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1 Introduction

The study of the existence of fixed points of contractive maps in complete
metric spaces by using an altering distance function is of present interest. Through
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out this paper (X, d) denotes a metric space, we write it simply by X; N, the set
of all natural numbers and R™, the set of all non-negative real numbers.

A mapping T : X — X is said to be contractive if d(Tz, Ty) < d(z, y) for
all z, y in X with x # y. Clearly every contractive map is continuous. Also, if
such a map has a fixed point, then it is unique.

Edelstein [1] proved the following theorem for contractive maps.

Theorem 1.1 (Edelstein [1]). Let X be a metric space and T be a contractive
mapping into itself such that there exists a point x € X whose sequence of iterates
{T"z} contains a convergent subsequence {T™ (x)}, then z* = lim; oo T"(x) in
X is a unique fized point of T in X.

Let T: X — X. For x € X, we write Or(z) = {x, Tz, T%z, ...}, the orbit of x
with respective to T'.
In 1980, Park [2] generalized Theorem 1.1 in the following.

Theorem 1.2 (Park [2]). Let T be a selfmap of a metric space X. Assume that
for some integer m, there exists a point xg € X such that Orm (xo) has a cluster
point z in X and d(T™z, T™y) < d(z,y) for all x,y € X, © # y. Then z is a
unique fixed point of T in X.

In complete metric spaces, Geraghty [3] established a criteria for the sequence
of Picard iterates defined by =, = Tz,_1, ©og € X to be Cauchy for contractive
mappings. If it is Cauchy, it is easy to see that it converges to a unique fixed point
of T'in X.

Theorem 1.3 (Geraghty [3]). (Geraghty’s theorem) Let X be a complete metric
space. Let f: X — X with

d(fz, fy) <d(z,y) for alx,ye X,z #y. (1.1)

Let xg € X and set x, = f(xp—1) for n > 0. Then x, — Too in X, with Teo
is a unique fived point of f if and only if for any two subsequences {xp(n)} and
{Zrm)} with Thn) # Tren), we have that A, — 1 only if d, — 0; where A, =
d x r(mn ) x n
ooy o)) ang dyy = (d(wnys Ty ))-
We use the following notation as mentioned in [3].
S={a:(0,00) —[0,1)/a(t,) — 1 implies t, — 0}.

Theorem 1.4 (Geraghty [3]). Let X be a complete metric space and let f : X — X
be a contractive map. Let xg € X and set x,, = f(xn—1) forn > 0. Then x,, — oo,
where Toy 1S a unique fized point of f in X if and only if there exists an a in S
such that for all n, m in N

d(f(zn), f(zm)) < a(d(@n, Tm))d(@n, Tm).
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Definition 1.5 (Turkoglu et al. [4]). A metric space X is said to be T —
orbitally complete if every Cauchy sequence which is contained in Or () for all
in X converges to a point of X.

Here we note that every complete metric space is T-orbitally complete for any
T, but a T-orbitally complete metric space need not be a complete metric space.

Definition 1.6 (Turkoglu et al. [4]). A mapping T : X — X is said to be
orbitally continuous at a point z in X with respective to x in X if for any sequence
{zn} C Or(z) with z,, — z as n — oo, implies Tz, — Tz as n — .

Here we note that any continuous selfmap of a metric space is orbitally contin-
uous, but its converse need not be true. For more details on T-orbitally complete
metric spaces and orbitally continuous maps, we refer Turkoglu et al. [4].

Definition 1.7 (Khan et al. [5]). A function ¢ : Rt — R* is said to be an
altering distance function if

(i) @ is continuous,
(ii) o(t) =0 if and only if ¢t = 0.

We denote the class of all altering distance functions ¢ : R™ — RT by ®. For
more literature on the existence of fixed points of different contraction conditions
involving altering distance functions, we refer [5-15].

In 1999, Sastry and Babu [13] established the following fixed point theorem in
metric spaces.

Theorem 1.8 (Sastry and Babu [13]). Let T be a self map on a metric space
(X, d). Suppose that there exists a point xo € X such that the orbit Op(z¢) =
{T"x0:n =0,1,2,..} has a cluster point z in X. If T is orbitally continuous at
z and Tz and there exists a ¢ in ® such that o(d(Tz, Ty)) < p(d(z,y)) for each
x,y =Tx € Op(xp), x £y, then z is a fized point of T.

In 2009, Sastry et al. [14] introduced strip @-contraction, where ¢ is an al-
tering distance function and established some fixed point theorems for strip ¢-
contractions.

Definition 1.9 (Sastry et al. [14]). Let (X, d) be a metric space and T be a
selfmap on X, let ¢ in ®. We say that T is a strip @-contraction if for a given
€ > 0, there is a § > 0, such that

e < p(d(z, y)) < e+d implies p(d(Tz, Ty)) <eforall z,y € X.

Theorem 1.10 (Sastry et al. [14]). Let (X, d) be a metric space and T be a
selfmap on X. Suppose that for some xg € X, Or(xo) has a cluster point z in X.
Further, assume that given € > 0, there is a ¢ in ® and § > 0, such that

e<(d(z, y)) <e+0d implies o(d(Tx, Ty)) <€ (1.2)

for all z,y in Or(xo),x # vy, y =Tx. Then z is a fized point of T in Or(xp).
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We now introduce a contractive map involving an altering distance function.

Definition 1.11. Let (X, d) be a metric space and T be a selfmap on X. If there
exists a ¢ € @ such that o(d(Tz,Ty)) < o(d(z,y)) for all z,y € X,  # y, then
we say that T is a contractive map with respect to an altering distance function

®.

Here we note that the class of all contractive maps with respect to an altering
distance function is larger than the class all contractive maps (Example 2.3 of
[13]). Also, every contractive map with respect to an altering distance function
need not be continuous (Example 2.3).

In Section 2 of this paper, we prove the existence of fixed points of contractive
maps in complete metric spaces by using an altering distance function. Our results
generalize and improve some of the known results.

2 Main Results

Theorem 2.1. Let T be a selfmap on a T-orbitally complete metric space X. Let
xo € X. Assume that there ezists a p € ® such that

p(d(Tz, Ty)) < e(d(z, y)) for all z,y =Tz € Or(zo),x #y.  (2.1)
We define {x,}22, by
Tp =T (xp-1) form=1,2,3,.... (2.2)

Then x, — z with z is a unique fixed point of T in Or(xo) if and only if for any
two subsequences {xpm)} and {Tym)} wWith Tpm) # Trm), we have that: A, — 1
implies d,, — 0, provided T is orbitally continuous at z; where

(p(d(TfL‘h(n), Txk(n)))
An = dd,=d n)» n)):
gﬁ(dn) an (wh( ) CL‘k( ))

Proof. First we assume that x,, — z and z is a unique fixed point of T. Let {z}(,)}
and {xjn)} be any subsequences with () # Tp(n). Suppose that A, — 1 as
n — 0o. Now,

(p(d(xh(n)u xk(n)))
d(Thin) s Thin))) = d(Txnmy, Txym
O(d(Th(ny» Tr(n))) ST n. Txk(n)))(p( (Txpeny, TThn)))

1
= A—n(p(d(TCL'h(n) N T.’L‘k(n))).

On letting n — oo, we have

. . 1
lim p(d(zh(n), Trn))) = lim A—%ﬁ(d(Tﬂ?h(n), Txy)))-

n—oo n—oo
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Since T is orbitally continuous at z and A,, — 1 as n — oo, we have

lim @(d(n(n), Tr(n))) = 0.

n—oo

Since ¢ is continuous, it follows that p(limy, —cc(d(Zp(n), Tr(n)))) = 0. Now, from
the property (i1) of ¢, limy, oo (d(Th(n), Tr(ny)) = 0. Hence nh_}Ir;O d, =0.

Conversely, assume that A,, — 1 implies d,, — 0 as n — oo. For xy € X, we
now consider the sequence {z,} defined by (2.2). If z,, = z,41 for some n € N,
then the conclusion of the theorem trivially holds. Suppose that x,, # z,+1 for all
n. Consider,

o(d(Tn, Tni1)) = @(d(TTn-1, Ty))
< p(d(rn-1, zn)) for all n.

So {¢(d(xn,xnt1))} is a decreasing sequence of non-negative real numbers. Sup-

pose that lim, o p(d(@n, Tnt1)) =7, 7 > 0. Now we prove that r = 0. Assume
that r > 0. By choosing h,, = n and k, = n+1, we have A, = % —1
as n — oo. Hence, by our assumption, d,, — 0 as n — oo so that

lim d(xn, Zny1) =0. (2.3)

n—oo

We now show that {x,} is a Cauchy sequence. If {x,} is not Cauchy, then there
exists some € > 0, we can find subsequences {Z,,x)} and {z, )} of {z,} with
n(k) > m(k) > k such that

d($n(k), xm(k)) > €. (2.4)

Further, corresponding to m(k), we can choose n(k) in such a way that it is the
smallest integer with n(k) > m(k) and satisfying (2.4), then

d(Tpky, Tmry) > € and d(Tpr)—1, Tmr)) < € (2.5)

Now,

€ < d(Tp(kys Trm(k))
< d(Tn k) Tr(ky—1) F ATnk)—1> Tm(k))
< d(l‘n(k), .’L‘n(k),l) + €. (2.6)

On taking limit superior as k — oo, we get

€ < limsup d(:vn(k) ; ZEm(k))

k—oo
< limsup(e + d(@n(k), Tnk)—1)) = €
k—oo
Hence
lim sup d(xn(k) , xm(k)) = €. (27)

k—o00
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Again, on taking limit inferior as kK — oo in (2.6) and from (2.7), we have
< lim inf
€ < limin A(Tr(k)s Tm(k))

< lim sup d(fEn(k)vxm(k))) = ¢

k—o0

Hence
hknigf d(Zn(k)s Tm(k))) = € (2.8)

From (2.7) and (2.8), it follows that limg o d(Zp(k), Tm(k))) exists and
kEIEO d(l‘n(k), xm(k))) = €. (2.9)
Now, from the triangular inequality,

AT (kys Tmk)) < ATnr)> Tnr)+1) + ATn)+1> Tme)+1) T ATmk)+15 Tm(k))-

On taking limit superior both sides, it follows that 210
€< h;?ljgp d(Zn (k)15 Trm(k)+1))- (2.11)
Again,
ATrk)+15 Tmk)+1) < ATrk) 115 Tnk)) + ATnk)s Tmr)) + d(ﬂﬁm(k),iﬂm(k)+12)-12
On taking limit superior £ — oo on both sides, we get 21
liznjip A(Zr (k) +15 Tm(k)+1)) < €. (2.13)
From (2.11) and (2.13) it follows that
lim sup d(p (k)41 Tm(k)+1)) = €. (2.14)

k—o0

From (210) we write, d(zn(k)-l-lvxm(k)—i-l) > d(xn(k),xm(k)) — d(zn(k)vxn(k)—i-l) —
A( T (k)+1> Tm(k))- On taking limit inferior as k& — oo on both sides we get

lin inf () 1, Ty 1)
> T inf[d(n (k) T r))] + im0 [—d (k) 2y 1)]
+ hkn_l,g.}f[_d(xm(k)ﬂ s Tn(k) )]
—e_ liglsogp[d(xn(k)’zn(k)Jrl)] - liIICILS;p[d(fEm(k)-i-bxm(k))]

= €.

Now, € < liminfr oo d(Tp k)41, Tmk)+1) < Hmsupy o d(Tpk)+15 Tmk)+1)) = €
hence

hkrggéf d(xn(k)Jrl N ,Tm(k)Jrl) = €. (2.15)
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From (2.14) and (2.15) it follows that limg oo d(%p (k)15 Tm(k)+1) exists and

lim d(mn(k)Jrl, xm(k)+1) — €. (2.16)

k—o00

Now, by using (2.9) and (2.16), we get

d
lim Ak = lim w( (Im(k)"rl? xn(k)-’-l))

¥ <kli>nolo d(xm(k)-i-la In(k)-l—l))
= =1.

® <khjgo d( T (k)5 l‘n(k))>

Now, by our assumption we have d, — 0 as k — o0. i.e., limg o0 d(Tpy(r), Tn(k)) =
0, a contradiction to (2.9). This proves that {z,} is a Cauchy sequence. Since X
is T-orbitally complete, there exists z in X such that x,, — z as n — oo. Now, we
prove that T'(z) = z. We consider

o(d(@n, Tzn)) = @(d(Tn, Tnt1)) < @(d(Tn-1,7n)).

Now, on letting n — oo, we have p(d(z, Tz)) < ¢(d(z, z)) = 0, since T is orbitally
continuous at z. Hence ¢(d(z,Tz)) = 0. Therefore, it follows that z = Tz. O

Remark 2.2. Geraghty’s theorem ( Theorem 1.3) follows as a corollary to Theorem
2.1 by choosing @(t) =t, t > 0 in Theorem 2.1.

Example 2.3. Let X = [2,9) with the usual metric. We define T : X — X by
x? if ©e[2,3)

204+ % if x €3, 4]
8 if © € (4, 8§
2+1  ifze[2+1 9

2P4+1  ifze[B+1 28541

B4+ L ifre2+ 25, 2+ 5)n=1,23,....

Clearly, X is T-orbitally complete and T is orbitally continuous at 2°. For xg = 2,
we define Tp41 = Ty, forn =0,1,2,.... Then Or(xg) = {2, 22, 23 + %, 23 +
3 28+ 4,...,2%4 n+r1= ...} and Or(x0) = Or(x0)U{8}. We define ¢ : [0, o0) —
[0, o0) by
2 ifo<t<l1
p(t) =

& ift>1.



454 Thai J. Math. 11 (2013)/ G.V.R. Babu and P. Subhashini

Clearly ¢ € ®. Now

4 1
e(d(Txo, Tr1)) = o= < 7 =(d(zo, 1))
81 4
(d(Tx1, Txg)) = L < 4 (d(z1, x2))
® 1, 2 _36 81—@ 1, 2))yenn..
In general
1 1

o(d(Trp, Trps1)) = o(d(Tn, Tni1))

mr 12122 “nEmt1E

forn=0,1,2,.... And, let {x(n)} and {xn)} be any two subsequences of {xy}
With Tp(n) # Tpn)- Now,

AT Th(n), T(r))) = P(12° + hn1+1 -2 - kn1+1|)
e(d(zn(n), Tu(n))) o(|23 + % — 93 _ ﬁD

= Ukn — hn)” Pl 1 asn — o0
(b + 1)2(hy, +1)2 kn — hp, '

And dp, = (d(Th(n), Trn))) = (|ﬁ - ﬁD — 0 as n — oo. Hence T satisfies all
the hypotheses of Theorem 2.1 and 23 is the unique fized point of T. But, for xo = 2
and x1 = 2%, |Txg — Taq| = § £ 2 = |wo — x1| so that the inequality (2.1) fails
to hold when ¢ is the identity mapping on RT. Hence T is not a contractive map

and Geraghty’s Theorem is not applicable. Thus Theorem 2.1 is a generalization
of Theorem 1.3.

A, =

Remark 2.4. If we relax the condition T is orbitally continuous at z from the
hypotheses of Theorem 2.1, the conclusion of Theorem 2.1 fails to hold.

Example 2.5. Let X = {0,2} U {L/n = 1,2,3,...} with the usual metric.
For my = 1, we define T on X by T(1) = 2, T(2) = 5, T(3) = 3, T(3) =
%, o T(%) = n+r1 formn=2,3,4,...and T(0) = 0. Here Op(1) = {1, 2, %, %, ..
and Or(1) = Or(1) U{0}. Clearly T is orbitally continuous at 0. We define ¢ in
® as in Example 2.3. Now

Pd(Ta0, Tor)) = ol —2) = 5 <1= (12 1)) = pld(o, 1)),

p(d(Tzy, Txs)) = 1 <

36 = p(d(z1, 12)),....

O i~

In general

1 1

(p(d(TiCn, T‘Tn'l‘l)) = (7’L+ 1)2(7’L—|—2)2 < n2(n—|— 1)2 = (p(d((bn, :En-l-l))
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forn=0,1,2,.... And, let {x}n)} and {Ty()} be any two sequences of {xn} with
xh(n) 75 xk(n) Now

Pl —mm)  0+a)0+ 1)

A, = = 2 —1 asn — oo
elim ) O+ 20 +2)
and d, = % — é| — 0 as n — oo. Hence T satisfies all the hypotheses of

Theorem 2.1 and T has a unique fized point ‘0’ in Op(1).
On the other hand, if we define T on X by T(0) =1, T(1) =2, T(2) = 1,
T(%) = n+r1 foralln=2,3,4,.... Then T is not orbitally continuous at any point

of Or(0) even if T satisfies all the other hypotheses of Theorem 2.1 and T has no
fized points in Orp(1).

Theorem 2.6. Let T be a selfmap on a T-orbitally complete metric space. Let xg
in X, assume that there exists a ¢ in ® such that

p(d(T™x, T™y)) < p(d(z,y)) (2.17)
for all z,y = Tz € Op(xg),z # y and some positive integer m > 1. We define
{zn 352, by @y = T(xp—1) for n = 1,2,3,.... Then x, — z with z is a unique

fized point of T in X if and only if for any two subsequences {xp )} and {Tym)}
with Tp(ny # Trn), we have Ay, — 1 only if d, — 0, provided T™ is orbitally
continuous at z; where

e(d(T" ), T Th(n)))
o(dn)

Proof. By replacing T by T™ in Theorem 2.1, we get T has a unique fixed point

zin X. d.e, T"z = z. Now T'(2) = T(T™(2)) = T™(z) = T™(T2). Hence T’z is

also a fixed point of T™. We now show that Tz = z. Suppose that Tz # z. Hence

p(d(z, Tz)) = p(d(T™z, TT™z) = p(d(T™z, T"Tz) < p(d(z, T%)),
a contradiction. Thus Tz = z. O

Remark 2.7. Theorem 1.2 follows as a corollary to Theorem 2.6 by choosing
o(t) =t, t > 0 in Theorem 2.6. In the following, we provide an example for the
applicability of Theorem 2.6, where the condition (2.17) holds for m = 4, but fails
to hold for m = 1,2 and 3 and hence Theorem 2.6 is a generalization of theorem
2.1.

Example 2.8. Let X ={1, 2, 3, 4, %} u{l- %/n =1,2,3,...} with the usual

metric. We define T on X by T(0) =2, T(2) =4, T(4)=3, T(3) =3, T(3) =

1—3, T(l—3)=1-%,..., T(l=2)=1-5 forn=2,3,4,... and T(1) = 1.
Thus, for xg = 0, we have Or(0) = {0, 2, 4, 3, %, 1—%, 1—%,..., 1—%,...}

and Or(0) = Op(0) U {1}. We define ¢ in ® as in Example 2.3. Now, for the
sequence T, = Txp_1, n=1,2,3,..., we consider the following.
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Form = 15 <P(d(T:C07 T'rl)) = % { % = @(d('IOa xl))
Form =2, o(d(T?z, T?z1)) =1 ¢ 1 = ¢(d(zo, z1)).
Form =3, o(d(T3zo, T?z1)) = 2 £ + = p(d(zo, =1)).
Form = 4, o(d(T*zg, T*11)) = é < % = @(d(xg, x1)),
p(d(T 1, Th2)) = 55 < 1 = p(d(z1, x2)),
o(d(T*xq, Tixs)) = ﬁ <1=p(d(z2, z3)),
p(d(Thx3, Ths)) = 55 < 5 = (d(z3, 1))
and in general
(AT s, Tnia) = (|1~ —z 14— )=
’ n+3 n+ 2 (n+3)2(n +2)2
n2
T 1N d n+3; 4n
< n+1)?2 o(d(Tnt3, Tnia))
for n = 0,1,2,.... Hence inequality (2.17) holds. Moreover A, — 1 implies

dy, — 0. Hence T satisfies all the hypotheses of Theorem 2.6 with m =4 and ‘17 is
the unique fized point of T.

Corollary 2.9. Let T be a selfmap on a complete metric space (X, d). Assume
that there exists a ¢ € ® with

o(d(Tz, Ty)) < e(d(x, y)) for all x, y =Tz € X with v # y. (2.18)

Let g € X, and set @, = T(xp_1) for n =1,2,3,.... Then x, — z in X, with
z is a unique fized point of T if and only if for any two subsequences {xpn)} and
{Zrn) } With Tp(ny # Ti(n), we have that A, — 1 implies d, — 0, where

o(d(Txpny, Trimy))
¢(dn)

Theorem 2.10. Let (X, d) be a complete metric space and T be a selfmap of X .
Assume that there exists a ¢ in ® and k in [0,1) such that

A, =

e(d(Tz, Ty)) < ko(d(z,y)) for allz, y € X. (2.19)

Let xg € X and set ©,, = Txp_1 forn=1,2,3,.... Then x, — z, z is a unique
fized point of T in X if and only if there exists an o in S such that for all n, m
in N

p(d(Ten, Trm)) < a((d(@n, ©m)))e(d@n, Tm)). (2.20)
Proof. Since the inequality (2.19) implies (2.18), by Corollary 2.9, it is sufficient

to show that there exists an « in S such that (2.20) holds if and only if A,, — 1
implies d, — 0. Suppose that such an « exists in S. Let {2} and {zye,)} be
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two sequences with p(,) # Zp(n). Now, we assume that A,, — 1. From (2.20), we

have
(p(d(TfL‘h(n), Txk(n)))
o(d(Th(ny, Trn)))
On letting n — oo

IN

a(d(xh(n), Ik(n))) < 1.

1= lim A, < lim a(d(zpm), Trm)) < 1.
Hence lim a(d(xpn), Tk(n))) = 1. Since ain S, it follows that d(zp (), Zrmn)) — 0
asn — o0. i.e., d, — 0 as n — oo.
Conversely, assume that A,, — 1 implies d,, — 0. We define o : R™ — R

by a(t) = sup{ ng((iz:g;: :f(’;()’s))))/d(xn, Tm) > t}. From the inequality (2.19),

@ldTzn, T2n)) <k for all n,m with x, # ZTpy. Hence a(t) < k, but

o(d(@n, Tm))

k < 1 implies that a(t) < 1 for all ¢ > 0. Also, a(d(xn, xm)) > W.
Hence, o(d(Txy, Ttm)) < a(d(@n, Tm))e(d(xn, Tm)). Suppose that a(t,) — 1
as n — oo for a sequence {t,} in (0, co0). With out loss of generality, we assume
that there exists a sequence {s,} in (0, o) such that lim,, o, s, =0 and 1—s, <

a(ty) < 1. Thus for each n > 0, there exist two subsequences {p(,)} and {@y )}

. d(Txninys TThin .
with d(Zp(n), Tr(n)) = tn and 1 —s, < wfp((d(m:in;, mk(i()))))) < a(tp) < 1. Thus it

follows that A,, — 1 as n — oo. Hence by our assumption, d,, — 0 so that ¢, — 0.
This completes the proof of the theorem. O

we have

We write S! for the class of all functions o : (0, co) — [0, 1] satisfying
a(t,) — 1 implies ¢, — 0.

Theorem 2.11. Let (X, d) be a complete metric space and T be a selfmap on X.
Assume that there exists a ¢ in ® such that

o(d(Tz, Ty)) < p(d(z,y)) foralz, ye X, x#y. (2.21)

Let xg € X and set x,, = Txp—1 forn=1,2,3,.... Then x, — 2, z is a unique
fized point of T in X if and only if there exists an o in S' such that for all n, m
in N

P(d(Tzn, Trp)) < a((d(@n, Tm))e(d(@n, Tm)). (2.22)
Proof. By Corollary 2.9, it is enough to show that there exists an a in S* such
that (2.22) holds if and only if A,, — 1 implies d,, — 0. Necessary part of the
proof follows as that of the proof of Theorem 2.10. For sufficiency, we proceed as
follows. We define o« : R™ — R by

(d(Txh(n), T.’L‘k(n)))
o(d(@n(n)s Trny))

at) = sup{sp Jd(xy, Tm) >t}

From the inequality (2.21), it follows that £ zn. T2m))

o d@n, 7m)) | S 1 for all m, m in N
with ,, # Z,,,. Hence «(t) < 1 for all ¢ > 0. The remaining part of the proof runs

as on the same lines of the proof of Theorem 2.10. O
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Remark 2.12. Theorem 1.4 follows as a corollary to Theorem 2.11 by choosing
o(t)=t, t >0 in Theorem 2.11.

The following example suggests that Theorem 2.11 is a generalization of The-
orem 1.4.

Example 2.13. Let X = {0, 1, 2} with the usual metric. We defineT : X — X
by T(1) =0, T(0) =2 and T'(2) = 2. We define ¢ : [0, o0) — [0, o0) by

t ifo<t<l1

1 .

Clearly ¢ € ®. And o : (0, 00) — [0, 1] defined by a(t) = 1+-t7 t > 0. If either
(x=0, y=2) or (x =2, y=0) then d(Tx,Ty) = 0 and the inequalities (2.21)
and (2.22) hold trivially. In the remaining cases, i.e., when x =0, y = 1; z =
Ly=0,2=1,y=2;andx =2, y = 1; we have d(Tx, Ty) = 2, d(z, y) =1 and
a(d(z, y)) = 3. Hence p(d(Tz, Ty)) = 3 <1 =¢(d(z, y)) so that (2.21) holds
and p(d(Tz, Ty)) = 5 < 31 = gy ez, ) = ald(z, y)e(d(z,y)) so that
(2.22) holds. Hence, all the hypotheses of Theorem 2.11 hold and T has a unique
fized point 2. Moreover, this shows that when ¢(t) =t the inequalities (2.21) and
(2.22) fail to hold at the points x =0, y=1; =1, y=0; =1, y =2 and
x =2, y=1 so that Theorem 1.4 is not applicable.

Remark 2.14. Theorem 1.10 follows as a corollary to Theorem 2.1, since the
inequality (1.2) implies the inequality (2.1).

An open question : Find a selfmap T of X that satisfies the condition (2.1) but
fails to be a strip ¢-contraction. If this problem is solved in orbitally complete
metric spaces, then Theorem 2.1 generalizes Theorem 1.10.

References

[1] M. Edelstein, On fixed and periodic points under contraction mappings, J.
London Math. Soc. 37 (1) (1962) 74-79.

[2] S. Park, A Unified approch to fixed points of contractive maps, J. Korean.
Math. Soc. 16 (1980) 95-105.

[3] M.A. Geraghty, On contractive maps, Proc. Amer. Math. Soc. 40 (1973) 604—
608.

[4] D. Turkglu, O. Ozer, B. Fisher, Fixed point theorems for T-orbitally complete
metric spaces, Universitateadin Bacau Studiisi Cercetari Stiintifice Mathe-
matica 9 (1999) 211-218.

[6] M.S. Khan, M. Swaleh, S. Sessa, Fixed point theotems by altering distance
between the points, Bull. Aust. Math. Soc. 30 (1984) 205-212.



Generalization of Fixed Point Results of Contractive Maps ... 459

[6]

G.V.R. Babu, Generalization of fixed point theorems relating to the diameter
of orbits by using a control function, Tamkang J. Math. 35 (2) (2004) 159-168.

G.V.R. Babu, M.V.R. Kameswari, Some fixed point theorems relating to the
orbital continuty, Tamkang J. Math. 36 (1) (2005) 73-80.

G.V.R. Babu, S. Ismail, A fixed point theorem by altering distances, Bull.
Cal. Math. Soc. 93 (5) (2006) 393-398.

B.S. Choudhury, P.N. Dutta, A unique fixed point result in metric space
involving a two variable function, Filomat 14 (2000) 43—48.

D. Doric, Common fixed point for generalized (i, )-weak contractions,
Applied Mathematocs Letters 22 (2009) 1896-1900.

P.N. Dutta, B.S. Choudhury, A generalization of contraction principle in
metric spaces, Fixed Point Theory and Applications, Vol. 2008 (2008), Article
1D 406368, 8 pages.

S.V.R. Naidu, Some fixed point theorems in metric spaces by altering
distances, Czechoslovak Mathematical J. 53 (128) (2003) 205-212.

K.P.R. Sastry, G.V.R. Babu, Some fixed point theorems by altering distances
between the points, Indian J. Pure. Appl. Math. 30 (6) (1999) 641-647.

K.P.R. Sastry, G.V.R. Babu, M.V.R. Kameswari, Fixed points of strip ¢-
contractions, Mathematical Communications 14 (2) (2009) 183-192.

K.P.R. Sastry, S.V.R. Naidu, G.V.R. Babu, G.A. Naidu, Generalization
of common fixed point theorems for weakly commuting maps by altering
distances, Tamkang J. Math. 31 (2000) 243-250.

(Received 12 December 2011)
(Accepted 17 July 2012)

THAI J. MATH. Online @ http://thaijmath.in.cmu.ac.th



