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1 Introduction

Variational inequality theory introduced by Stampacchia [1] and Fichera [2],
has become a rich source of inspiration and motivation for the study of a large
number of problems arising in mechanics, elasticity and optimization and con-
trol problems, boundary value problems etc., see [1-17]. In the last four decades,
considerable interest has been shown in developing various classes of variational
inequalities and system of variational inequality problems. One of the most im-
portant and interesting problem in the theory of variational inequalities is the
development of numerical methods which provide an efficient and implementable
algorithm for solving variational inequalities and its generalization. This theory
provides a simple, natural and unified framework for a general treatment of unre-
lated problems, which have motivated a large number of mathematicians to gen-
eralize and extend the variational inequalities and related optimization problems
in several directions using novel techniques, see [1-17].

By using the projection technique, Noor [3], Noor et al. [4], Verma [5] studied
the existence of solution for some classes of variational and quasi-variational in-
equalities involving single and multi-valued mappings in Banach spaces. Recently,
by using the projection technique, Noor [6, 7] studied the existence of solution for
some classes of extended general variational inequalities in the setting of Hilbert
and Banach spaces.

Very recently, by using the projection technique, Chang et al. [8, 9], Cho et
al. [10], Feng et al. [11], Huang et al. [12], Noor et al. [13], Verma [14] and
Zou et al. [15] studied the existence theory for various classes of system of general
variational inequalities and system of variational inclusions in the setting of Hilbert
and Banach spaces.

Inspired by recent research works in this area, in this paper, we consider
a system of multi-valued extended general quasi-variational inequality problems
(SMEGQVIP, for short) in real Hilbert spaces. Using the projection operator tech-
nique, it is observed that the SMEGQVIP is equivalent to the system of projection
equations. This alternative equivalence formulation is used to suggest an iterative
algorithm for the SMEGQVIP. Further, we prove the existence of a solution of
SMEGQVIP and discuss the convergence analysis of iterative sequences generated
by given algorithm. The technique and results presented in this paper generalize
and improve the corresponding technique and results given in [3-15].

2 Preliminaries

Let H be a real Hilbert space whose norm and inner product are denoted by
| -]l and (-,-), respectively; let 27 be the family of all nonempty subsets of H and
let CB(H) be the family of all nonempty, closed and bounded subsets of H. The
Hausdorff metric H(-,-) on CB(H) is defined by

H(C,D) = Inax{sup inf d(z,y), sup inf d(x,y)}, C,D € CB(H).
zeCYED yeD r€C
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From now onwards, unless or otherwise stated, let I = {1, 2} be an index set and for
each i € I, let H; be areal Hilbert space whose inner product and norm are denoted
by (,-); and ||.||;, respectively. Let A,C : H; — CB(H;), B,D : Hy — CB(H3)
be multi-valued mappings and N; : H; X Ho — H;, g;,h; : H; — H; be nonlinear
mappings. Let K; : H;y — 271 and Ky : Hy — 292 be such that for each
fixed z € Hy,y € Ha, Ki(z) and Ka(y) are nonempty closed convex sets in H;
and Hj, respectively, such that (g1(x),92(y)) € domain(K;(z), K2(y)),V(z,y) €
H, x Hy. We consider the following system of multi-valued extended general
quasi-variational inequality problems (SMEGQVIP):

Find (z,y) € H1 x Ha, u € A(z), v € B(y), w € C(x), z € D(y): hi(z) €
K1(z), ha(y) € Ka(y) such that

<N1(U,’U)+h1($)—gl($), gl(vl)—hl(ac))l >0, Yvi1 € Hy 291(’01) S Kl(:v), (21)

(N2(w, 2) +ha(y) — 92(y), g2(v2) —ha(y))2 > 0, Vve € Ha : g2(v2) € Ka(y). (2.2)

The corresponding quasi-variational inequality problem has been studied in
many practical problems, K (z) has the following form K (z) = m(z)+K, Vz € H,
where m : H — H is a single-valued mapping and K is a nonempty, closed and
convex set of H.

Some Special Cases of SMEGQVIP (2.1)-(2.2):

(1) If hy = g1; ha = g2, then SMEGQVIP (2.1)-(2.2) reduces to the problem of
finding (z,y) € H1 x Ho, u € A(z), v € B(y), w € C(x), z € D(y) such that

(N1(u,v), g1(v1) —g1(x))1 >0, Yoy € Hy: g1(v1) € K1(2), (2.3)

<N2(’U),Z), gg(’l}g) — gg(y)>2 > 0, V’Ug S H2 : gg(’l}g) (S Kg(y), (24)

which is known as system of multi-valued quasi-variational inequality prob-
lems, similar type problem has been studied by many authors, see [9-14].

(2) If H = Hy = Ho; T(w,2) = Ni(+,-) = Na(, )i h=hi = hy; g=g1 =
g2; K(z) = K and = = y, then SMEGQVIP (2.1)-(2.2) reduces to the
problem of finding z € H, h(z) € K such that

(T'(x,z) + h(x) —g(x), g(v) —h(x)) >0, Yve H:g) €K, (2.5)

which is known as extended variational inequality, similar type problem has
been studied by Noor [6, 7].

Further, it is remarked that for a suitable choice of the mappings A, B,
C, D, g1, g2, h1, ho, K1, Ko, N1, No and the spaces Hi, Ho, one can obtain
many other known systems of variational inequalities, variational inequalities from
SMEGQVIP (2.1)-(2.2), see for example [3-15] and the references therein.

Now, we give the following known concepts and results which are needed in
the sequel:
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Lemma 2.1. Let K be a closed and convex set in H. Then for a given z € H,
u € K satisfies the inequality

(u—z,v—u)>0, YeK,

if and only if u = Pk (z), where Pk is the projection of H onto the closed convex
set K in H.

It is well known that the projection operator Px is nonexpansive operator,

ie.,

1Px(x) = P (y)l| < |z —yll, Yo,y € H.

Definition 2.2 ([8]). A multi-valued mapping T : H — CB(H) is said to be
&-H-Lipschitz continuous if there exists a constant £ > 0 such that

H(T(2), T(y)) < &llz —yll, Yo,y € H,
where H(-,-) is the Hausdorff metric space on CB(H).

Lemma 2.3 ([16]).

(a) Let A: H— CB(H) be a multi-valued mapping. Then for any given £ > 0
and for any gwen x,y € H and u € A(x), there exists v € A(y) such that

d(u,v) < (1+¢€) H(A(x), Aly));
(b) If T: H— C(H), then above inequality holds for & = 0.

Definition 2.4. A mapping g : H — H is said to be

(i) o-strongly monotone if there exists a constant o > 0 such that
(9(x) = 9(y),x —y) > ollz — y||* Va,y € H;

(ii) 0-Lipschitz continuous if there exists a constant § > 0 such that
llg(z) = g(w)ll < dllx =yl Yo,y € H.

Definition 2.5. Let A,C : H; — CB(Hy), B,D : Hy — CB(Hs). A mapping
Ni : Hy x Hy — H; is said to be

(i) aq-strongly monotone with respect to A in the first argument if there exists
a constant oy > 0 such that

(N1(u1,v) — Ni(u2,v),x1 — 2)1 > aqlzr — 221,

V1,29 € Hy,y € Ho,up € A(x1),us € A(x2),v € B(y);
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(i1) (6B1,7v1)-mized Lipschitz continuous if there exist constants 81,v1 > 0 such
that

| N1(u1,v1) — Ni(uz,v2)|[1 < Biflur — uz|1 + y1llvr — v2l|2,
r1,72 € Hi,y1,y2 € Ha,u1 € A(21),u2 € A(z2),v1 € B(y1),v2 € B(y2).

Definition 2.6. A mapping h : H — H is said to be relazed (d, e)-cocoercive if
there exist constants d, e > 0 such that

(h(w1) = h(x2), 21 — 22) > —d|[h(x1) — h(w2)[|* + ellw1 — 22|, Va1, 22 € H.

Remark 2.7. The class of relaxed (d, e)-cocoercive mappings is more general than
the class of strongly monotone mappings, see [5, 9-14].

Lemma 2.8. Let H be a Hilbert space. Then for any x,y € H,
lz +ylI* < ll2l|* + (y, 2 +y).

Lemma 2.9 ([15]). Let {c,} and {k,} be two real sequences of nonnegative num-
bers that satisfy the following conditions:

(i) 0<k, <1 forn=0,1,2, ..., and limsup,k, < 1,
(11) cni1 < kn cp forn=0,1,2,...
Then {c,} converges to 0 as n — oc.

Assumption 2.10. The operator Py, () satisfies the condition:

HPKl(wl)(z) — PKI(IZ)(Z)H <wn||x1 — x2||,Vr1,22,2 € H1, 1 > 0 is a constant.

3 Main Results

First we establish an equivalence between SMEGQVIP (2.1)-(2.2) and system
of projection equations and then using this equivalence to prove the existence of
a solution of SMEGQVIP (2.1)-(2.2).

Lemma 3.1. For any given (x,y) € Hy X Ha, u € A(z),v € B(y),w € C(z),z €
D(y) : hi(z) € K1(z), ha(y) € Ka2(y), (z,y,u,v,w, 2) is a solution of SMEGQVIP
(2.1)-(2.2) if and only if (x,y,u,v,w, z) satisfies the system of projection equations

hi(z) = Pg,(x)[91(x) — p1N1(u,v)],
ha(y) = Pr,(y)[92(y) — p2N2(w, 2)],
where p1, p2 > 0 are constants.

Using Lemma 2.3 and Lemma 3.1, we suggest and analyze the following iter-
ative algorithm for finding the approximate solution of SMEGQVIP (2.1)-(2.2) in
Hilbert spaces.



404 Thai J. Math. 11 (2013)/ S.A. Al-Mezel and F.A. Khan

Iterative Algorithm 3.2. For given (xo,y0) € Hi X Ha, ug € A(xo),v0 €
B(yo),wo € C(xo), 20 € D(yo), compute approximate solution (Tn, Yn, Un, Un, Wy, Zn)
given by iterative schemes:

hi(eni1) = Pr, (@) [91(2n) — P1N1 (tn, vn)]; (3.1)
ha(yn+1) = Prcy(y,) [92(Yn) — p2Na(wn, 2n)], (3.2)

Un € A(zn) @ |[tns1 —un|| < ( (I+n) ) Hi(A(zn41), Azn)), (3.3)
Un € B(yn) : |lvn1 —vall < (14 (1 +0)7") Ha(B(ynt1), Blya)),  (3.4)
wy, € C(zn) ¢ ||wng1 —wyl] < (141 +n)"") Hi(C(znt1),Clzn)), (3.5)
) (3.6)

ZnED(yn ||Zn+1_zn|| < (1 (1+”) ) ( (ynJrl) (yn))

where n =0,1,2,...; p1,p2 > 0 are constants.

Now, we prove the existence of a solution of SMEGQVIP (2.1)-(2.2) for some
relaxed (d, e)-cocoercive mappings which are not Lipschitz continuous and discuss
the convergence analysis for Iterative Algorithm 3.2.

Theorem 3.3. Let A,C : Hi — CB(H;) be p1-Hi-Lipschitz, ps-Hi-Lipschitz
continuous and B, D : Hy — CB(Hz) be n1-Ha-Lipschitz, na-Ha-Lipschitz contin-
uous, respectively. Let the mapping N1 is aq-strongly monotone in the first argu-
ment with respect to A and (81,71)-mized Lipschitz continuous; No be ag-strongly
monotone in the second argument with respect to D and (Ba2,72)-mized Lipschitz
continuous. For each i = 1,2, let h; be relaxed (d;, e;)-cocoercive mappings; g; be
oi-strongly monotone and 6;-Lipschitz continuous mappings. Let Ky : Hy — 2t
and Ko : Hy — 212 be such that for each fized v € Hy,y € Ha, Ki(z) and Ka(y)
are nonempty closed convex sets in Hi and Hs, respectively. Suppose that there
are constants v1,vs > 0 such that

1Py (21) () = Py () (@) | < nallwy — w2, Vo, 21,22 € Hi, (3.7)
|‘PK2(U1)(y) - PK1(’U2)(y)H < V2||y1 - yQHa vyaylayQ € H27 (38)

and p1, p2 > 0 satisfy the following condition:

2 (\/1 201 + 02 + /1 —2p1aq + p2B3u3 + vy + pgﬁm) <1;

eath (\/1 — 202 + 05 + /1 — 2p200 + p39305 + 12 + 0171771) <L

(3.9)
Then iterative sequence {(Tn,Yn, Un, Un, Wy, 2n)} generated by Iterative Algorithm
3.2 converges strongly to (x,y,u,v,w, z), a solution of SMEGQVIP (2.1)-(2.2).

Proof. Since for each i = 1,2, h; is relaxed (d;, e;)-cocoercive and by using Lemma
2.8, we have the following estimate:
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|l Znt1 — xn”%
= [|h1(@ns1) = h1(@n) + Tpi1 — 2n — (M1 (2pg1) = ha(zn)) |7
< ha(@nga) = ha(@a)[[F = 2(h1(@n11) = ha(2n) = Tyt + Tn, Tagr — Ta1
< (1+2d1) || (2ng1) = ha ()T = (24 2e1)[[2n g1 — 2|7

which implies that

1+ 2d;
il — Tp < hi(zy, — hi(zy)||1. 3.10
[Zn+1 — 2nll e 13 [h1(@nt1) = ha(zn) s (3.10)
Similarly, we have
1+ 2dy
n - Yn < h n —h n . 311
Yn+1 — ynll2 < T lP2(ynt1) — ha(yn)ll2 (3.11)

Now, we have

71 (znt1) = haan)ll
= || Pk, (2,,)(91(xn) = p1N1(Un,vn)) = P, (2, 1) (91 (2n—1) = p1 N1 (tn—1,vn—1)) |11
<P, 20y (91(2n) = p1N1(Un, V) = Pr,y(2,)(91(Tn—1) = p1N1(tn—1,vn-1))|11
+ 1Py (@) (91 (Tn—1) — p1 N1 (Un—1,vn-1))
= Pr, (2 1) (91(2n-1) — p1N1(un—1,v-1))[11
< g1 (zn) — g1(zn-1) — (Tn—1 — zn)|x
+ ||xn—1 —Tn — pP1 (Nl (um Un) — N1 (Un-1, Un))”l
+ p1|| N1 (n—1,0n) = N1(tn—1,0n-1)|l1 + v1||Tn — Zn-1]|1- (3.12)
Next, using aq-strongly monotonicity with respect to A in the first argument and
(B1,71)-mixed Lipschitz continuity of Np(-,-); p1-Hi-Lipschitz continuity of A;
1m-He-Lipschitz continuity of B, it follows that
lzn — 2n—1 — p1(N1(tn, vn) — Ni(un—1, vn)”%
< Hxn - xn—llﬁ —2p1 <N1 (um Un) — N1 (tn-1, Un)vxn - xn—1>1
+ p%”Nl(umvn) - Nl(unflvvn)ni
|z — xn—llﬁ —2prou ||z, — xn—llﬁ + P%ﬁ%/ﬁ(l +(1+ n)il)QHxn - xn—llﬁ
1

<
< (1= 2pan + PBUE L+ (L4 1) )| — 2o, (3.13)

and
[ N1 (tn—1,vn) = Ni(tn-1,vn-1)ll1 < ym L+ 1 +n)"lyn — yn-1ll2.  (3.14)
Similarly, we estimate

lzn — 2n—1— (g1(zn) — gl(xn—l))”% <(1-201+ 5%)”5571 - xn—llﬁv (3.15)



406 Thai J. Math. 11 (2013)/ S.A. Al-Mezel and F.A. Khan

where ¢1 is o1-strongly monotone and d;-mixed Lipschitz continuous.
From (3.10) and (3.12)-(3.15), we have

”xn-i-l - xn”l

14 2d;
= \/; K\/l — 201+ 82 +4/1 - 20100 + BB+ (1+7)71)? +V1)

1
n = Tn— L+ —— ) lyn — yn-1l3] - 3.16
llen = sl +orns (1 1) oo = o] (3.16)

Also, we have

[h2(Yn+1) — h2(yn)ll2
= | Py (yn)(92(yn) — p2N2(Wn; 2n)) — Picy(y, 1) (92(Yn—1) — paNa(wn—1, 2n—1))||2
< Pry(ya) (92(yn) = p2N2(Wns 20)) = Prey(y,) (92(Yn—1) — p2Na(wn—1, 2n—1))l|2
+ 1P (yn) (92(n—1) = p2No(wWn—1, 2n-1)) = Py (yn_1)(92(Yn—1)
— paNa(Wn—1,2n-1))l|2
< g2(yn) = 92(yn—1) = (Yn—1 — yn)ll2
+[yn—1 = Yn — p2(Na2(wn, 2n) — Na(wn, 2n—1))ll2
+ p2||Na(wn; 2n—1) — Na(Wn—1, 2n-1)]2 + v2[[yn — Yn-12- (3.17)

Next, using as-strongly monotonicity with respect to D in the second argument
and (02,72)-mixed Lipschitz continuity of Na(-,-); pa-Hi-Lipschitz continuity of
C'; no-Ho-Lipschitz continuity of D, it follows that

9 = Yn—1 — pa(Na(wn, 2n) = Na(wn, 20—1)|l5
< yn = Yn-1ll3 = 2p2(No(wn, 20) = Na(wn, 2n—1); Yn = Yn—1)2
+ P3| Na(wn, 2n) = No(wn, zn—1)|l3
<lyn = yn-1l3 = 2p202)lyn = yu—1ll3 + p37am3 (1 + (1 + 7)) lyn — yn-1l3
< (1= 2paas + psyan3 (14 (L+1) ")) lyn — yn-1ll3, (3.18)
and
[N2(wn, 2n—1) = Na(wn—1, 2n-1)ll2 < Bapro(1 + (L +n) " l|zp — zp_1f1. (3.19)
Similarly, we estimate
[9n = Yn—1 = (92(yn) — 92(yn—1))[13 < (1 = 202 + 63)|Yn — Yyn—11l3, (3.20)

where gy is o9-strongly monotone and d2-mixed Lipschitz continuous.
From (3.11) and (3.17)-(3.20), we have

lYn+t1 — ynll2

1+2d
= \/E K\/l — 203+ 63 + /1~ 2200 + p33m3(1 + (14+m)~1)2 + y2>
2

1
B = sn-alla +paams (14 1= ) o =z ] (3.21)
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From (3.16) and (3.21), we have

lZn+1 = Znllt + 1Ynt1 — Ynllz = k7 |20 — 2n-1llt + E3|Yn — Yn-1]l2
<O (|zn — wnalls + [[Yn — Ynall2),  (3.22)

where 0" = max{k7, k}},

ki =/ é:l—%rd:ls (\/1 — 201 + 02 + /1 —2p1aq + p3 B2 (L") + vy + Pzﬁzﬂan) ,

k=) 52k (\/1 — 203 + 63 + /1 — 2p2c2 + p373N3(L™)? + 12 + pmmL") ,
L":=(1+(1+n)"1t).

(3.23)
Letting 6" — 6 as n — oo (k' — k1, k% — ko as n — 00), where 8 = max{ki, k2};

k1= /;:fjé (\/1 — 201 + 67 + /1 = 2p1a1 + p3B2u3 + 11 + pgﬁgug) ,

ky 1= /324 (\/1 — 209 + 62 + /1 — 2pas + p3730¢ + v + pmnl) .
(3.24)
Now, define the norm || - ||« on Hy x Hs by

(@, y)ll« = llzlls +llyll2, ¥V(z,y) € Hi x Hy. (3.25)

It is observe that (Hy x Ha, || - ||«) is a Banach space. Hence (3.22) implies that

[(@n+15 Ynt1) = (@n, Yn) s < O (s yn) — (Tn—1, Yn—1) ||+ (3.26)

By condition (3.24), it follows that # < 1. Hence 6,, < 1 for sufficiently large n.
Therefore, (3.26) implies that {(zn,yn)} is a Cauchy sequence in Hy x Hy. Let
(Tn,yn) — (x,y) € Hy X Hy as n — oo. By pi-H-Lipschitz continuity of A and
Tterative Algorithm 3.2, we have

fun = wp—1lly < (1+ (1 +n)"") Hi(A(zn), A(zn-1))
<A+0+n)"Y wmllzn — 201l (3.27)
Since {x,} is a Cauchy sequence in H;. Hence there exists u € H; such that
{un} — u as n — oo. Similarly, we can show that {v,} € Hs,{w,} € H; and

{zn} € Hj are Cauchy sequences and hence there exist v € Hy,w € Hy and z € Hy
such that {v,} — v,{w,} — w and {z,} — 2z as n — occ.

Next, we claim that u € A(x). Since u,—1 € A(zp_1), we have
d(u, A(z)) < |lu = un-1l[s + d(un—1, A(z))
< Ju—tun s + Hi(Alzn-1), A(z))
<||lu—up—1]]1 + g1 ||2n-1 — z||1 — 0 as n — oc. (3.28)
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Since A(z) is closed, we have u € A(z). Similarly, we can show that v € B(y),w €
C(z) and z € D(y). Furthermore, continuity of the mappings A, B, C, D, g1, g2, h1, ha,
K1, K2, N1, N2, Pk, (2), Pk, (y) and Iterative Algorithm 3.2 gives that

hi(x) = Pk, (2)[91(x) — p1N1(u,v)], (3.29)
ha(x) = Pr,(2)[92(y) — p2Na(w, 2)]. (3.30)
Finally, we define
w1 = Pr, (2)[91(2) — p1N1(u,v)], (3.31)
w2 = P, (2)[92(y) — p2N2(w, 2)]. (3.32)

Now, we estimate:

I @as1) = wills < (Vl — 200 + 67+ /1~ 20100 + pRB2R (L) + ) o — 2l
+ prym L™ lyn — yll3, (3.33)

and

[he(@n41) — well2 < (\/1 — 203+ 03 + \/1 — 2pz02 + p373m3 (L")? + ’/2> 1yn —yll2
+ p2 B L™ ||z, — z||3. (3.34)
Now, it follows from (3.25), (3.33) and (3.34) that

[(h1(Zn+1), h2(Yn+1)) — (w1, wa) [« = [|h1(Tns1) — will1 + [[h2(ynt1) — wall2
< 0" (|lzn — /1 + llyn — yll2)

— 0, as n — oc. (3.35)
Thus,
hi(z) = w1 = Pg, (2)[91(x) — p1N1(u, v)], (3.36)
ha(y) = w2 = Prey y)[92(y) — paNa(w, 2)]. (3.37)
By Lemma 3.1, it follows that (z,y,u,v,w, z) is a solution of SMEGQVIP (2.1)-
(2.2). This completes the proof. O
Remark 3.4.

(i) For i = 1,2, it is clear that o; < 6;. Further, 8 < 1 and condition (5.9)
holds for some suitable set values of constants, for example,

o (¥ = 0.4,61 = 0.4,")/1 = 0.1,0’1 = 0.1,51 = 0.2,,[14 = 1,771 = 1,V1 =
0.1,p1 = 0.1.

® (g = 0.2,62 = 0.3,")/2 = 0.2,0’2 = 0.2,52 = 0.3,[&2 = 1,772 = 1,V2 =
0.2, p2 = 0.2.
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(i) The proof of theorem presented in this paper for SMEGQVIP (2.1)-(2.2)

under the assumption of relazed (d,e)-cocoercivity on mappings h1 and ha,
need further research effort.

(iii) Using the method presented in this paper, one can extend the existence result

for the system of n-generalized quasi-variational inequality problems.
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