2µ+v)

m. (2.23)

Without loss of generality we may assume that the components of σ are
given by σ = (|σ| , 0, ..., 0), so that the integral (2.24) becomes∫

Rµ

(r2m + s2m)λe
−i(

s1√
−iα1

y1+···+ sµ√
−iαµ

yµ)
dy1 · · · dyµ

=

∫
Rµ

(r2m + s2m)λe−i|σ|y1dy1 · · · dyµ (2.24)

where

σ = (σ1, σ2, ..., σµ) =

(
s1√
−iα1

,
s2√
−iα2

, ...,
sµ√
−iαµ

)
(2.25)

and

|σ| =
√
σ2
1 + · · ·+ σ2

µ =

√
s21

−iα1
+ · · ·+

s2µ
−iαµ

= e
πi
4

√
s21
α1

+ · · ·+
s2µ
αµ

.

(2.26)
We shall perform the integration in (2.24) by going to polar coordinates.

After integrating over the angles θ2, θ3, ..., θµ−1 and using the fact that

Ωµ−1 =
2π

µ−1
2

Γ(µ−1
2 )

(2.27)
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we arrive at∫
Rµ

(r2m + s2m)λe−i|σ|y1dy1 · · · dyµ

=
2π

µ−1
2

Γ(µ−1
2 )

∫ ∞

0

∫ π

0

(s2m + r2m)λeir|σ| cos θ1 sinµ−2 θ1r
µ−1dθ1dr (2.28)

using the formula∫ π

0

eir|σ| cos θ1 sinµ−2 θ1dθ1 =
Γ(µ−1

2 )
√
π(

r|σ|
2

)µ
2 −1

Jµ
2 −1(r |σ|) (2.29)

where Jβ(z) is a Bessel function,

Jβ(z) =
(z
2

)β ∞∑
t=0

(−1)t
(
z
2

)2t
t!Γ(β + t+ 1)

(2.30)

we have,∫
Rµ

(r2m + s2m)λe−i|σ|y1dy1 · · · dyµ

=
2π

µ−π
2

√
π

Γ(µ−1
2 )

Γ(
µ− 1

2
)2

µ
2 −1 |σ|−

µ
2 +1

∫ ∞

0

r
µ
2 (r2m + s2m)λJµ

2 −1(r |σ|)dr,

(2.31)

using the formula

(1 + z)λ =

∞∑
t=0

(
λ

t

)
zt for |z| < 1 (2.32)

where(
λ

t

)
=

Γ(λ+ 1)

t!Γ(λ+ 1− t)
=

(−1)tΓ(−λ− 1 + t+ 1)

Γ(1− λ− 1)
=

(−1)tΓ(−λ+ t)

Γ(−λ)
,

(2.33)
t = 0, 1, 2, ..., we have∫

Rµ

(r2m + s2m)λe−i|σ|y1dy1 · · · dyµ

= 2
µ
2 π

µ
2 |σ|−

µ
2 +1

∑
j≥0

(
λ

j

)
s2mj

∫ ∞

0

r
µ
2 +2mλ−2mjJµ

2 −1(r |σ|)dr. (2.34)

Now using the formula∫ ∞

0

xuJv(ax)dx =
2ua−u−1Γ( 12 + v

2 + u
2 )

Γ(12 + v
2 − u

2 )
(2.35)
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if −Re v − 1 < Reu < 1
2 ([8], page 686, formula 4) we have,

∫
Rµ

(r2m + s2m)λe−i|σ|y1dy1 · · · dyµ

= 2µπ
µ
2 22mλ

∑
j≥0

(
λ

j

)
s2mj2−2mj |σ|

−µ−2mλ+2mj
Γ(mλ+ µ

2 −mj)

Γ(−mλ+mj)
.

(2.36)

From (2.20) and (2.36) we have,

F{((
µ∑

j=1

αjx
2
j )

m +

µ+v∑
j=µ+1

αjx
2
j )

m)λ}

=
e

mλπi
2 2µπ

µ
2 22mλ

√
−iα2 · · ·

√
−iαµ

√
−iαµ+1 · · ·

√
−iαµ+v

×
∑
j≥0

(
λ

j

)
Γ(mλ+ µ

2 −mj)

Γ(−mλ+mj)22mj

∫
Rv

s2mj |σ|−µ−2mλ+2mj

× e
−i(

sµ+1√
−iαµ+1

yµ+1+···+
sµ+v√
−iαµ+v

yµ+v)
dyµ+1 · · · dyµ+v

=
e

mλπi
2 2µπ

µ
2 22mλ

√
−iα2 · · ·

√
−iαµ

√
−iαµ+1 · · ·

√
−iαµ+v

×
∑
j≥0

(
λ

j

)
Γ(mλ+ µ

2 −mj)

Γ(−mλ+mj)22mj
|σ|−µ−2mλ+2mj

×
∫
Rv

s2mje
−i(

sµ+1√
−iαµ+1

yµ+1+···+
sµ+v√
−iαµ+v

yµ+v)
dyµ+1 · · · dyµ+v.

(2.37)

On the other hand, considering the Fourier transform of

rλ = (x2
1 + · · ·+ x2

n)
λ
2 , (2.38)

F{rλ} =

∫
Rn

rλei<y,t>dy =
π

n
2 2λ+nΓ(λ+n

2 )

Γ(−λ
2 )

ρ−λ−n ([9], page 194) (2.39)

and taking into account that rλ has singularitie at λ = −n − 2k, k =
0, 1, 2, ..., we have
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∫
Rv

s2mje
−i(

sµ+1√
−iαµ+1

yµ+1+···+
sµ+v√
−iαµ+v

yµ+v)
dyµ+1 · · · dyµ+v

=

∫
Rv

(y2µ+1 + · · ·+ y2µ+v)
mje

−i(
sµ+1√
−iαµ+1

yµ+1+···+
sµ+v√
−iαµ+v

yµ+v)
dyµ+1 · · · dyµ+v

= F{s2mj}

(
sµ+1√
−iαµ+1

, ...,
sµ+v√
−iαµ+v

)

= lim
λ→2mj

[
π

v
2 2λ+vΓ

(
λ+ v

2

)
ρ−λ−v

Γ
(
−λ

2

)] (2.40)

where

ρ =

√
s2µ+1

bµ+1
+ · · ·+

s2µ+v

bµ+v
(2.41)

bµ+1 = −iαµ+1,
bµ+2 = −iαµ+2

...
bµ+v = −iαµ+v.

(2.42)

On the other hand, by putting β = mλ in (1.11) we have,

Re s(αµ+1x
2
µ+1 + · · ·+ αµ+vx

2
µ+v)

β

β=− v
2−mk,k=0,1,2,...

=
2π

v
2 vL

km
γ δ

(2)2kmΓ( v2 +mk)(km)!
√
−iαµ+1 · · ·

√
−iαµ+v

(2.43)

where

vLγ =

µ+v∑
j=µ+1

1

αj

∂2

∂x2
j

. (2.44)

Now, using (2.43) and (2.44) we have,

Re s
β=− v

2−mj
(

1

αµ+1
s2µ+1 + · · ·+ 1

αµ+v
s2µ+v)

β

=
2π

v
2 e

−vπi
2 e

πi
4

(2m)2jmΓ( v2 +mj)(2m)!

√
αµ+1 · · ·

√
αµ+v

×

(
1

αµ+1

∂2

∂s2µ+1

+ · · ·+ 1

αµ+v

∂2

∂s2µ+v

)jm

δ. (2.45)

On the other hand, using (2.45) and considering the formula

Re s
z=−h,h=0,1,2,...

Γ(z) =
(−1)h

h!
(2.46)



A Generalization of the Fourier Transform of Ultrahyperbolic Operator 509

we have

lim
λ→2mj

ρ−λ−v

Γ(−λ
2 )

= lim
β→−2mj−v

ρβ

Γ(β+v
2 )

= lim
β→− v

2−2mj

ρ
β
2

Γ(β+v
2 )

= lim
η→− v

2−mj

(ρ2)η

Γ(η + v
2 )

= lim
η→− v

2−mj

(η + v
2 +mj)(ρ2)η

(η + v
2 +mj)Γ(η + v

2 )

=

Re s
η=− v

2−mj
(ρ2)η

lim
z→−mj

(z +mj)Γ(z)

= Re s
η=− v

2−mj

(
s2µ+1

−iαµ+1
+ · · ·+

s2µ+v

−iαµ+v

)η
(mj)!

(−1)mj

= (e
πi
2 )−

v
2−mj Re s

η=− v
2−mj

(
s2µ+1

−iαµ+1
+ · · ·+

s2µ+v

−iαµ+v

)η
(m)!

(−1)mj

=
e−

vπi
4 e−

mji
2 2π

v
2 e−

vπi
4 e

vπi
4
√
αµ+1 · · ·

√
αµ+v

(2m)2jmΓ
(
v
2 +mj

)
(jm)!

(mj)!

(−1)mj

×

(
1

αµ+1

∂2

∂s2µ+1

+ · · ·+ 1

αµ+v

∂2

∂s2µ+v

)jm

δ. (2.47)

From (2.40) and using (2.47) we have,

F{s2mj}

(
1√

−iαµ+1

s2µ+1 + · · ·+ 1√
−iαµ+v

s2µ+v

)

=
π

v
2 22mj+vΓ( v2 +mj)e−

vπi
4 e−

mji
2 2π

v
2
√
αµ+1 · · ·

√
αµ+v(mj)!

(2m)2jmΓ(v2 +mj)(jm)!(−1)mj

×

(
1

αµ+1

∂2

∂s2µ+1

+ · · ·+ 1

αµ+v

∂2

∂s2µ+v

)jm

δ

=
(2π)ve−

vπi
4 e−

mji
2 2

√
αµ+1 · · ·

√
αµ+v

m2jm(−1)mj

(
1

αµ+1

∂2

∂s2µ+1

+ · · ·+ 1

αµ+v

∂2

∂s2µ+v

)jm

δ

(2.48)
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From (2.1) and(2.37) and using (2.45) we obtain the following formula:

F{(µHα(x,m) +v Hα(x,m))
λ}

= F


 µ∑

j=1

αjx
2
j

m

+

 µ+v∑
j=µ+1

αjx
2
j

mλ


=
e

mλπi
2 π

n
2 22mλ2µ

e−
πiµ
4 .e−

πiµ
4
√
α1

√
α2 · · ·

√
αµ · · ·

√
αµ+v

×
∑
j≥0

(
λ

j

)
Γ(mλ+ µ

2 −mj)

22mjΓ(−mλ+mj)
|σ|−µ−2mλ+2mj

×
(2π)ve−

vπi
4 e−

mjj
2 .2

√
αµ+1 · · ·

√
αµ+v

m2jm(−1)mj

×

(
1

αµ+1

∂2

∂s2µ+1

+ · · ·+ 1

αµ+v

∂2

∂s2µ+v

)mj

δ. (2.49)

From (2.20) and (2.49) and using the formula (2.26) we have,

F


 µ∑

j=1

αjx
2
j

m

+

 µ+v∑
j=µ+1

αjx
2
j

mλ


=
π

µ
2 22mλ2µ(2π)v

√
α1

√
α2 · · ·

√
αµ

∑
j≥0

(
λ

j

)
Γ(mλ+ µ

2 −mj)

22mjΓ(−mλ+mj)

(
s21
α1

+ · · ·+ s2µ
αµ

)
m2jm(−1)mj

−µ−2mλ+2mj

×

(
1

αµ+1

∂2

∂s2µ+1

+ · · ·+ 1

αµ+v

∂2

∂s2µ+v

)mj

δ (2.50)

if m≥ 2.

Similarly, considering the formula (2.38),(2.40),(2.50) and the formula

(1− z)λ =
∞∑
j=0

(−1)j
(
λ

j

)
zj (2.51)
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for |z| < 1,where
(
λ
j

)
is defined by (2.33) we obtain the following formula

F
{(

(µHα(x,m)−v Hα(x,m))
λ
)}

= F


 µ∑

j=1

αjx
2
j

m

−

 µ+v∑
j=µ+1

αjx
2
j

mλ


=
π

µ
2 22mλ2µ(2π)v

√
α1

√
α2 · · ·

√
αµ

.
∑
j≥0

(
λ

j

)
Γ(mλ+ µ

2 −mj)

22mjΓ(−mλ+mj)(−1)mj

×

(
s21
α1

+ · · ·+
s2µ
αµ

)−µ−2mλ+2mj (
1

αµ+1

∂2

∂s2µ+1

+ · · ·+ 1

αµ+v

∂2

∂s2µ+v

)mj

δ.

(2.52)

We observe that the formula (2.52) is valid for the case m = 1.

On the other hand, considering the elliptic kernel of Marcel Riesz

Ra(x) =
|x|α−n

Dn(α)
(2.53)

where

Dn(α) =
Γ(n−α

2 )

2απ
n
2 Γ(α2 )

(2.54)

and the properties

∆k
nRa(x) = Rα−2k(x) (2.55)

R−2k = (−1)k∆k
nδ(x1...xn) (2.56)

Rv(x) = δ(x) (2.57)

where

∆k
n =

{
n∑

i=1

∂2

∂x2
i

}k

=

{
∂2

∂x2
i

+ · · ·+ ∂2

∂x2
n

}k

(2.58)
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the formulae (2.51) and (2.52) can be rewritten in the following form

F
{(

(µHα(x,m) +v Hα(x,m))
λ
)}

= F


 µ∑

j=1

αjx
2
j

m

+

 µ+v∑
j=µ+1

αjx
2
j

mλ


=
(2π)n

√
α1

√
α2 · · ·

√
αµ

.
∑
j≥0

(
λ

j

)
µR−2mλ+2mj(σ)

× (−1)mj

(
1

αµ+1

∂2

∂s2µ+1

+ · · ·+ 1

αµ+v

∂2

∂s2µ+v

)mj

δ

=
(2π)n

√
α1

√
α2 · · ·

√
αµ

∑
j≥0

(
λ

j

)
µR−2mλ+2mj(σ)(−1)mj

v∆
mj
α δ (2.59)

and

F{
(
(µHα(x,m)−v Hα(x,m))

λ
)
}

= F{

 µ∑
j=1

αjx
2
j

m

−

 µ+v∑
j=µ+1

αjx
2
j

mλ

}

=
(2π)n

√
α1

√
α2 · · ·

√
αµ

.
∑
j≥0

(
λ

j

)
µR−2mλ+2mj(σ)

× (−1)mj

(
1

αµ+1

∂2

∂s2µ+1

+ · · ·+ 1

αµ+v

∂2

∂s2µ+v

)mj

δ

=
(2π)n

√
α1

√
α2 · · ·

√
αµ

∑
j≥0

(
λ

j

)
µR−2mλ+2mj(σ)(−1)mj

v∆
mj
α δ (2.60)

where

µR−2mλ+2mj(σ) =
|σ|−2mλ+2mj−µ

Γ(µ+2mλ−2mj
2 )

2−2mλ+2mjπ
µ
2 Γ(−2mλ+2mj

2 )
(2.61)

|σ| =
√
σ2
1 + · · ·+ σ2

µ =

√
s21
α2
1

+ · · ·+
s2µ
α2
µ

(2.62)

v∆α =
1

αµ+1

∂2

∂s2µ+1

+ · · ·+ 1

αµ+v

∂2

∂s2µ+v

. (2.63)

In particular by putting λ = k in (2.59), (2.60) and using the properties
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(2.56) we have,

F
{(

(µHα(x,m) +v Hα(x,m))
k
)}

= F


 µ∑

j=1

αjx
2
j

m

+

 µ+v∑
j=µ+1

αjx
2
j

mk


=
(2π)n

√
α1

√
α2 · · ·

√
αµ

.
∑
j≥0

(
k

j

)
µR−2m(k−j)(σ)v∆

mj
α δ

=
(2π)n

√
α1

√
α2 · · ·

√
αµ

∑
j≥0

(
k

j

)
µ∆

m(k−j)
α δ(−1)mj(−1)m(k−j)

v∆
mj
α δ

(2.64)

and

F
{(

(µHα(x,m)−v Hα(x,m))
k
)}

= F


 µ∑

j=1

αjx
2
j

m

−

 µ+v∑
j=µ+1

αjx
2
j

mk


=
(2π)n

√
α1

√
α2 · · ·

√
αµ

.
∑
j≥0

(−1)j
(
k

j

)
µR−2m(k−j)(σ)v(−1)mj∆mj

α δ

=
(2π)n

√
α1

√
α2 · · ·

√
αµ

∑
j≥0

(−1)j
(
k

j

)
(−1)mj

µ∆
m(k−j)
α δ v∆

mj
α δ (2.65)

where

µ∆α =
1

α1

∂2

∂s21
+ · · ·+ 1

αµ

∂2

∂s2µ
. (2.66)

Developing by into binomial series the second factor of the right-hand mem-
ber of (2.64) and (2.65) we have,

F
{(

(µHα(x,m) +v Hα(x,m))
k
)}

= F


 µ∑

j=1

αjx
2
j

m

+

 µ+v∑
j=µ+1

αjx
2
j

mk


=
(2π)n

√
α1

√
α2 · · ·

√
αµ

.(−1)mk(µ∆
m
α δ +v ∆

m
α δ)k (2.67)
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if m ≥ 2, and

F
{(

(µHα(x,m)−v Hα(x,m))
k
)}

= F{

 µ∑
j=1

αjx
2
j

m

−

 µ+v∑
j=µ+1

αjx
2
j

mk

}

=
(2π)n

√
α1

√
α2 · · ·

√
αµ

.(−1)mk(µ∆
m
α δ −v ∆

m
α δ)k (2.68)

m ≥ 2.

By putting α1 = α1 = · · · = αµ = αµ+1 = · · · = αµ+v = 1 in (2.67) and
(2.68) and using (1.9) and (1.10) we have,

F{(M(x,m))k} = F


 µ∑

j=1

x2
j

m

+

 µ+v∑
j=µ+1

x2
j

mk


= (2π)n(−1)mk(µ∆
mδ +v ∆

mδ)k (2.69)

and

F{(G(x,m))k} = F


 µ∑

j=1

x2
j

m

−

 µ+v∑
j=µ+1

x2
j

mk


= (2π)n(−1)mk(µ∆
mδ −v ∆

mδ)k. (2.70)

By putting

µ,vB
m
α =µ ∆m

α +v ∆
m
α (2.71)

and

µ,vL
m
α =µ ∆m

α −v ∆
m
α (2.72)

From (2.67), (2.68), (2.69), (2.70), (2.71) and (2.72) we have,

F
{(

(µHα(x,m) +v Hα(x,m))
k
)}

= F


 µ∑

j=1

αjx
2
j

m

+

 µ+v∑
j=µ+1

αjx
2
j

mk


=
(2π)n

√
α1

√
α2 · · ·

√
αµ

.(−1)mk
µ,vB

mk
α δ, (2.73)
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F
{(

(µHα(x,m)−v Hα(x,m))
k
)}

= F


 µ∑

j=1

αjx
2
j

m

−

 µ+v∑
j=µ+1

αjx
2
j

mk


=
(2π)n

√
α1

√
α2 · · ·

√
αµ

.(−1)mk
µ,vL

mk
α δ, (2.74)

F{(M(x,m))k} = F


 µ∑

j=1

x2
j

m

+

 µ+v∑
j=µ+1

x2
j

mk


= (2π)n(−1)mk
µ,vB

mk
α δ (2.75)

and

F{(G(x,m))k} = F


 µ∑

j=1

x2
j

m

−

 µ+v∑
j=µ+1

x2
j

mk


= (2π)n(−1)mk
µ,vL

mk
α δ (2.76)

where

µ,vB =µ ∆m +v ∆
m (2.77)

and

µ,vL =µ ∆m −v ∆
m. (2.78)

From (2.73), (2.74), (2.75) and (2.76) we obtain the following formulae

F
{

(−1)mk

√
α1

√
α2 · · ·

√
αµ

µ,vB
mk
α δ

}

=


 µ∑

j=1

αjx
2
j

m

+

 µ+v∑
j=µ+1

αjx
2
j

mk
 , (2.79)

F
{

(−1)mk

√
α1

√
α2 · · ·

√
αµ

µ,vL
mk
α δ

}

=


 µ∑

j=1

αjx
2
j

m

−

 µ+v∑
j=µ+1

αjx
2
j

mk
 , (2.80)

F{(−1)mk
µ,vB

mk
α δ} =


 µ∑

j=1

x2
j

m

+

 µ+v∑
j=µ+1

x2
j

mk
 (2.81)
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and

F{(−1)mk
µ,vL

mk
α δ} =


 µ∑

j=1

x2
j

m

−

 µ+v∑
j=µ+1

x2
j

mk
 . (2.82)

In particular if k = 1,m = 2 and m = 4 we have,

F



 µ∑

j=1

∂2

∂x2
j

2

−

 µ+v∑
j=µ+1

∂2

∂x2
j

2
 δ

 =

 µ∑
j=1

x2
j

2

−

 µ+v∑
j=µ+1

x2
j

2

(2.83)
and

F



 µ∑

j=1

∂2

∂x2
j

4

−

 µ+v∑
j=µ+1

∂2

∂x2
j

4
 δ

 =

 µ∑
j=1

x2
j

4

−

 µ+v∑
j=µ+1

x2
j

4

(2.84)
Similarly if m = 2 and m = 4 for k≥ 1 from (2.81) and (2.82) we have,

F



 µ∑

j=1

∂2

∂x2
j

2

+

 µ+v∑
j=µ+1

∂2

∂x2
j

2
 δ

 =

 µ∑
j=1

x2
j

2

+

 µ+v∑
j=µ+1

x2
j

2

,

(2.85)

F



 µ∑

j=1

∂2

∂x2
j

4

+

 µ+v∑
j=µ+1

∂2

∂x2
j

4
 δ

 =

 µ∑
j=1

x2
j

4

+

 µ+v∑
j=µ+1

x2
j

4

,

(2.86)

F


( µ∑

j=1

∂2

∂x2
j

)2

−

(
µ+v∑

j=µ+1

∂2

∂x2
j

)2
k

δ

 =

( µ∑
j=1

x2
j

)2

−

(
µ+v∑

j=µ+1

x2
j

)2
k

(2.87)
and

F


( µ∑

j=1

∂2

∂x2
j

)4

−

(
µ+v∑

j=µ+1

∂2

∂x2
j

)4
k

δ

 =

( µ∑
j=1

x2
j

)4

−

(
µ+v∑

j=µ+1

x2
j

)4
k

.

(2.88)

By denoting

⊙ =

 µ∑
j=1

∂2

∂x2
j

2

+

 µ+v∑
j=µ+1

∂2

∂x2
j

2

(2.89)

⋄ =

 µ∑
j=1

∂2

∂x2
j

2

−

 µ+v∑
j=µ+1

∂2

∂x2
j

2

(2.90)
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and

⊕ =

 µ∑
j=1

∂2

∂x2
j

4

−

 µ+v∑
j=µ+1

∂2

∂x2
j

4

(2.91)

from (2.85), (2.87) and (2.88) we have,

F{⊙kδ} =


 µ∑

j=1

∂2

∂x2
j

2

+

 µ+v∑
j=µ+1

∂2

∂x2
j

2


k

, (2.92)

F{⋄kδ} =


 µ∑

j=1

∂2

∂x2
j

2

−

 µ+v∑
j=µ+1

∂2

∂x2
j

2


k

(2.93)

and

F{⊕kδ} =


 µ∑

j=1

∂2

∂x2
j

4

−

 µ+v∑
j=µ+1

∂2

∂x2
j

4


k

(2.94)

The operator ⊙ defined by (2.89) was introduce by Satsanit in [1], the
operator ⋄ defined by (2.90) was introduced by Kananthai [2] and is named
the Diamond operator and the operator ⊕ defined by (2.91) has been studied
in [3] by Kananthai, Suantai and Longani.
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