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1 Introduction and Preliminaries

The Banach Contraction Mapping Principle is one of the cornerstone results
of nonlinear functional analysis. It is very essential and crucial tool for qualitative
nonlinear sciences such as biology, chemistry, physics, various branches of math-
ematics etc. In particular, solving existence and uniqueness problems in many
different fields of mathematics. Due to its importance and applications poten-
tial, The Banach Contraction Mapping Principle has been investigated heavily
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by many authors. Consequently, a number of generalizations of this celebrated
principle have appeared in the literature (see [1-28]).

One of the interesting characterization of Banach fixed point in partially or-
dered sets is done by Ran and Reurings [19]. In this interesting paper, authors [19]
state some applications of this new fixed point theorem to linear and nonlinear
matrix equations. Meanwhile Nieto and Rodfiguez-Lépez [18] extend the result of
Ran and Reurings and apply their main theorems to obtain a unique solution for a
first order ordinary differential equation with periodic boundary conditions. After
these initial papers, a number of papers have appeared in this direction (see e.g.
[2, 5, 11, 12, 14, 16, 29]). On the other hand, Bhaskar and Lakshmikantham [5]
introduce the notion of coupled fixed point via mixed monotone mappings. In this
crucial paper, the authors [5] obtain some coupled fixed point results and apply
their theorems to solve a first order differential equation with periodic boundary
conditions.

The concept of weakly contractive mappings, a generalization of Boyd and
Wong [6] type contraction, is introduced by Alber and Guerre-Delabriere [1]. In
this papaer, authors [1] proved the existence of fixed points for single-valued weakly
contractive mappings in the context of Hilbert spaces. The notion of weak con-
tractive type mappings and related fixed point problems have been studied heavily
by many authors (see e.g. [21]). The purpose of this paper is to establish some
common fixed point results satisfying a generalized rational type weak contraction
mappings in partially ordered metric spaces.

First, we recall some necessary definitions.

Khan et al. [15] initiated the use of a control function that alters distance be-
tween two points in a metric space. Such mappings are called an altering distance
function in the literature: A function p : [0,00) — [0,00) is called an altering
distance function if the following properties are satisfied:

(i) p is monotone increasing and continuous;
(#9) p(t) =0 if and only if ¢t = 0.

Let M be a nonempty subset of a metric space (X, d). A point x € M is called
a common fized (coincidence) point of f and T if ¢ = fo = Tz (fr = Tx). The set
of fixed points (respectively, coincidence points) of f and T is denoted by F(f,T)
(respectively, C(f,T)). The mappings T,f : M — M are called commuting if
Tfx = fTx for all ©x € M; compatible if lim,_,oc d(T fxy, fT2,) = 0 whenever
{z,} is a sequence such that lim, oo Tz, = lim, o f2, = t for some ¢ in M;
weakly compatible if they commute at their coincidence points, i.e., if fTz =T fx
whenever fz = Tx.

Suppose that (X, <) is a partially ordered set and T, f : X — X are self-
mappings. A mapping 7T is said to be monotone f-nondecreasing if for all z,y € X,

fx < fy implies Tz < Ty. (1.1)

If f is identity mapping, then T is called a monotone nondecreasing mapping.
A subset W of a partially ordered set X is said to be well ordered if every two
elements of W are comparable.
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2 Main Results

We start to this section with our main theorem.

Theorem 2.1. Let (X, <) be a partially ordered set and suppose that there exists
a metric d on X such that (X, d) is a complete metric space. Suppose that T and f
are continuous self mappings on X, T(X) C f(X), T is monotone f-nondecreasing
mapping and

for all z,y € X with f(z) and f(y) are comparable, ¥ : [0,00) — [0,00) is a lower
semi-continuous mapping such that ¥ (t) = 0 if and only if t =0,

d(fr, To)d(fy. Ty)
i(fr, fy) T IY) }

If there exists xg € X such that f(xo) < T(x¢) and T and f are compatible, then
T and f have a coincidence point.

Proof. Let zg € X such that f(xz¢) < T(x). Since T(X) C f(X), we can choose
21 € X so that fx; = Txo. Since Tzy € f(X), there exists zo € X such that
fxo = Txy. By induction, we can construct a sequence {z,} in X such that
frpy1 = Tx,, for every n > 0.

Since f(x9) < T(x9) = f(x1), T is monotone f-nondecreasing mapping,
T(x9) < T(x1). Similarly, since f(xz1) < f(x2), we have T(x1) < T(z2), and
f(z2) < f(z3). Continuing, we obtain

M(z,y) = max{

T(xo) <T(x1) < T(x2) <+ < T(wn) < T(Tpg1) <o

We suppose that d(T(xy,),T(n+1)) > 0 for all n. If not then T'(zp41) = T'(zn)
for some n, T(xp41) = f(2nt1), i-e. T and f have a coincidence point 41, and
so we have the result.

Consider

d(fxni1, Tni1)d(fan, Txy) }
d(fInJrla fxn) ’ d(fxn+l7 fl'n) (22)

d(frni1, Ton1)d(fzn, Tan)
- (max{ Aoy Fon) yA(frnt, fxn)})
= max{d(Txn, Txpt1),dTxpn, Txyp—1)}

— Y(max{d(Txz,, Txni1),d(Txpn, Txn—1)}).

d(Txpi1,Ta,) < max{

Suppose there exists m such that d(Tzpm+1, Txm) > d(Txpm, Tm—1), from (2.2),
we have
d(Txmy1, Trm) < max{d(Txms1, TTm), d(Txm, TTm-1)}
— Yp(max{d(Txm+i1, TTm), d(TTp, TTm—1)})
= d(Txmi1, Tom) — P(d(@ngr, Tom))
< d(TZms1, TTm)
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which is a contradiction. Hence, d(Txp41,Tx,) < d(Txzy,,Tx,—1) for all n >
1. Thus {d(Txp+1,Tx,)} is a monotone decreasing sequence of non-negative
real numbers and hence is convergent. Hence there exists » > 0 such that
d(TZpi1,Tay) — 1.

Now, we shall show that » = 0. Suppose, to the contrary, that » > 0. Taking
the upper limit as n — oo in (2.2) and using the properties of the function ¢, we
get

r <r— lim inf{¢p(max{d(Txn, TTnt+1), d(Txn, TTn-1)})}

<r—u(r)<r,
which is a contradiction. Therefore, » = 0, that is,

d(Tp11,Txy) — 0. (2.3)

Now, we shall prove that {Tx,} is a Cauchy sequence. If otherwise, then
there exists ¢ > 0 for which we can find subsequences {7, )} and {7z, }
of {T'w,} with m(k) > n(k) > k such that for every k, d(T@px), Tonw)) > €,
(T, Ty (1y—1) < €. So, we have

e < d(T:vm(k),Txn(k))
< ATy, TTnry—1) + AT Tpk)—1, TTn(k))
<€+ d(TI‘n(k),l, Txn(k)).

Letting k — oo and using d(T2,41,T2,) — 0, we have

lim d(T:vm(k),Txn(k)) =e= lim d(Tl'm(k)aTxn(k)—l)- (2.4)

n—oo
Again,

AT k) TTpry—1) < AT Ty, TTmy—1) + AT Ty -1, TTr(x))
+ d(Txp gy, TTpy—1),

and
d(Txpyy—1,TTrk)) < AT Ty =1, TTpui)) + AT Ty, T (i)
Letting £ — oo in the above two inequalities and using (2.4) we get,

kli}r{.lo AT (ky—1, TTn(r)) = €.
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Also, we have

AT Ty TTp (k)
A(f Ty, TTmr)) A F Ty TTn(r)) }
< max L A(f Ty, f2n
d(f Ty, TTrm))A(f (i) s T (i)
_1/J<max{ L A(f Tk, f2n
AT ) =1, T (1) )T T (1) —1, T (1)) }
= max AT T (1) 1> T T (k) —
{ d(Txm(k)—l, Txn(k)fﬂ ( (k)—1 (k) 1)
- (max { AT () —1, T (i) ) AT T ()1, T (i))
A(TTm(ry—1, TTn(r)—1)

,d(TJ?m(k)—l,TCCn(k)—l)}> -

Taking k — oo, and using the lower semi-continuity of ¢, we have e < max{0, e} —
(max{0,€}) = ¢ — ¥(€) < ¢, which is contradiction since € > 0. Thus {T'z,} is a
Cauchy sequence in a complete metric space X. Therefore there exits u € X such
that lim,, o, T, = u. By the continuity of T', we have lim, o, T(Tx,) = Tu.
Since fx,41 = Tz, — u and the pair (T, f) is compatible, we have

lim d(f(Txn),T(fzn)) =0.

n—oo

By the triangular inequality, we have

d(Tu, fu) < d(Tu, T(fn)) + d(T(frn), f(Tn)) + d(f(Ten), fu).

Letting n — oo, and using the fact T and f are continuous, we get d(Tu, fu) = 0,
i.e. Tu = fu and w is a coincidence point of 7" and f. (|

Theorem 2.2. Let (X, <) be a partially ordered set and suppose that there exists
a metric d on X such that (X,d) is a metric space. Suppose that T and f are
self-mappings on X, T(X) C f(X), T is monotone f-nondecreasing mapping and

d(Tz, Ty) < M(z,y) — (M(z,y)) (2.5)

for all x,y € X with f(x) and f(y) are comparable, ¥ : [0,00) — [0,00) is a lower
semi-continuous mapping such that ¥ (t) = 0 if and only if t =0,

d(fz, Tx)d(fy, Ty)
d(fz, fy)

Assume that there exists xog € X such that f(xo) < T(xo) and {fz,} is a non-
decreasing sequence in X such that fx, — fx, then fo = sup{fz,}. If fX is a
complete subspace of X, then T and f have a coincidence point.

Further, if T and f are weakly compatible, then T and f have a common fixed
point. Moreover, the set of common fixzed points of T and f is well ordered if and
only if T and f have one and only one common fixed point.

Ma,y) = max{ dlfafn)}.
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Proof. Following the proof of Theorem 2.1, we have {Tz,,} is a Cauchy sequence.
As fxny1 = Tay, so {fx,} is a Cauchy sequence in (f(X),d). Since f(X) is
complete, there is fv € f(X) such that lim, o fz, = fv = u. Since {fz,} is a
non-decreasing sequence in X such that fz,, — fv = u, then u = fv = sup{fz,}.
Particularly, fz, < fu for all n € N. Since T is monotone f-nondecreasing
mapping Tz, < Tu, for all n € N or, equivalently, fz,+1 < Tu, for all n € N.
Moreover, as fx, < fep+1 < Tu and v = fv =sup{fz,}, we get u < Tu.

Construct a sequence { fy,} as fyo = fz, fyn+1 = T(fyn), for all n > 0. Since
fyo < T(fyo), arguing like above part, we obtain that {fy,} is a non-decreasing
sequence and lim,, .o fy, = fy for certain fy € f(X), so we have fy = sup{fyn}.
Since fx, < fx = fyo < T(fz) =T(fyo) < fyn < fy, for all n, using (2.5), we
have

d(fszrla fynJrl)
= d(Txy, T(fyn))

d(fn, Ten)d(f(fyn), T(fyn))
< (A T T a0 7))

(max (d<fwm Ta)d(f (fyn). T(fyn)

Ll ,d<f<fyn>,Txn>)) (2.6)

= max d(fxnu f‘rn-l-l)d(f(fyn)u fyn-‘rl) .
a ( d(f(fyn),fl’nﬂ) ,d(f(fyn),f n+1)>
_w (max (d(fxn, Feni0)A(f (fYn), Fyni1)
d(f(fyn)s fTni1)

AS(F) S )

letting n — oo, we have d(fv, fy) < max{0,d(fv, fy)} — ¢¥(max{0,d(fv, fy)}) <
d(fv, fy), which implies that d(fv, fy) = 0. Particularly, v = fv = fy =
supq{ fyn}, and consequently, v < Twu < wu, which is a contradiction. Hence we
conclude that fv is a coincidence point of T' and f.

Now suppose that T and f are weakly compatible. Let w = T(z) = f(2).
Then T(w) = T(f(2)) = f(T(2)) = f(w). Consider

fz,T2)d(fw, Tw)
gy fu

o (e {SETHIRT) )

d(T(z),T(w)) < max { il

d(fz, fw)
< max{0,d(Tz,Tw)} — ¥(0,d(Tz, Tw)).

Using the lower semi-continuity of v, we have d(Tz, Tw) = 0. Therefore, T'(w) =
f(w) =w.

Now suppose that the set of common fixed points of T" and f is well ordered.
We claim that common fixed points of T and f is unique. Assume on contrary
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that, Tu = fu=wu and Tv = fv = v but u # v. Consider

u(d(u,v)) = p(d(Tu, Tv))

d(fu, Tu)d(fv, Tv)
Sma"{ a(fu f0) ’d<f”’f“)}

s o (S a1 )

< max{0,d(u,v)} — 1(max{0,d(u,v)}).

This implies that d(u,v) = 0. Conversely, if T and f have only one common
fixed point then the set of common fixed point of f and T" being singleton is well
ordered. O

Corollary 2.3. Let (X, <) be a partially ordered set and suppose that there exists
a metric d on X such that (X,d) is a metric space. Suppose that T and f are
self-mappings on X, T(X) C f(X), T is monotone f-nondecreasing mapping and

d(fz, Tx)d(fy, Ty)
d(fz, fy)

for all x,y € X with f(x) and f(y) are comparable, ¥ : [0,00) — [0,00) is a lower
semi-continuous mapping such that ¥(t) = 0 if and only if t =0, and k € (0,1).
Assume that there exists xog € X such that f(xo) < T(xo) and {fz,} is a non-
decreasing sequence in X such that fx, — fx, then fo = sup{fz,}. If fX is a
complete subspace of X, then T and f have a coincidence point.

Further, if T and f are weakly compatible, then T and f have a common fixed
point. Moreover, the set of common fixed points of T and f is well ordered if and
only if T and f have one and only one common fized point.

d(Tz, Ty) < kmax{ 7d(f$7fy)} (2.7)

Proof. By taking ¢ (t) = (1 — k)t in Theorem 2.2, we get the result. O

Remark 2.4. If f = I(identity mapping) in the Theorems 2.1 and 2.2, then we
have the Theorem 2.1 of Luong and Thuan [16].

Other consequences of our results are the following for the mappings involving
contractions of integral type.

Denote by A the set of functions u : [0,00) — [0, 00) satisfying the following
hypotheses:

(h1) p is a Lebesgue-integrable mapping on each compact subset of [0, 00);

(h2) for any € > 0, we have [ p(t)dt > 0.

Corollary 2.5. Let (X, <) be a partially ordered set and suppose that there exists
a metric d on X such that (X, d) is a complete metric space. Suppose that T and f
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are continuous self-mappings on X, T(X) C f(X), T is monotone f-nondecreasing
mapping and

(T, Ty) max{ LTI TY) G fa, fy)}
/ a(t)dt < / a(t)dt
0 0

b (max{ WEFRIELLD d(fo,f4))
- / B(t)dt
0

for all x,y € X with f(x) and f(y) are comparable, o, B € A.
If there exists xog € X such that f(xo) < T'(xo) and T and f are compatible,
then T and f have a coincidence point.
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