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Abstract : In the present paper, we introduced Q∗-closed sets and studied
some of their properties in bitopological spaces. It is proved that the arbitrary
intersection of τ1τ2-Q

∗ closed sets is τ1τ2-Q
∗ closed. Also some relations are

established with known generalized closed sets.

Keywords : τ1τ2-Q
∗ closed sets; τ1τ2-Q

∗ open sets; τ1τ2-δ set;
nowhere τ1τ2-dense.

2010 Mathematics Subject Classification : 54E55.

1 Introduction

Maheshwari and Prasad [1] introduced semi open sets in bitopological spaces
[2] in 1977. Further properties of this notion were studied by Bose [3] in 1981.
Fukutake [4] defined one kind of semi open sets in bitopological spaces and
studied their properties in 1989. He also extended the generalized closed sets [5]
from topological spaces to bitopological spaces and introduced pairwise
generalized closure operator [6] in bitopological spaces in 1986. A set A of a
bitopological space (X, τ1, τ2) is τiτj -generalized closed set (briefly τiτj-g-closed)
if τj-cl(A) ⊆ U whenever A ⊆ U and U is τi-open in X , i, j = 1, 2 and i 6= j. Also,
he defined a new closure operator and strongly pairwise T 1

2

-space.

Semi generalized closed sets and generalized semi closed sets are extended to
bitopological settings by Khedr and Al-saadi [7]. They proved that the union of
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two ij-sg closed sets need not be ij-sg closed. This is an unexpected result. Also
they defined that the ij-semi generalized closure of a subset A of a space X is the
intersection of all ij-sg closed sets containing A and is denoted by ij-sgcl(A). Rao
and Mariasingam (2000) [8] defined and studied regular generalized closed sets in
bitopological settings.

Rao and Kannan introduced semi star generalized closed sets [9–12], regular
generalized star closed sets [13], regular generalized star star closed sets [14],
generalized star regular closed sets [15] and generalized star star closed sets [16] in
bitopological spaces. Moreover, Kannan, Sheik John and Sundaram introduced
semi star star closed sets [17] and g*-closed sets [18] in bitopological spaces.
Murugalingam and Lalitha [19] introduced Q∗-closed sets in topological spaces.

In the present paper, we introduced Q∗-closed sets and studied some of their
properties in bitopological spaces. Also some relations are established with known
generalized closed sets.

2 Preliminaries

A topological space (X, τ) is a hyperconnected space if X cannot be
written as the union of two proper closed sets. Moreover, for a topological space
X the following conditions are equivalent: (1) No two nonempty open sets are
disjoint. (2) X cannot be written as the union of two proper closed sets. i.e) X is
hyperconnected. (3) Every nonempty open set is dense in X . (4) The interior of
every proper closed set is empty.

Throughout this paper, (X, τ1, τ2) or simply X denotes a bitopological space
and A ⊆ B means that A is the subset of B. For any subset A ⊆ X , τi-int(A),
τi-cl(A) denote the interior, closure of a set A in X with respect to the topology
τi. AC or X − A denotes the complement of A in X unless explicitly stated. We
shall now require the following known definitions.

A set A of a bitopological space (X, τ1, τ2) is called τ1τ2-semi open if there
exists an τ1-open set U such that U ⊆ A ⊆ τ2-cl(U). Equivalently, a set A is
τ1τ2-semi open if A ⊆ τ2-cl[τ1-int(A)]. Similarly, A is τ1τ2-semi closed if X − A is
τ1τ2-semi open. Equivalently, a set A of a bitopological space (X, τ1, τ2) is called
τ1τ2-semi closed if there exists an τ1-closed set F such that τ2-int(F ) ⊆ A ⊆ F .

A set A of a bitopological space (X, τ1, τ2) is called τ1τ2-generalized closed
(τ1τ2-g closed){resp. τ1τ2-semi generalized closed (τ1τ2-sg closed), τ1τ2-generalized
semi closed (τ1τ2-gs closed), τ1τ2-semi star generalized closed (τ1τ2-s

∗g closed),
τ1τ2-regular generalized closed(τ1τ2-rg closed), τ1τ2-regular generalized star closed
(τ1τ2-rg

∗ closed), τ1τ2-generalized star regular closed (τ1τ2-g
∗r closed), τ1τ2-regular

generalized star star closed (τ1τ2-rg
∗∗ closed), τ1τ2-generalized star star regular

closed (τ1τ2-g
∗∗r closed)} if τ2-cl(A) {resp. τ2-scl(A), τ2-scl(A), τ2-cl(A), τ2-

cl(A), τ2-rcl(A), τ2-rcl(A), τ2-cl[τ1-int(A)], τ2-cl[τ1-int(A)]} ⊆ U whenever A ⊆ U
and U is τ1-open {resp. τ1-semi open, τ1-open, τ1-semi open, τ1τ2-regular open,
τ1τ2-regular open, τ1-open, τ1τ2-regular open, τ1-open } in X .

The complement of τ1τ2-generalized closed {resp. τ1τ2-semi generalized closed,
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τ1τ2-generalized semi closed, τ1τ2-semi star generalized closed, τ1τ2-regular gen-
eralized closed, τ1τ2-regular generalized star closed, τ1τ2-generalized star regular
closed, τ1τ2-regular generalized star star closed, τ1τ2-generalized star star closed}
is called τ1τ2-generalized open {resp. τ1τ2-semi generalized open, τ1τ2-generalized
semi open, τ1τ2-semi star generalized open, τ1τ2-regular generalized open, τ1τ2-
regular generalized star open, τ1τ2-generalized star regular open, τ1τ2-regular
generalized star star open, τ1τ2-generalized star star open} in X . A set A is
called τ1τ2-δ set {resp. nowhere τ1τ2-dense} if τ1-int{τ2-cl[τ1-int(A)]} = φ {resp.
τ2-cl[τ1-int(A)] = φ}.

3 τ1τ2-Q
∗ Closed Sets

In this section, the concept of τ1τ2-Q
∗ closed sets is introduced and its basic

properties in bitopological spaces are discussed. Recall that a set A of a topological
space (X, τ) is called Q∗-closed if int(A) = φ and A is closed.

Definition 3.1. A set A of a bitopological space (X, τ1, τ2) is called τ1τ2-Q
∗ closed

if τ1-int(A) = φ and A is τ2-closed.

Example 3.2. Let X = {a, b, c}, τ1 = {φ, X, {a}} and τ2 = {φ, X, {a},
{b, c}}. Then φ, {b, c} are τ1τ2-Q

∗ closed.

Remark 3.3. It is obvious that every τ1τ2-Q
∗ closed set is τ2-closed, but the

converse is not true in general. The following example supports our claim.

Example 3.4. In Example 3.2, {a} is τ2-closed, but not τ1τ2-Q
∗ closed.

Remark 3.5. Since every τ1τ2-Q
∗ closed set is τ2-closed and every τ2-closed set

is τ1τ2-g closed, τ1τ2-sg closed, τ1τ2-gs closed and τ1τ2-s
∗g closed, we have every

τ1τ2-Q
∗ closed set is τ1τ2-g closed, τ1τ2-sg closed, τ1τ2-gs closed and τ1τ2-s

∗g
closed. But the converse is not true in general. The following example supports
our claim.

Example 3.6. In Example 3.2, {a} is τ1τ2-g closed, τ1τ2-sg closed, τ1τ2-gs closed
and τ1τ2-s

∗g closed, but not τ1τ2-Q
∗ closed in X.

Theorem 3.7. Every τ1τ2-Q
∗ closed set is τ1τ2-δ set.

Proof. Let A be τ1τ2-Q
∗ closed. Then τ1-int(A) = φ and A is τ2-closed.

Consequently, τ1-int {τ2-cl [τ1-int(A)]} = τ1-int {τ2-cl [φ]} = τ1-int(φ) = φ.
Therefore, A is τ1τ2-δ set.

The converse of the above theorem is not true in general as can be seen from
the following example.

Example 3.8. Let X = {a, b, c, d}, τ1 = {φ, X, {a, b}}, and τ2 = {φ, X, {b},
{c}, {b, c} }. Then {a} is τ1τ2-δ set, but not τ1τ2-Q

∗ closed.
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Remark 3.9. τ2-regular closed sets and τ1τ2-Q
∗ closed sets are independent of

each other in general. It is proved in the following example.

Example 3.10. In Example 3.8, {a, b, d} is τ2-regular closed, but not τ1τ2-Q
∗

closed and {a, d} is τ1τ2-Q
∗ closed but not τ2-regular closed.

The following diagram is established now from the above results.

Theorem 3.11. If A and B are τ1τ2-Q
∗ closed sets then so is A ∪ B.

Proof. Suppose that A and B are τ1τ2-Q
∗ closed sets. Then τ1-int(A) =

τ1-int(B) = φ and A, B are τ2-closed. Consequently, A ∪ B is τ2-closed. Now,
AC ∩ τ1-int(A ∪ B) ⊆ τ1-int(A ∪ B). Let x ∈ AC ∩ τ1-int(A ∪ B). Then x ∈ AC

and x ∈ τ1-int(A∪B). Therefore, x ∈ B. Consequently, AC ∩ τ1-int(A∪B) ⊆ B.
But, τ1-int(B) = φ. Hence AC ∩ τ1-int(A ∪ B) = φ. But τ1-int(A) = φ. This
implies that τ1-int(A ∪ B) = φ. It follows that A ∪ B is τ1τ2-Q

∗ closed.

Theorem 3.12. The arbitrary intersection of τ1τ2-Q
∗ closed sets is τ1τ2-Q

∗ closed.

Proof. Let {Aα/α ∈ I} be a family of τ1τ2-Q
∗ closed sets. Then for each α ∈ I,

τ1-int (Aα) = φ and Aα is τ2-closed. Since, τ1-int [
⋂

Aα] ⊆ τ1-int (Aα), we have
τ1-int [

⋂

Aα] = φ. Since the arbitrary intersection of τ2-closed sets is τ2-closed,
we have

⋂

[Aα] is τ2-closed. This completes the proof.

Theorem 3.13. If A is τ1τ2-Q
∗ closed then A is nowhere τ1τ2-dense
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Proof. Since A is τ1τ2-Q
∗ closed, we have τ1-int(A) = φ and A is τ2-closed.

Therefore, τ2-cl [τ1-int(A)] = φ. Hence A is nowhere τ1τ2-dense.

The converse of the above theorem is not true in general as can be seen from
the following example.

Example 3.14. In Example 3.8, {b} is nowhere τ1τ2-dense, but not τ1τ2-Q
∗

closed.

4 τ1τ2-Q
∗ Open Sets

Definition 4.1. A set A of a bitopological space (X, τ1, τ2) is called τ1τ2-Q
∗ open

if its complement AC is τ1τ2-Q
∗ closed in X

Example 4.2. In Example 3.2, {a}, X are τ1τ2-Q
∗ open.

Theorem 4.3. A set A of a bitopological space (X, τ1, τ2) is τ1τ2-Q
∗ open if and

only if τ1-cl(A) = X and A is τ2-open.

Proof. Necessity: Suppose that A is τ1τ2-Q
∗ open. Then AC is τ1τ2-Q

∗ closed.
Therefore, τ1-int

(

AC
)

= [τ1-cl(A)]
C

= φ and AC is τ2-closed. Consequently,
τ1-cl(A) = X and A is τ2-open.

Sufficiency: Suppose that τ1-cl(A) = X and A is τ2-open. Then [τ1-cl(A)]
C

=
τ1-int

(

AC
)

= φ and AC is τ2-closed. Consequently, AC is τ1τ2-Q
∗ closed. This

completes the proof.

Corollary 4.4. A set A of a bitopological space (X, τ1, τ2) is τ1τ2-Q
∗ open if and

only if A is τ1-dense and τ2-open.

Theorem 4.5.

(a) X is not τ1τ2-Q
∗ closed;

(b) X is τ1τ2-Q
∗ open;

(c) φ is not τ1τ2-Q
∗ open;

(d) φ is τ1τ2-Q
∗ closed.

Remark 4.6. It is obvious that every τ1τ2-Q
∗ open set is τ2-open, but the converse

is not true in general. The following example supports our claim.

Example 4.7. In Example 3.2, {b, c} is τ2-open, but not τ1τ2-Q
∗ open.

Remark 4.8. Since every τ1τ2-Q
∗ open set is τ2-open and every τ2-open set is

τ1τ2-g open, τ1τ2-sg open, τ1τ2-gs open and τ1τ2-s
∗g open, we have every τ1τ2-Q

∗

open set is τ1τ2-g open, τ1τ2-sg open, τ1τ2-gs open and τ1τ2-s
∗g open. But the

converse is not true in general. The following example supports our claim.
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Example 4.9. In Example 3.2, {b, c} is τ1τ2-g open, τ1τ2-sg open, τ1τ2-gs open
and τ1τ2-s

∗g open, but not τ1τ2-Q
∗ open in X.

Remark 4.10. τ2-regular open sets and τ1τ2-Q
∗ open sets are independent of each

other in general. It is proved in the following example.

Example 4.11. In Example 3.8, {c} is τ2-regular open, but not τ1τ2-Q
∗ open and

{b, c} is τ1τ2-Q
∗ open but not τ2-regular open.

Theorem 4.12. Let (X, τ1) be a hyperconnected topological space and A ⊆ X. If
A is both τ1-open and τ2-open then A is τ1τ2-Q

∗ open in the bitopological space
(X, τ1, τ2).

Proof. It is enough to prove that A is τ1-dense. Suppose that τ1-cl(A) 6= X . Then
[τ1-cl(A)]C 6= φ. Moreover, both A and [τ1-cl(A)]C are disjoint τ1-open sets. This
is contradiction to the fact that (X, τ1) is a hyperconnected topological space.
Hence A is τ1-dense.

Theorem 4.13. If A and B are τ1τ2-Q
∗ open sets then so is A ∩ B.

Proof. Suppose that A and B are τ1τ2-Q
∗ open sets. Then AC and BC are

τ1τ2-Q
∗ closed sets. Therefore, AC ∪ BC is τ1τ2-Q

∗ closed. But AC ∪ BC =
(A ∩ B)C . Hence A ∩ B is τ1τ2-Q

∗ open.

Theorem 4.14. The arbitrary union of τ1τ2-Q
∗ open sets is τ1τ2-Q

∗ open.

Proof. Let {Aα/α ∈ I} be a family of τ1τ2-Q
∗ open sets. Then for each α ∈ I,

τ1-cl (Aα) = X and Aα is τ2-open. Since, τ1-cl (Aα) ⊆ τ1-cl [
⋃

Aα], we have
τ1-cl [

⋃

Aα] = X . Since the arbitrary union of τ2-open sets is τ2-open, we have
⋃

[Aα] is τ2-open. This completes the proof.
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