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1 Introduction

In order to extend the notion of convergence of sequences, statistical conver-
gence of sequences was introduced by Fast [1] and Schoenberg [2] independently.
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It is also found in Zygmund [3]. Later on it was studied from sequence space point
of view and linked with summability theory by Tripathy ([4, 5]), Tripathy and Sen
[6], Rath and Tripathy [7], Fridy [8], Kwon [9], Nuray and Savas [10], Salat [11],
Altin [12] and many others.

The notion depends on the idea of asymptotic density of subsets of the set N
of natural numbers. A subset A of N is said to have natural density 6(A) if

1 n
A) = lim - k) exist
3(A) n;ﬂ;on;xfx( ) exists,

where x4 is the characteristic function of A. Clearly all-finite subsets of N have
zero natural density and §(A°) =6(N — A) =1 —5(A).

A sequence (zy,) is said to be statistically convergent to L, if for any € > 0, we
have 6{(k € N : |z — L| > £)} = 0. We write z 2% L or stat — limy_.oozy = L.
For two sequences (zx) and (yx), we say that xy # yi for almost all k£ (in short
a.ak.) if 0({ke€ N :x, =yr}) =0.

Let x € w and let p be a positive real number. The sequence x is said to be
strongly p-Cesaro summable if there is a complex number L such that,

1 n
lim— - LIF =0.

We say that x is strongly p-Cesaro summable to L.

The concept of fuzzy set theory was introduced by Zadeh in the year 1965.
Gradually the potential of the notion of fuzzy set was realized by the scientific
group and many researchers were motivated for further investigation and its ap-
plication. It has been applied for the studies in almost all the branches of science,
where mathematics plays a role. Workers on sequence spaces have also applied the
notion and introduced sequences of fuzzy real numbers and studied their different
properties. The concept of fuzzyness has been applied in various fields like Cyber-
natics, Artificial Intelligence, Expert System and Fuzzy control, Pattern recogni-
tion, Operation research, Decision making, Image analysis, Projectiles, Probability
theory, Agriculture, Weather forecasting etc. The fuzzyness of all the subjects of
Mathematical Sciences have been investigated. Fuzzy probability theory is known
as Possibility theory. The notion of statistical convergence of sequences has rela-
tionship with possibility theory. The distribution that is used in case of statistical
convergence is uniform distribution. The notion of statistical convergence is same
as the notion of almost sure convergence of probability theory. The results on
almost sure convergence are of single sequence type.

The notion of fuzzy set theory has been applied for investigating different
classes of sequences. We have listed some of the papers mostly recent in the list
of references. We have observed that only a few papers have been published on
sequence spaces of fuzzy numbers till date. Therefore we were motivated by the
recent publications as well as the application of the notion of fuzzy set.

Sequences of fuzzy numbers have been discussed by Nuray and Savas [10],
Kwon [9], Tripathy and Dutta ([13, 14]), Tripathy and Sarma [15], Altin [12], Altin
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et al. [16], Altin et al. [17] and many others. Nuray and Savas [10] introduced the
concept of statistically convergent sequences of fuzzy real numbers.

Kizmaz [4] studied the notion of difference sequence spaces at the initial stage.
Kizmaz [18] introduced and investigated the difference sequence spaces £ (A),
¢(A) and ¢p(A) for crisp sets. The notion is defined as follows:

Z(A) ={x = (zx) : (Azy) € Z},

for Z = £y, c and ¢, where Az = (Axg) = (X — Tp11)-
The above spaces are Banach spaces, normed by,

| @ [|a= fa1] + sup|Awzy|.
k

The idea of Kizmaz [18] was applied to introduce different type of difference se-
quence spaces and study their different properties by Tripathy [5], Tripathy et al.
[19], Tripathy and Mahanta [20], Tripathy and Sen [6] and many others.

Tripathy and Esi [21] introduced the new type of difference sequence spaces,
for fixed m € N by,

Z(Am) = {$ = (.’L‘k) : (Aka) S Z},

for Z = €, c and ¢ where Az = (Apzk) = (T — Tiotm)-
The above spaces are Banach spaces, normed by,

m
H x ||A7n: Z|$T| + S2P|Amxk|'

r=1

Tripathy et al. [22] further generalized this notion and introduced the follow-
ing. Form>1andn > 1,

Z(A%) = {z = (zy) : (AL,2x) € Z},

for Z = lo,c and ¢y. Where (A" zy) = (A% Loy — A%ty ,,) for all kK € N.
This generalized difference notion has the following binomial representation,

Ay = i(—l)r(ﬁ) — (11)

r=0

An Orlicz function is a function M : [0,00) — [0,00), which is continuous,
non-decreasing and convex with M (0) = 0, M (z) > 0, for x > 0 and M (z) — oo,
as ¢ — 00. An Orlicz function M is said to satisfy Aa-condition for all values
of z, if there exists a constant K > 0, such that M(Lx) < KLM/(x), for all
x > 0 and for L > 1. If the convexity of the Orlicz function is replaced by
M(z+y) < M(z)+ M(y), then this function is called as modulus function. In the
recent past different classes of sequences have been introduced and investigated
using modulus function by Tripathy and Chandra [23], Esi and Tripathy [24],
Lindenstrauss and Tzafriri [25], Et et al. [26] and many others.
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Remark 1.1. An Orlicz function satisfies the inequality M (Ax) < AM (x) for all
A with 0 < A < 1.

Throughout the article w’', ¥, ¢£ represent the classes of all, absolutely sum-
mable and bounded sequences of fuzzy real numbers respectively.

2 Preliminaries

A fuzzy real number X is a fuzzy set on R, i.e. a mapping X : R — I(= [0, 1])
associating each real number ¢ with its grade of membership X (¢). A fuzzy real
number X is called convez if X (t) > X(s)AX(r) =min(X(s), X (r)), where s <
t < r. If there exists to € R such that X (to) = 1, then the fuzzy real number X is
called normal. A fuzzy real number X is said to be upper semi-continuous if for
each e > 0, X 1([0,a + ¢)), for all a € I, is open in the usual topology of R.

The class of all upper semi-continuous, normal, convex fuzzy real numbers is
denoted by R(I). For X € R(I), the a-level set X® for 0 < o < 1 is defined by,
X*={te R:X(t) > a}. The 0-level of X i.e. X" is the closure of strong 0-cut,
ie. cd{te R:X(t) > 0}.

The absolute value of X € R(I) i.e. |X| is defined by

f max{X(t),X(-t)} for t > 0;
|X1(t) = { 0 otherwise.

For r € R,7 € R(I) is defined by

PR | fort =r;
T(t) = { 0 otherwise.

The additive identity and multiplicative identity of R(I) are denoted by 0 and
T respectively. The zero sequence of fuzzy real numbers is denoted by 6.

Let D be the set of all closed bounded intervals X = [XT X%]. Define
d: DxD — RbydX,Y)= max {|XF — YE||X® — YE|}. Then clearly
(D,d) is a complete metric space. Define d : R(I) x R(I) — R by d(X,Y) =
toae UX YY), for X, Y € R(I). Then it is well known that (R(I),d) is a
complete metric space.

A sequence X = (X,,) of fuzzy real numbers is said to converge to the fuzzy
number Xy, if for every e > 0, there exists ng € N such that d(X,, Xo) < ¢, for
all n > ng. A sequence space E is said to be solid if (Y,,) € E, whenever (X,,) € E
and |Y,| < |X,|, for all n € N. A sequence space F is said to be monotone if E
contains the canonical pre-images of all its step spaces.

Let X = (X,,) be a sequence, then S(X) denotes the set of all permutations of
the elements of (X,,) i.e. S(X) = {(Xz(n)) : 7 is a permutation of N}. A sequence
space E is said to be symmetric if S(X) C F for all X € E. A sequence space F
is said to be convergence-free if (Y,,) € E whenever (X,,) € E and X,, = 0 implies
Y,, = 0. Sequences of fuzzy numbers have been investigated by Kwon [9], Nuray
[10], Altin [12], Tripathy and Dutta [13, 14], Tripathy and Sarma [15], Et et al.
[27] and others.
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Remark 2.1. A sequence space E is solid implies that E is monotone.

Lindenstrauss and Tzafriri [25] used the notion of Orlicz function and intro-
duced the sequence space:

EM:{(:vk)ew:ZM<%> < 00, forsomep>0}.

k=1

The space £); with the norm,

| (o) ||= inf {p>o:ZM<"”"—p’“') < 1},

k=1

becomes a Banach space, which is called an Orlicz sequence space. The space £ is
closely related to the space ¢, , which is an Orlicz sequence space with M (z) = 2P,
for 1 <p < 0.

In the later stage different classes of Orlicz sequence spaces have been in-
troduced and investigated by Tripathy et al. [19], Tripathy and Mahanta [20],

Tripathy and Sarma [15] and many others.
In this article we introduce the following sequence spaces.

AT X, L))

e(M,Am)F = {(Xk) ew” : stat-lim M <d( =0, for some p > 0,L € R(I)},

To(M, AT = {(Xk) € w’ : stat-lim M <7d(A7”Xk70)) = 0, for some p > 0}7
P
n FIAT P
WM, AL )T — {m) ewt i 137 (v (LaaXL D))"
n—oo M b1 p

for some p > 0,L € R(I)}.

Also, we define,

m" (M) =e(M, A})" N lo(M, A7),
mb (M) =eo(M, A" Nl (M, A”)F.

3 Main Results

Theorem 3.1. The spaces m* (M) and m& (M) are complete metric spaces by
the metric,

d(AR Xy, A;Yk)) _ 1}
p — Y

n(X,Y)=> d(X,,Y,)+ inf{p >0:sup M (
k

r=1

for X, Y € m¥ (M) and m& (M) .



362 Thai J. Math. 11 (2013)/ B.C. Tripathy and S. Borgohain

Proof. Consider the class of sequences m (M). Let (X)) be a Cauchy sequence
in m? (M) such that X = (X {7y .

Let € > 0 be given. For a fixed z¢p > 0, choose r > 0 such that M (%“) > 1.
Then there exists a positive integer ng = ng(e) such that

n(X(i),X(j)) < ,
TX0

for all 7,5 > ng.
By the definition of n we get,

EAnX(i) AnX(j)
E (X ’)X(J)+1nf{p>0:supM<( mXp A Xy ) <1lp<e (31)
k p

for all 7,j > ng. Which implies,

> dx,y9)) <&, foralli,j > no

r=1

=dXD, YD) <e, foralli,j > ng,r=1,2,3,...,mn.
Hence ( T(i)) is a Cauchy sequence in R(I), so it is convergent in R(I), by the
completeness property of R(I), for r =1,2,3,...,mn

Let .
lim XT(Z) =X,, forr=1,2,3,...,mn. (3.2)
Also,
d(AP X(i) AT X(j)
supM(( mXp o A X <1, forall 4,5 > ng (3.3)
k P

:M( ( ﬁx%’x’@»k ) =1 SM(%)’ for all &, = no.

Since M is continuous, we get

d(AT X,gl JAY X(J)) 2 XWX ])) for all i,j > ng

rry €

= E(Ankai)a A"kaj ) < , for all i,5 > ng

DO ™

)
e

=X AL X)) < 5,

for all 7, > nyg.

Which implies (A}, X ,51)) is a Cauchy sequence in R(I) and so it is convergent in
R(I) by the completeness property of R(I).
Let, lim; A%X,gl) =Y} (say), in R(I), for each k € N. We have to prove that,

lim X = X and X € m®(M).
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For k = 1, we get, from (1.1) and (3.2),
()

hHl anJrl = Amn+1-
11— 00
Proceeding in this way by using principle of induction, we get

lim X,gi) = X}, for each k € N.

Also, lim;_, o A%X,gi) = A} X, for each k € N.
Now, taking j — oo and fixing 7 and using the continuity of M, it follows from
(3.3),

dar x\V An x
supM( (AnXe ' Am k)> <1, for some p > 0.
k p

Now on taking the infimum of such p’s, we get

danx? A x
inf{p>0:supM( (An Xy A k)> §1} <eg, foralli>ng ( by (1.1)).
k p

Hence, we get

on_ daar xD A x
> d(x, X,) + inf {p>0:supM< (An X A, ’“)> §1}<€+5_25,
—) k P

for all i > ng. Which implies, n(X®, X) < 2¢, for all i > ng, i.e. lim; X = X,
Now, it is to show that X € m (M).
Let X € m®(M). Then, for each i there exists L; such that

dar x| L

stat-klim M ( 5 1)> =0, for some p > 0,L; € R(I), for eachi € N.

We have to show that,

1. (L;) converges to L, for i — oo.
2. stat-limy_, oo M (w) =0, for some p > 0,L € R(I).

Since (X®) is a convergent sequence of elements from m? (M), so for a given
€ > 0, there exists ng € N, such that,

X xy < &
77( ? ) 3

Again, for given € > 0, we have

§(A) =0 ({k eN:n(XD, L) < %}) ~ 1.
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and

N (XD Ly < 1) =
5(A;) 6({keN.n(X L) < 3}) 1.
Let A= A; N A;, then §(A) = 1. We choose k € A. Then for each i, j > no,

we have

A
=

_|_

(Li, XW) + (X0, XD) 4+ (XD, L)
3
T3

™ wlm
Wl m

Since the sequence (L;) fulfills the Cauchy condition for convergence, it must
be convergent to a fuzzy real number L (say). Hence, lim; o, L; = L. Let £ > 0.
We show that
S(F)=0({ke N:n(Xy,L) <&} =1.

Since X (™) — X, there exists ¢ € N, such that

£

n(X9, x) < > (3.4)

The number ¢ can be chosen in such a way that together with (3.4) we have

WL D) < 5

dam x{9 L)

Since stat—limk_,ooM< >

= 0, we have a subset B of N such that

§(B) =1, where, B={k € N : (X9 L,) < %} Therefore, for each k € B, we
have

(X9, Lg) +n(Lq, L)

=
=
S
IN
=
+ =
=
+

This completes the proof of the theorem.
Proof is similar for m{ (M). O

Theorem 3.2. The sequence spaces ¢(M, A" )E eo(M, Am ) mE (M) and m& (M)
are neither solid nor monotone in general.

Proof. The result follows from the following example:

Example 3.3. Consider the sequence space Go(M,A)F. Let Xy = k, for all
ke K C N, with 0(K) =1. Let m = 3 and n = 2. Let M(z) = ||, for all
x €[0,00). Then, we have d(A3Xy,0) =0, for all k € K C N. Hence, we get

d(A2X},0)

stat-limM (
P

) =0, for some p > 0.
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Which implies that, (Xy) € ¢(M, A2)F.
Consider the sequence (ay,) of scalars defined by

{1 k=2n,n€ N;
O = 0

otherwise.
Now,
[k fork=2n—1,n € N;
Xy, = { 0 otherwise.
So,

k for k odd,

(Do X, 0) = { k+1 for k even.
Which shows that, (a Xx) € ¢(M, A)F. Hence, ©(M, A" ) is not solid, in general.

Proofs are similar for the other spaces also. [l

Theorem 3.4. The sequence spaces &(M, A" ) eo(M, Am)E mE (M) and mE (M)
are neither symmetric nor convergence free.

Proof. The result follows from the following example:

Example 3.5. Consider the sequence space ¢o(M, A" )F. Let m = 1,n = 1. Let
M(x) = 23 for all x € [0,00). Taking the focus at a and following the standard
formula of parabolic type fuzzy number,

a=—(r—a)*+1.

Consider the sequence (X}) defined as follows:
For k = i%i € N, Xp(t) = —(t —k)>+ 1, for t € [-(1 +k),(1+ k)] and
X =0, otherwise. Then, for k=12 and i*> —1,i € N,

—(2k% + 4k +1) (2k* +4k+1)

AXp(t)=—(t—k)?+1 t
() = (= R+ 1, for e | =t

and AXy, = 0, otherwise. So, (X) € ¢o(M, A™)F. Let (Yy) be a re-arrangement of
(Xk), such that, for k =2i,i € N,Y,(t) = —(t —k)*+1, fort € [-(1+ k), (1 + k)]
and Yy, = 0, otherwise. So that, for k odd,

[—(2k* + 4k +1) (2k* +4k+1)]
AY(t) = —(t—k)* +1 t (
() = (=R 41, for te | —— e

and AY}, = 0, otherwise. For k even,

[—(2k? + 4k +1) (2k*+4k+1)]
AYi(t) = —(t—k)* +1 t (
()=~ KP4, for te | =

and AY}, = 0, otherwise. Which implies, (Yy) & ¢o(M, A" )Y, Hence eo(M, Am)F
is not symmetric in general.
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Proof is similar for convergence- free also. O

Theorem 3.6. Let M, Myand Msybe Orlicz functions satisfying As-condition.
Then,

(Z) mF(Ml) - mF(MoMl);
(ZZ) mF(Ml) n mF(MQ) g mF(M1 + MQ)

Proof. (i) Let (X)) € m% (M;). For & > 0, there exists n > 0 such that e = M(n).
Then there exists a set K C N, with §(K) = 1 such that

M, (d(Akaa L)

> <, for all k € K and for some p > 0.
p

Let _
d(A? X, L)

p

Since M is continuous and non-decreasing, we get

Yk_Ml( >,forsomep>0.

M(Yy) =M (Ml (W)) < M(n) = ¢, for some p > 0.

Which implies, (Xx) € m® (M o M;). This completes the proof.
(i) Let (Xi) € mf (My) N mf(My). Then there exists a set K C N, with
§(K) =1 such that

M, (d(Aka,L)

><£, for all k € K and for some p > 0
p

and

d(A™ X, L
M, <%) < ¢, for all k € K and for some p > 0.

The rest of the proof follows from the equality,

E(A;Xk,L)) Y (E(A;;(k,fz)> .y (E(A;Xk,L))

(M + My) ( 5

<e4e=2

for some p > 0. Which implies that (Xz) € m¥ (M + M;). This completes the
proof. O

Theorem 3.7.
(i) W(M, AL, p)F C (M, An)E.

(i) For X = (Xx) € (M, A", (Xy) is strongly p-Cesaro summable to Xo, if
it 1is bounded.
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Proof. (i) Let (Xx) € W(M, A" p)f'. For any ¢ > 0 and p € R,0 < p < 0o and
using the continuity of M, we get
d(A? X, X,
e o (25 =<
p

n ] n p

Z |:M <d(Aka7X0)):| > eP.
k=1 P

for some p > 0. It follows that (Xj) is statistically convergent to Xy. Hence,

(Xy) €e(M, A" = W (M, A" p)F' Ce(M,A")F. It completes the proof.

(ii) Let € > 0 be given and let K = d(X,0) + d(X,0). Since X = (X}) €
m¥ (M) is bounded and statistically convergent to Xg, there is a positive number
N(e) such that

— »
1 {kgn[M<M)} ZE} <i, for all n > N(e).
n 0 2 KP

Now, set

e [ (] )

Then for all n > N(e), we have

()

k=1 P
1 d(A7 Xk, Xo)\ 1" d(A7 Xk, Xo)\ 1"
S\ 2 ) 2 ()] ) <
" \ker, P k€L, k<n P
for some fixed p > 0. This completes the proof. O

The proof of the following result is easy, so omitted.
Corollary 3.8. Let p,g € R,0 < p < q < oo, then

1. W(M, Ay, p)" 2 W (M, Ay, q)";

2. W(M, A", p)F' neE (M, Ar) = W (M, A", q)F neE (M, An).
Proposition 3.9. Z(M,A!) C Z(M,A"), for 0 <i <n, for Z="7¢ and ¢.
Proof. Let (X;) € ¢ (M, A1), Then, we have

d(A"1 X, L)

stat-limM (
P

> =0, for some p >0 and L € R(I).
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Now, we have

stat—limM( UG Xk’ )
d

n—1 _ ANn—1
= stat-limM ( (A% "Xk — A XkJrl’O))
p
n—1 3 n—1 0
P P

=0.

Proceeding in this way by induction, we have Z(M,A! ) C Z(M,A"), for 0 <
i <mn,for Z=1¢L cF and ¢f’. This completes the proof. O

4 Conclusion

In this paper, we have introduced the notions of different types of statisti-
cally convergent sequences of real numbers. We have investigated their different
algebraic and topological properties like completeness, solidness, symmetricity,
convergence free etc. The notion of statistical convergence is similar to the notion
of almost sure convergence of the probability theory. These results can be applied
for investigating the almost sure convergence of difference sequences of random
variables. It is expected that it will attract workers from sequence spaces as well
as from distribution theory for further investigation.

Acknowledgement : The authors thank the referees for their comments on the
article.
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