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1 Introduction

Variational inequalities and variational inclusions are interesting and impor-
tant mathematical problems and have been studied intensively in the recent past,
since they have wide applications in mechanics, physics, optimization and control,
nonlinear programming, economics and transportation equilibrium and engineer-
ing sciences, etc. (see, for example [1-7]). The resolvent operator technique for
solving variational inequalities and variational inclusions is interesting and impor-
tant. For more details of this area, we refer to [8-12].

In 2008, Zou and Huang [13] introduced and studied H (-, -)-accretive mapping
and its resolvent operator in Banach spaces. Very recently, Ahmad et al. [14]
introduced and studied H(-,-)-cocoercive mapping and its resolvent operator in
real Hilbert spaces. They also gave some examples to illustrate their results.

Keeping in view the recent interesting developments of this area, we define a
new mapping called H (-, -)-co-accretive mapping in Banach spaces. We define the
resolvent operator associated with the H (-, -)-co-accretive mapping and prove that
it is single-valued and Lipschitz continuous. Finally, we apply these new concepts
to solve a system of variational inclusions and an example is given.

2 Preliminaries

Let E be a real Banach space with its norm || - ||, E* be the topological dual
of E, d is the metric induced by the norm || - ||. Let (-,-) be the duality pairing
between E and E*, CB(FE) (respectively, 2¥) be the family of all nonempty closed
and bounded subsets (respectively, all nonempty subsets) of E and D(-,-) be the
Héusdorff metric on CB(E) defined by

D(A, B) = max {sup d(z, B), sup d(A,y)} )
z€A yeb

where A, B € CB(E) and d(z, B) = inf,cp d(x,y) and d(A,y) = inf,ca d(z,y).
Definition 2.1 ([15]). For ¢ > 1, the mapping J, : E — 27" defined by
Jo(x) = {f € B* : (z, f) = |% ]| *™" = |IflI}, V z € E,

is called a generalized duality mapping.

In particular, Jo is the usual normalized duality mapping on E. It is well
known that J,(z) = ||z]|972J2(z),V z(# 0) € E. Also if E = X, a real Hilbert
space, then Jo becomes the identity mapping on X.

Definition 2.2 ([15]). A Banach space F is called smooth if, for every « € E with
lz]| = 1, there exists a unique f € E* such that || f]| = f(z) = 1.

The modulus of smoothness of E is the function pg : [0,00) — [0, 00), defined
by

e+l + 1z~ )
pitt) =sup { L= gy e el =1, ol =,
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Definition 2.3 ([15]). A Banach space E is said to be
(i) wuniformly smooth, if
t—0 t
(i) g-uniformly smooth, for q > 1, if there exists a constant C' > 0 such that
p(t) < 9,1 € [0, 00).
It is well known (see e.g., [16]) that

q—uniformly smooth, if 1 < g <2,
2—uniformly smooth, if ¢ > 2.

Ly(or 1) is{

Note that if E is uniformly smooth then J, is single-valued. Xu [15] proved the
following important lemma.

Lemma 2.4. Let ¢ > 1 be a real number and E be a smooth Banach space. Then
E is g-uniformly smooth if and only if there exists a constant Cy > 0 such that for
every x,y € I,

[z +yl? < [lz|? + afy, Jq(2)) + Callyl*-
3 H(-,-)-Co-Accretive Mapping

Throughout the paper, unless otherwise specified, we take E to be a
g-uniformly smooth Banach space. First, we recall the following definitions
and results.

Definition 3.1 ([13, 14]). A mapping g : F — E is said to be

(i) accretive, if
(9(x) = g(y), Jo(x —y)) = 0, V z,y € E;
(ii) strictly accretive, if

and the equality holds if and only if x = y;

(iii) 04-strongly accretive, if there exists a constant d, > 0 such that
(9(z) = g(y), Jq(z —y)) = ogllz — y[|?, ¥,y € E;
(iv) relazed-accretive, if there exists a constant 5 > 0 such that

(9(x) = g(y), Jg(x —y)) > (=B)llx —y[|?, ¥V z,y € E;
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(v) Lipschitz continuous, if there exists a constant A\, > 0 such that
lg(z) =gl < Aglle = yll, ¥ 2,y € E;
(vi) n—ezpansive, if there exists a constant > 0 such that

lg(x) =gl = nllz —yll, ¥V z,y € E;
if n = 1, then it is expansive.

(vii) cocoercive, if there exists a constant 1 > 0 such that
(9(x) = 9(y), Jy(x —y)) = pllg(z) =g, ¥V =,y € E;
(viii) relazed-cocoercive, if there exists a constant v > 0 such that
{9(x) = g(y), Jg(x = y)) = (=7)llg(x) = g(W)||*, ¥V =,y € E.

Definition 3.2. A multi-valued mapping G : £ — C'B(E) is said to be
D— Lipschitz continuous, if for any x,y € F, there exists a constant Ap, > 0
such that

D(G(x),G(y)) < Apgllz —yll.

Definition 3.3 ([14]). Let H : EXE — F and A, B : E — E be mappings.
Then

(i) H(A,-) is said to be cocoercive with respect to A, if there exists a
constant p; > 0 such that

<H(A3§‘,U) - H(Ayvu)7 Jq($ - y)> Z /L1||A$ - Aqu’ v z,Y,u € Ea

(ii) H(-, B) is said to be relaxed-cocoercive with respect to B, if there exists
a constant v; > 0 such that

(H(u, Bx) = H(u, By), Jo(x —y)) = (=m)||Bx — By, V 2,y,u € E;

(ili) H(A,") is said to be ry-Lipschitz continuous with respect to A, if there
exists a constant 1 > 0 such that

(H(Az,u) — H(Ay,u), Jy(x — y)) < rillz —yll, YV z,y,u € E;



H(-,-)-Co-Accretive Mapping with an Application for Solving ... 415

(iv) H(-, B) is said to be ro-Lipschitz continuous with respect to B, if there
exists a constant r5 > 0 such that

<H(U,Bl‘) - H(’LL, By)w]q(x - y)> S T2H$ - va v €r,Y, U € E;

(v) H(A,B) is said to be symmetric cocoercive with respect to A and
B, if H(A,-) is cocoercive with respect to A and H(-, B) is relaxed-
cocoercive with respect to B.

Example 3.4. Let E = R2, with an inner product defined by

((z1,22), (Y1, 2)) = T1Y1 — T1Y2 — Tay1 + T2y
Let A, B : R? — R? be mappings defined by

2 1 1 2
Az, 22) = <§$1 + 3%2 371 + 51172) , ¥ (21,12) € R%,

1 1
B(yi,y2) = <—§y1 — Y2, —Y1 — 5@/2) ;¥ (y1,2) € R
Let H : R? x R? — R? be a mapping defined by
H(Az,Bz) = Az + Bz, V 2 € R?.
Then for any u € R2, it is easy to verify that
(H(Az,u) — H(Ay,u),z —y) > 3|| Az — Ay||*.
and
(H(u, Bx) — H(u, By),x — y) > (~2)|| Bz — Byl|*
Thus H(A, B) is symmetric cocoercive with respect to A and B.

Definition 3.5 ([17]). Let f,g: F — FE be the mappings and M : ExE —
2F be a multi-valued mapping. Then

(i) M(f,-) is said to be strongly accretive with respect to f, if there exists
a constant o > 0 such that
(u—v, Jg(z—y)) > allz—y||?, Yo,y,w € E and Yu € M(f(z),w),v €
M(f(y), w);

(il) M(-,g) is said to be relazed-accretive with respect to g, if there exists
a constant § > 0 such that
(u=v, Jy(z—=y)) = (=f)llz—=yll*, Vz,y,w € E and Yu € M(w, g(z)),
ve M(w,g(y));



416 Thai J. Math. 11 (2013)/ R. Ahmad et al.

(iii) M(f,g) is said to be symmetric accretive with respect to f and g, if
M(f,-) is strongly accretive with respect to f and M(-,g) is relaxed-
accretive with respect to g.

Now we define the following H (-, -)-co-accretive mapping.

Definition 3.6. Let A,B,f,g: E — E and H : F x F — FE be single-
valued mappings. Let M : E x E — 2F be a multi-valued mapping. The
mapping M is said to be H(-,-)-co-accretive with respect to A, B, f and
g, if H(A, B) is symmetric cocoercive with respect to A and B, M(f,g) is
symmetric accretive with respect to f and g and (H(A, B)+AM(f,g))(E) =
E, for all A > 0.

Definition 3.7. Let A,B,f,g: E — E and H : F x F — FE be single-
valued mappings. Let M : E x E — 2F be an H (-, -)-co-accretive mapping

HG) B Eis

with respect to A, B, f and g. The resolvent operator R, M(-)

defined by
RS () = [H(A, B) + AM(f,9)] 7} (u), Yu € E and A > 0.

In the rest of the paper, whenever we mention that M is H(-,-)-co-
accretive mapping, we mean that H(A, B) is symmetric cocoercive with
respect to A and B with constants pu and ~, respectively and M(f,g) is
symmetric accretive with respect to f and g with constants « and (3, re-
spectively.

Next, we prove that the resolvent operator is single-valued and Lipschitz
continuous.

Theorem 3.8. Let A,B,f,g: F — E and H : E x E — E be single-
valued mappings. Let M : E x E — 2F be an H(-,-)-co-accretive mapping
with respect to A, B, f and g. Let A be n-expansive and B be o-Lipschitz
continuous and let o« > B, >~ and n > o. Then the resolvent operator

RIS () = [H(A, B) + AM(f,9)] "} (u), Yu € E, A>0,

1s single-valued.

Proof. For any given u € E, let x,y € [H(A, B)+AM(f,g)]~!(u). It follows
that
—H(A(z), B(r)) +u € AM(f(2), g(x)),

and
—H(A(y), B(y)) +u € AM(f(y),9(y))-
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Since M is H(-,-)-co-accretive with respect to A, B, f and g, we have

(@ = P)llz = yl|* < (=H(A(z), B(z)) +u = (=H(A(y), B(y)) + u), Jy(x = y))
= (=H(A(2), B(x)) = (=H(A(y), Bv))), Jo(z = v))
= —(H(A(z), B(z)) — H(A(y), B(x)), Jy(z — y))
— (H( H(A(y), B(y)), Jo(z = y))

< (=wllA(z) = AW +~v[IB(z) — By)||“
(3.1)

Since A is n-expansive and B is o-Lipschitz continuous, thus (3.1) becomes
0<(a=pB)llz—yl* <—pn'lz —y[* + 0%z -yl
which implies that
0 < [(a—=B)+ (un? —yo)]llz — y||? < 0.

Since a > B, > v and n > o, it follows that x = y and so the resolvent
operator defined by [H (A, B)+AM(f,g)] ™! is single-valued. This completes
the proof. O

Theorem 3.9. Let A,B, f,g: ' — FE and H : ExX E — E be single-valued
mappings. Suppose M : E x E — 2F s an H(-,-)-co-accretive mapping
with respect to A, B, f and g. Let A be n-expansive and B be o-Lipschitz
continuous such that o > B, >y and n > o. Then the resolvent operator

ng\'/[() 5 : E — FE is Lipschitz continuous with constant 0, that is,

H(,
1RV @) = RS @)l < 6llu—v], ¥ u,veEand x>0,

where ¢ = A(a—ﬁ)+(1;mq—wq)'

Proof. Let u,v be any given points in E. It follws that

Ry () = [H(A, B) + AM(f, )] (u)
Ry () = [H(A,B) + AM(f.9)] " (v)

Nu—HARY) ), BEREG) ) € MRS ). g®YS) @)



418 Thai J. Math. 11 (2013)/ R. Ahmad et al.

H(-, H(-, H(-, H(-,
Lo—HARY ) @), BRSS! 0)) € MUFRYST) (), 9By ().
Since M is symmetric accretive with respect to f and g, we have

(o= B)I By (W) =Ry ) @)])

< (3o~ HAMR) [0, B )

1 . .
= 30— HAR) (), BR) ) (0)),
Jq(Rﬂ\}(),,)(U) - Rig\}(),,)(”)»

1 . .
< Sl =v T (R (w) = Ry @)

— C(H(ARIS) (), BRI ()
il @), BORY) (),
Jo(RYS ) = BYSD ()

(H(ARY ) ), BRYG (W)
— HARY) (), B(RYS;) (),
JoRIS) ) = RYS) ().

Since H is symmetric cocoercive with respect to A and B, A is n-expansive
and B is o-Lipschitz continuous, we have

(o= IR @=RY) )]
1 . .
< Slu— o Jy (B () = RS ))
1 .. .
= Sl = e IRYS ) = R @I,
or
1 .. ..
(o= B) + 3 (un? = o) IRY) ) (w) = RS @I
1 . .
< S lu— o, LRy () = Ry (),
It follows that
(u— v, Jy(RYS) () = RS ()
> o= 8) + (un? —ya ]| Ry () = RS @)1,
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H(-, H(-, _
lu— ol B (w) = RS @)

> o= 8) + (un = yo 1Ry ;) () = RS )|,

So
IRV ) = RS @)l < 0w =],
where
0= ! .
Aa = ) + (un? — o)
This completes the proof. O

Remark 3.10. Definitions 3.6, 3.7 and Theorems 3.8, 3.9 generalize the
corresponding concepts and results in [13, 16, 18-20].

Now we consider our main results.

4 System of Variational Inclusions

In this section, we apply H (-, -)-co-accretive mapping for solving a sys-
tem of variational inclusions and we assume that for each i = 1,2, F; are
gi-uniformly smooth Banach spaces with norm || - [|;.

Let Ay, By, f1,91 : F1 — FE1;A3,Bs, fa,92 © Es — E5 be nonlinear
mappings. Let S,Hy : F1 X Fy — FE1 and T,Hy : F1 X Ey — FEs be
nonlinear mappings and let M; : £y X E; — 2F1 he an H 1(+, -)-co-accretive
mapping with respect to Ay, By, fi and g; and My : Ey x Ey — 22 be
an Hj(-,-)-co-accretive mapping with respect to Ag, Bo, fo and go. Let
P: E; — 2F1 and G : E; — 272 be multi-valued mappings. We consider
the following system of variational inclusions.

Find (z,y) € E1 X FEy,u € P(z) and v € G(y) such that

01 € S(x,v) + Mi(fi1(x),q1(z));
(4.1)

b2 € T(u,y) + Ma(f2(y), 92(v)),

where 61 and 65 are the zero vectors of F and Fs, respectively.

Note that for suitable choices of mappings Ay, By, As, Bs, f1, 91, f2, 92,5,
H,T,Hy, My, Ms, P,G and the spaces E1, FEo, the system of variational in-
clusions (4.1) reduces to various systems of variational inclusions (inequal-
ities) existing in the literature.
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Lemma 4.1. For any given (z,y) € E1 X Ey,u € P(z),v € G(y), (z,y,u,v)
is a solution of the system of variational inclusions (4.1) if and only if
(z,y,u,v) satisfies

v =R\ [H (A By) (@) — M S(x,0)];

Hs (-,
y =Ry [Ha(As, Ba)(y) — AT (u, )],

where A1, Ao are two constants, R)I\{llv([\'/}'l)('f)(x) = [H1(A1, B1)+ M Mi(f1,91)]) " Hz)
and RHQ('V) (y) = [HQ(AQ, Bg) + )\2M2(f2,92)]_1(y), Ve kFE,ye€ k.

)\27M2('7')
Proof. Proof is an immediate consequence of definitions of Ril S\'/’['l)(. ) and
H2(.7.)
sz,Mz(w')' =

Based on Lemma 4.1, we define the following iterative Algorithm for
solving the system of variational inclusions (4.1).

Algorithm 4.2. For any given (xg,yo) € E1 X E9,ug € P(xg),vo € G(yo),
compute (Ty,yn) € F1 X Eg,uy € P(xy,) and vy, € G(yy,,) such that

Hi(-,
Tni1 = By T (AL By (@) = M (@, va);

yni1 = Ry [Ha(As, Ba)(yn) — AT (ttn, )
Up € P(xn)’ Hun - un+1H < D(P($n)ap($n+1))§
vn € G(Yn), |on — Vg1l < D(G(yn), G(Ynt1));

where n =0,1,2,... and A1, Ao > 0 are two constants.

Theorem 4.3. For each i = 1,2, let E; be g;-uniformly smooth Banach
spaces, A; be m;-expansive mappings and B; be o;-Lipschitz continuous
mappings. Let S, Hy : Fy x E5 — Ey be mappings such that Hy is r1-
Lipschitz continuous with respect to Ay and ro-Lipschitz continuous with
respect to By; S is dg-strongly accretive in the first argument and Ag,, As, -
Lipschitz continuous in the first and second arguments, respectively. Let
T, Hy : Fh X Ey — Es be mappings such that Ho is r3-Lipschitz continuous
with respect to As and ry4-Lipschitz continuous with respect to Bo; T is dp-
strongly accretive in the second argument and Ay, Ar,-Lipschitz continuous
in the first and second arguments, respectively. Let P : Ey — CB(Ey) is
D-Lipschitz continuous with constant Ap, and G : Ey — CB(E3) is D-
Lipschitz continuous with constant Ap,. Suppose that My : By x By — 2En
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be Hy(-,+)-co-accretive with respect to Ay, By, f1 and g1 with ay > (1, g >
1 and ny > o1; My : By x By — 252 be Hy(-,-)-co-accretive with respect to
Ao, By, fo and go with ag > Pa, o > 7o and n2 > oo. Assume that there
exist constants A1, Ay > 0 satisfying the following condition:

01 %L1+ 92)\2)\T1)\Dp <1
(4.2)
0y %/ Lo + 91)‘1)‘5'2)‘DG <1,
where
1 1

0, = ,05 = ;
YT N (o = B) + (™ =10 7T X(ag — B2) + (pan® — 720 8)

Ly = [(r1 +72)" = Mq16s + Maids, (1 +72) 77+ Mgids, + A CaA s

Ly = [(7’3 + 7’4)q2 — XA2@207 + X221, (7‘3 + 7‘4)q2_1 + da@2 A, + )\gZng)\%].

Then (z,y) € E1 x Es,u € P(x),v € G(y) is a solution of the system of
variational inclusions (4.1) and the sequences {xp},{yn}, {un} and {v,}
generated by the Algorithm 4.2 converge strongly to x,y,u and v, respec-
tively.

Proof. From Algorithm 4.2 and Theorem 3.9, we have

a1 — alls
= [R5 [H (A (), Ba(w0)) = At S (an, vn)]

R)I\{;S\/h) [ 1(A1(xp-1), B1(xn-1)) — MS(zn-1,vn-1)]|1
<91||H1(A1($n) Bi(0)) = Hi(A1(2n-1), Bi(2n-1))
= M(S(@n, vn) = S(@n—1,vn) + S(@n-1,vn) = S(@n-1,vn-1))ll1
< 01| Hy (A1 (), Bi(2n)) = Hi (A1 (2n-1), Bi(2n-1)) = M (S (2n, vn)
= S(@n—1,vn) 1 + 01\ [|S(zn—1,n) — S(@n—1,vn-1)]1,
(4.3)
where
B 1
~ Ailar = Bu) + (m® — o1 @)’

Since H; is r1-Lipschitz continuous with respect to A; and ro-Lipschitz
continuous with respect to By, S is dg-strongly accretive in the first argu-
ment and Ag,-Lipschitz continuous in the first argument and using Lemma
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2.4, we have

[ H1(A1(zn), Bi(2n)) = Hi(A1(2n-1), Bi(2n-1)) = A (S(Tn, vn) = S(@p—1,v)) |1
< || Hi(A1(zn), Bi(zn)) — Hi(A1(zn-1), Bi(zn—1))|I{"
=M@ (S(@n,vn) = S(@n-1,vn), Jg, [H1(A1(20), B1(zn))
— Hi(A1(zn-1), Bi(z-1))]) + A{' Cqu [|S (2, vn) — S(@n—1,vn) IT'
< | Hi(Ai(zn), Bi(zn)) — Hi(Ar(zn-1), Bi(n-1))|I{!
— g1 <S(xnvvn) (xn lavn) I (xn - $n—1)>
=M@ (S(n,vn) = S(@n-1,vn), Jg, [H1(A1(20), B1(zn))
— Hi(A1(zn-1), Bi(zn-1))] = Jg, (Tn — Tn—1))
+ AT Cq 1S (@n, vn) — S(Tp—1,va)|| T
< (r1+r2)" |2 — 2o |1 = Mardsllan — wpa |1
+ M@ [ S(@n,vn) = S(Tn—1,v0)[[1 X [[[H1(A1(zn), Bi(zn))
— Hy(Ay(xn-1), Bi(@n-)) |97 + |ln — pa |77
M CUAG ln — 2|27
< (r+r2)M g — zaa | = Maidsllan — zpa |1
+ M@ s [z — o1l X (11 +72) " 2 — 2 |7
+ |27 — T 1||q1 1] + XhC‘h)‘ ||xn xn—lnl{l

= Li|lzn — wn—1||1 ( )
4.4

where
L= [(7’1 + Tg)ql —A1q16s + MqiAs, (r1 + 7’2)(”_1 + AiqiAs, + X{qul)\?gll].

Since S is Ag,-Lipschitz continuous in the second argument and G is D-
Lipschitz continuous with constant Ap,,, by using Algorithm 4.2, we have

”S(xn—lyvn) - S(xn—lyvn—l)Hl < )\Sz”vn - Un—1H2
< A8, D(G(Yn), G(Yn-1)) (4.5)
< )\Sg)\DGHyn - yn—1H2~

Due to (4.4) and (4.5), (4.3) becomes

|Znt1 — zpli < 601 RN/ Li||lzn — zn-1l1 + 1M A D |Yn — Yn—1ll2. (4.6)
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Again from Algorithm 4.2 and Theorem 3.9, we have

lymsr — ynll2 = | RYZS MQ( yH2(A2(yn), B2(yn)) — AT (tn, yn)]
Rifsw; S [Ho (A5 (Y1), Ba(yn-1)) = AT (un 1, yn-1)] 12
< 02| H2(A2(yn), B2(yn)) — Ha(A2(Yn-1), B2(yn-1))
= 2T (tn, Yn) = T (uny Yn—1) + T(tn, yn—1) = T(Un-1,Yn-1))|l2
< 02||H2(A2(yn), B2(yn)) — H2(A2(yn-1), B2(yn—1))
= M2 (T (uns yn) = T(tn, yn—1)|l2

+ 0202 || T (tn, Yro—1) — T (Un—1, Yn—1)||2-
(4.7)

Since Hy is r3-Lipschitz continuous with respect to As and r4-Lipschitz
continuous with respect to Bs,T is dp-strongly accretive in the second
argument and Ap,-Lipschitz continuous in the second argument, by using
Lemma 2.4, we have

| Ha(A2(yn); B2(yn)) — H2(A2(Yn—1), B2(yn—1)) = X2 (T (un, yn) — T (tn; yn—1)[15°
< [[Ha(A2(yn), B2(yn)) — Ha(A2(yn—1), B2(yn-1))|15’
= X2q2(T (tn, Yn) — T'(Un, Yn—1), Jqs [H2(A2(yn), B2(yn))
— Ha(A2(yn—1), B2(yn—1))]) + )\gz Cos 1T (wns yn) — T (tn, yn—l)”g2
< |[Ha(A2(yn), B2(yn)) — Ha(A2(yn—1), B2(yn-1))I15°
— A2 <T(Um yn) - T(un, yn,l), Jgs (yn - yn,1)>
= X2q2(T (Un, Yn) — T'(Un, Yn—1), Jqs [H2(A2(yn), B2(yn))
— Hy(A2(yn-1), B2(Yn-1))] = Jgo (Yn — Yn—1))
+ A5 Coo | T (s yn) — T (U, yn—1)[5°
< (r3 + 1) [lyn — yn-1ll3* — A2q207 [y — Y115’
+ A2q2[| T (tns yn) — T (tn, Yn—1) |2 x [[| H2(A2(yn), B2(yn))
— Hy(Ao(yn—1), Bo(n )DL + lyn — ynal|£271]
+ AP CRAE Yn — yn—ll5®
< (r3 +7)"yn — Yyn-1ll5" — X2@207|[Yn — Yn—1]l5’
+ 20020, [Yn — Yn—1lle X [(r3 +74) 2 |yn — yn—1]
+1Yyn — Yn— 1Hq2 1] + )‘qch2/\ ”yn yn71||2
= Lollyn — yn71||2 )

|¢I2 1

(4.8)
where

Ly = [(7’3 + 7’4)q2 — X2@207 + X221, (7‘3 + 7‘4)q2_1 + Xa@2 A, + )\gZng)\%].

Since T is Ar,-Lipschitz continuous in the first argument and P is D-
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Lipschitz continuous with constant Ap,, by using Algorithm 4.2, we have

T (tns Yn—1) — T (tn—1, Yn—1)ll2 < Ay || n — un—1]1
<A D(P(zn), P(zn-1)) (4.9)

é )\Tl)\Dp ||33n - $n—1”1-

Due to (4.8) and (4.9), (4.7) becomes

lYn+1 — ynll2 < 02 R/ Lallyn — Yn—1ll2 + 222 A1y App |70 — Tn—1l1. (4.10)

Combining (4.6) and (4.10), we have

[Zn+1 = Zollt + [Yns1 — Ynllz < 101 B/ L1 + 0222 A0y App]|lTn — 2011
+ 02 R/ Lo + 0101 A5, Apcl|Yn — Yn—1ll2
< ¢(9)[”xn - xn—lul + Hyn - yn—lH2]7
(4.11)

where
¢(9) = max[91 q\l/fl + 92)\2>\T1)\Dp, 02 q€/f2 + 01)\1)\52)\DG]‘

From (4.2), it follows that 0 < ¢(6) < 1 and so (4.11) implies that {x,}
and {y,} are both Cauchy sequences. Thus there exist z,y € E such that
T, — x and y, — y as n — o0.

Now we prove that u, — u € P(x) and v, — v € G(y). In fact, it
follows from the D-Lipschitz continuities of P, G and Algorithm 4.2 that

[un+1 — unllt < D(P(wn41), P(zn)) < App |Tnt1 — 2nlh (4.12)

and

”Un—i-l - UnH2 < D(G(yn+l)7G(yn)) < )\DGHyn—i-l - yn”2 (4-13)

From (4.12) and (4.13), we know that {u,} and {v,} are also Cauchy
sequences in F. Thus there exist u,v € E such that u,, — v and v,, — v as
n — oo.

Furthermore,

d(u, P()) < |lu = unl[y + d(un, P(x))
< lw = unlls + D(P(zn), P(x))

< llu = wnlly + Apyllzn — 2l — 0, asn — o,
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which implies that d(u, P(z)) = 0. Since P(z) € CB(E), it follows that u €
P(z). Similarly, we can show that v € G(y). By continuity of H;, Ha, A, As,

B17B27M17M2757T7P,G,R)1:111‘([\2) RHQ('v')

e P Mo () and Algorithm 4.2, we have

v =R IH(AL B (@) = MS(@,v)),

y= R)ZZ,S\./’I.Q)(.,.)[H2(A27 Bo)(y) — AT (u,y)].

By Lemma 4.1, (z,y,u,v) is a solution of problem (4.1). This completes
the proof. ]

Corollary 4.4. Let P, G be the single-valued, identity mappings, My : Eq X
E; — 2F0 pe generalized Hi(-,-)-accretive mapping, My : Ey X Ey — 252
be generalized Ho(-,-)-accretive mapping and all other conditions are same
as in Theorem 4.3, then one can obtain Theorem 6.1 of Kazmi et al. [17]
without uniqueness.
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