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1 Introduction and Preliminaries

As we know, the notion of Γ-semigroups was introduced by Sen in 1981 [1].
Γ-semigroups generalize semigroups. Many classical notions of semigroups have
been extended to Γ-semigroups (see [2, 3]), and some properties of Γ-semigroups
were studied by some mathematician (for example, see [4, 5]). In 1993, Sen and
Seth [6] introduced the concept of po-Γ-semigroups (some authors called ordered
Γ-semigroups). Since then, some properties of ordered Γ-semigroups were studied
(see [7, 8, 9]). As a continuation of Sen and Seth’s works in ordered Γ-semigroups,
the aim of this paper is to study and characterize maximal ideals, a-maximal ideals
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and C-ideals of an ordered Γ-semigroup. Some similar results of Fabrici in [10] are
obtained. As an application of the results of this paper, the corresponding results
of ordinary ordered semigroups can be also obtained by moderate modification.

To present the main results we first recall some definitions and notations
which will be used frequently. Let S = {a, b, c, . . .} and Γ = {α, β, γ, . . .} be
two nonempty sets. Then S is called a Γ-semigroup if it satisfies aαb ∈ S and
(aαb)βc = aα(bβc) for all a, b, c ∈ S and α, β ∈ Γ [1]. A nonempty subset A of a
Γ-semigroup S is called a Γ-subsemigroup of S if aγb ∈ A for all a, b ∈ A and γ ∈ Γ.

For nonempty subsets A, B of S, let AΓB := {aγb | a ∈ A, b ∈ B and γ ∈ Γ}. We
also write aΓB, AΓb and aΓb for {a}ΓB, AΓ{b} and {a}Γ{b}, respectively.

An ordered Γ-semigroup is an ordered set (S,≤) at the same time a Γ-semigroup
such that

a ≤ b ⇒ aβc ≤ bβc and cγa ≤ cγb

for all a, b, c ∈ S and β, γ ∈ Γ [6].

Definition 1.1 ([7, 11]). Let S be an ordered Γ-semigroup and I a nonempty
subset of S. Then I is called a left (resp. right) ideal of S if

(1) SΓI ⊆ I (resp. IΓS ⊆ I), and

(2) If a ∈ I and S ∋ b ≤ a, then b ∈ I.

If I is both a left and a right ideal of S, then it is called an (two-sided) ideal of S.

Definition 1.2 ([8]). An ideal I of an ordered Γ-semigroup S is called weakly
prime if for all ideals A, B of S such that AΓB ⊆ I, then A ⊆ I or B ⊆ I.

Let S be an ordered Γ-semigroup. For ∅ 6= H ⊆ S, we define

(H ] := {t ∈ S| (∃h ∈ H) t ≤ h}, [H) := {t ∈ S| (∃h ∈ H) h ≤ t}.

We write (a] and [a) instead of ({a}] and [{a}) (a ∈ S), respectively. Denote by
I(a) the ideal of S generated by a (a ∈ S). For convenience we use the notation
S1 = S ∪ {1}, where aγ1 = 1γa = a and 1γ1 = 1 for all a ∈ S, γ ∈ Γ. We have
I(a) = (S1ΓaΓS1] = (a ∪ SΓa ∪ aΓS ∪ SΓaΓS] [7].

Lemma 1.3 ([8, 11]). Let S be an ordered Γ-semigroup. Then, we have:

(1) A ⊆ (A] for any subset A of S.

(2) If A ⊆ B ⊆ S, then (A] ⊆ (B].

(3) (A]Γ(B] ⊆ (AΓB] for any A, B ⊆ S.

(4) (A] = ((A]] for any A ⊆ S.

(5) For every left (resp. right, two-sided) ideal T of S, (T ] = T.

(6) If A, B are ideals of S, then (AΓB] and A ∪ B are ideals of S.

(7) (SΓaΓS] is an ideal of S, ∀ a ∈ S.
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Let S be an ordered Γ-semigroup. Then we define an equivalence relation “J ”
on S as follows:

(a, b) ∈ J if and only if I(a) = I(b).

We denote the J -class containing a by Ia and assign a partial order relation “�”
on the J -classes as follows:

Ia � Ib if and only if I(a) ⊆ I(b).

Definition 1.4. Let S be an ordered Γ-semigroup. Then a proper ideal I of S is
called a maximal ideal of S if for any ideal A of S such that I ⊂ A, we have A = S;
I is said to be the greatest ideal of S if, for any ideal A of S, we have A ⊆ I.

Definition 1.5. Let S be an ordered Γ-semigroup. Then the intersection K(S)
of all ideals of S is called the kernel of S, provided it is nonempty.

Definition 1.6. Let (X ,⊆) be an ordered set and M, N ∈ X . Then M is said to
be a cover of N if N ⊂ M and there does not exists P ∈ X such that N ⊂ P ⊂ M.

The reader is referred to [7, 12] for notation and terminology not defined in
this paper.

2 a-Maximal Ideals of Ordered Γ-Semigroups

In this section M(x, y) denotes the minimum of x and y, and Z+ the set
of positive integers. From now on, unless stated otherwise S means an ordered
Γ-semigroup.

Definition 2.1. Let S be an ordered Γ-semigroup and I an ideal of S. Then I

is called a-maximal ideal of S if I is a maximal ideal of S with respect to not
containing the element a ∈ S.

Clearly, the a-maximal ideal I of S, if exists, is the unique a-maximal ideal of
S.

Example 2.2. Let S = {0, x1, x2, . . . , xn, . . .} and Γ = {α, β, γ, . . .} with the
multiplication and the relation “≤ ” on S defined by

(1) (∀i, j ∈ Z+) (∀γ ∈ Γ) xiγxj = xk, where k = min{i, j}.

(2) (∀i ∈ Z+) (∀γ ∈ Γ) 0γxi = xiγ0 = 0.

≤:= {(0, 0), (0, xi), (xi, xj)}

for any i ≤ j (i, j ∈ Z+). Then S is an ordered Γ-semigroup. Clearly, the following
subset of S

Ii = {0, x1, x2, . . . , xi}

is an ideal of S for any i ∈ Z+ and Ii is a xi+1-maximal ideal of S.
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Proposition 2.3. Let S be an ordered Γ-semigroup with a kernel K(S) and a ∈ S.

Then we have

(1) The a-maximal ideal of S does not exist for any a ∈ K(S).

(2) If a 6∈ K(S), then there exists an a-maximal ideal of S.

Proof. (1) Clearly.
(2) Let X={I | I is an ideal of S such that a 6∈ I}. Since K(S) ∈ X , we have

X 6= ∅. Thus (X ,⊆) is an ordered set. Let Y be a chain in X . Then the set
⋃

A∈Y
A

is an ideal of S and a 6∈
⋃

A∈Y
A. Thus the ideal

⋃
A∈Y

A is an upper bound of Y
in X . By Zorn’s lemma, X has a maximal element, say M. Then M is a maximal
ideal of S such that a 6∈ M. Hence M is an a-maximal ideal of S.

The following theorem characterizes the a-maximal ideals of S.

Theorem 2.4. Let S be an ordered Γ-semigroup and I an ideal of S. Then there
exists a ∈ S such that I is a-maximal ideal of S if and only if S\I contains the
least J -class among all the J -classes contained in S\I.

To prove Theorem 2.4, the following two lemmas are needed.

Lemma 2.5. Let S be an ordered Γ-semigroup and I an ideal of S. Then I is
a-maximal ideal of S if and only if there exists an ideal I∗ of S which is a cover
of I.

Proof. Let I∗ =
⋂
{A | A is an ideal of S containing I and a ∈ A}. Clearly, I∗ is

the least ideal containing I and is not equal to I since a ∈ I∗\I. Thus I∗ is a cover
of I.

Conversely, let I∗ be an ideal of S which is a cover of I. Then there exists
a ∈ I∗ such that a 6∈ I. It is easy to see that I is an a-maximal ideal of S.

Lemma 2.6. Let S be an ordered Γ-semigroup and I an a-maximal ideal of S.

Then the following statements are true:

(1) S\I =
⋃
{Ix | x ∈ S\I};

(2) If Ω = {Ix | x ∈ S\I}, then I∗\I is the least element of Ω with respect to
the ordering � on J -classes, and any Ix (x ∈ I) is not greater than any
element Ix in Ω.

Proof. (1) Obviously, S\I ⊆
⋃
{Ix | x ∈ S\I} since x ∈ Ix for all x ∈ S\I. To

obtain the reverse inclusion, we have to show that Ix ⊆ S\I holds for all x ∈ S\I.

In fact, if y ∈ Ix, then y ∈ S\I. Indeed: If y 6∈ S\I, then y ∈ I. Thus we have

x ∈ I(x) = I(y) ⊆ I,

which is a contradiction.
(2) We first show that I∗\I is a J -class. It is clear that a ∈ I∗\I. If x ∈ I∗\I,

then I is also x-maximal. If x 6∈ I(a), then x 6∈ I(a)∪I 6= I, which contradicts to I



On a-Maximal Ideals and C-Ideals of Ordered Γ-Semigroups 193

is a x-maximal ideal. Thus, I(x) ⊆ I(a). Similarly, we can show that I(a) ⊆ I(x).
Therefore, I(a) = I(x). Moreover, if y ∈ S\I∗, then I(y) 6= I(a). In fact, if y ∈ Ix,

then y ∈ I(y) ⊆ I∗, which is a contradiction. Consequently, I∗\I is a J -class.
Now, consider y ∈ S\I∗. Clearly, I(a) ⊆ I(y), otherwise, we would have

a 6∈ I(y). This leads to y ∈ I(y) ⊆ I since I is an a-maximal ideal of S. However,
this is also a contradiction. Thus, I∗\I is the least element of Ω. Suppose that
I∗ � Ix for some x ∈ I. Then, we have

a ∈ I(a) ⊆ I(x) ⊆ I.

But this is clearly impossible. The lemma is proved.

We now turn to prove Theorem 2.4:
(⇒) This part is clear by Lemma 2.6.
(⇐) Let Ia be the least J -class in Ω = {Ix | x ∈ S\I}. Then a 6∈ I. If I is

not an a-maximal ideal of S, then, by Zorn’s lemma, there exists an a-maximal
ideal I1 such that I ⊂ I1. Let b ∈ I1\I. Then I(a) 6= I(b) and I(a) ⊆ I(b), by
hypothesis. Thus, a ∈ I(b) ⊆ I1, which contradicts to I1 is a-maximal. Therefore,
I is an a-maximal ideal of S.

Theorem 2.7. Let S be an ordered Γ-semigroup. Then the following statements
are equivalent:

(1) I is a maximal ideal of S.

(2) S\I is a J -class of S.

(3) S\I is a maximal J -class of S.

Proof. (1) ⇒ (2). If I is a maximal ideal of S, then S must be the cover of I. Thus,
by Lemmas 2.5, 2.6, S\I is a J -class of S.

(2) ⇒ (3). This is obvious by Lemma 2.6(2).
(3) ⇒ (1). Let S\I be a maximal J -class of S. Then I is an ideal of S.

Indeed: If a ∈ I and x ∈ S, then aγx ∈ I for any γ ∈ Γ. Indeed if aγx ∈ S\I,

then, by hypothesis, I(a) ⊆ I(aγx). Also, the reverse inclusion is obvious. Thus,
I(a) = I(aγx). This implies that a ∈ S\I, which is a contradiction. In the same
way, we can prove that xγa ∈ I for any γ ∈ Γ. Now suppose that a ∈ I, b ∈ S

such that b ≤ a. Then I(b) ⊆ I(a). This leads to b ∈ I. In fact, if b ∈ S\I, then
I(a) ⊆ I(b) by hypothesis. Hence I(a) = I(b). This shows that a ∈ S\I, which is
impossible. Thus, I is an ideal of S.

Now if there exists a proper ideal I1 of S such that I ⊂ I1, then we can pick
c ∈ I1\I. Since I(x) = I(c) for any x ∈ S\I, we have S\I ⊆ I(c) ⊆ I1. Thus,
S = (S\I) ∪ I ⊆ I1, which is a contradiction. It thus follows that I is a maximal
ideal of S. The proof is completed.

Theorem 2.8. Let S be an ordered Γ-semigroup. If S 6= (SΓS], then the following
statements hold:

(1) The a-maximal ideal of S is of the form S\[a) for all a ∈ S\(SΓS].
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(2) Suppose S contains no maximal ideal with a ∈ S\(SΓS]. Then a is not a
maximal element of S.

(3) S\[a) is not a weakly prime ideal of S for any a ∈ S\(SΓS].

Proof. (1) We first show that S\[a) is an ideal of S. If x ∈ S\[a) and y ∈ S, then
xγy, yγx ∈ S\[a) for any γ ∈ Γ. In fact, if xγy ≥ a or yγx ≥ a for some γ ∈ Γ, then
a ∈ (SΓS], this is impossible. If x ∈ S\[a) with y ∈ S and y ≤ x, then y ∈ S\[a).
In fact, if y 6∈ S\[a), then a ≤ y ≤ x. Thus x ∈ [a), which is a contradiction.
Therefore, S\[a) is an ideal of S with a 6∈ S\[a). Moreover, if there exists an ideal
I1 of S such that S\[a) ⊂ I1 ⊂ S, then there exists b ∈ I1, b 6∈ S\[a). This implies
that a ≤ b and so a ∈ I1. Thus, S\[a) is an a-maximal ideal of S.

(2) If a is a maximal element of S, then [a) = {a}. Clearly, S\{a} is an
a-maximal ideal of S by (1). It is obvious to see that it is a maximal ideal of S.

(3) Since a 6∈ (SΓS], we have SΓS ⊆ (SΓS] ⊆ S\[a). Obviously, S 6⊆ S\[a).
Thus, S\[a) is not a weakly prime ideal of S.

Corollary 2.9. Let S be an ordered Γ-semigroup. Then a ∈ I(c) if and only if
a ≤ c for any a ∈ S\(SΓS], c ∈ S.

Proof. We only show that the necessity as the sufficiency is obvious.
By Theorem 2.8, S\[a) is an a-maximal ideal of S. If a ∈ I(c), then c 6∈ (SΓS].

If a 6≤ c, then a ∈ (SΓc ∪ cΓS ∪ SΓcΓS]. This leads to a ∈ (SΓS], which is
impossible.

Remark 2.10. In Corollary 2.9, we can show that Ia = {a} for any a ∈ S\(SΓS].
This is because if a 6= c ∈ Ia, then I(a) = I(c) and a ≤ c. Thus c ∈ I(a)
and c 6∈ (SΓS]. On the other hand, we have c 6∈ I(a). In fact, if c ∈ I(a), then
c ∈ (SΓa ∪ aΓS ∪ SΓaΓS]. This implies that c ∈ (SΓS], which is impossible.
Therefore, Ia = {a}.

3 C-Ideals of Ordered Γ-Semigroups

Definition 3.1. A proper ideal I of an ordered Γ-semigroup S is called a C-ideal
of S if I ⊆ (SΓ(S − I)ΓS].

In Example 2.2, we can see that any ideal Ii (i ∈ Z+) of S is a C-ideal since
(SΓ(S − Ii)ΓS] = S.

Theorem 3.2. Let S be an ordered Γ-semigroup. If S is not simple, then S

contains at least one C-ideal of S.

Proof. Let T be any proper ideal of S. Then (SΓ(S − T )ΓS] is an ideal of S, and
T ∩ (SΓ(S − T )ΓS] 6= ∅. If we denote M = T ∩ (SΓ(S − T )ΓS], then M is an
ideal of S and we get M ⊆ (SΓ(S − T )ΓS]. Since S − T ⊆ S − M, the relation
M ⊆ (SΓ(S − T )ΓS] implies M ⊆ (SΓ(S − T )ΓS] ⊆ (SΓ(S − M)ΓS], thus M is
a C-ideal of S.
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Example 3.3. Let S = {a, b, c, d} and Γ = {γ} with the multiplication and the
relation “ ≤ ” on S defined by

γ a b c d
a a a a a
b a a a a
c a a a a
d a a a a

≤:= {(a, a), (a, b), (a, c), (a, d), (b, b), (c, c), (d, d)}.

Then S is an ordered Γ-semigroup. Clearly, S is not simple, since I = {a} is an
ideal of S. Since a = bcb, c 6∈ I, we have I ⊆ (SΓ(S − I)ΓS]. By Definition 3.1, I

is a C-ideal of S.

For C-ideals of an ordered Γ-semigroup, we have following properties.

Proposition 3.4. Let S be an ordered Γ-semigroup. If S contains two different
proper ideals I1, I2 such that I1 ∪ I2 = S, then none of them is a C-ideal of S.

Proof. If I1 ∪ I2 = S, then S − I2 ⊆ I1 and S − I1 ⊆ I2. Hence none of I1, I2 is a
C-ideal of S. Indeed: If I1 is a C-ideal of S, then

I1 ⊆ (SΓ(S − I1)ΓS] ⊆ (SΓI2ΓS] ⊆ (I2] = I2.

Since I1 ∪ I2 = S, we have I2 = S, which is impossible. Thus, I1 is not a C-ideal
of S. In a similar way, we can show that I2 is also not a C-ideal of S.

Corollary 3.5. If an ordered Γ-semigroup S contains at least two maximal ideals,
then any maximal ideal of S is not a C-ideal of S.

Proof. Let M1 and M2 be two different maximal ideals of S. Then M1 ∪ M2 = S.

Thus, by Proposition 3.4, M1 and M2 are not C-ideals of S.

Proposition 3.6. Let S be an ordered Γ-semigroup. If I1, I2 are two C-ideals of
S, then I1 ∪ I2 is a C-ideal of S.

Proof. We show that if I1 ⊆ (SΓ(S − I1)ΓS] and I2 ⊆ (SΓ(S − I2)ΓS], then
I1 ∪ I2 ⊆ (SΓ(S − (I1 ∪ I2))ΓS].

Let x ∈ I1, then I1 ⊆ (SΓ(S − I1)ΓS] implies that there exists a ∈ S − I1 such
that x ∈ (SΓaΓS]. There are two possibilities:

(1) if a ∈ S − (I1 ∪ I2), then x ∈ (SΓ(S − (I1 ∪ I2))ΓS].

(2) if a ∈ (S−I1)∩I2, then a ∈ I2 ⊆ (SΓ(S−I2)ΓS]. So there exists b ∈ S−I2

such that a ∈ (SΓbΓS]. The element b does not belong to I1, since otherwise we
would have a ∈ (SΓbΓS] ⊆ (SΓI1ΓS] ⊆ I1, which is a contradiction. Therefore,
b ∈ S − I1 and b ∈ S − I2, which imply that b ∈ (S − I1)∩ (S − I2) = S − (I1 ∪ I2).
Thus we have

x ∈ (SΓaΓS] ⊆ (SΓ(SΓbΓS]ΓS] ⊆ (SΓbΓS] ⊆ (SΓ(S − (I1 ∪ I2))ΓS].
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Hence I1 ⊆ (SΓ(S− (I1 ∪ I2))ΓS]. Similarly, we can prove that I2 ⊆ (SΓ(S− (I1 ∪
I2))ΓS]. Thus we have I1 ∪ I2 ⊆ (SΓ(S − (I1 ∪ I2))ΓS].

Proposition 3.7. Let S be an ordered Γ-semigroup. If I1, I2 are two C-ideals of
S and I1 ∩ I2 6= ∅, then I1 ∩ I2 is also a C-ideal of S.

Proof. From the relation I1 ⊆ (SΓ(S − I1)ΓS] we have

I1 ∩ I2 ⊆ I1 ⊆ (SΓ(S − I1)ΓS] ⊆ (SΓ(S − (I1 ∩ I2))ΓS].

Thus, I1 ∩ I2 is a C-ideal of S.

If we consider the empty set ∅ as a C-ideal, then, by Propositions 3.6 and 3.7,
we may state:

Corollary 3.8. The set of all C-ideals of an ordered Γ-semigroup S is a sublattice
of the lattice of all ideals of S.

Proof. The proof is easy by Proposition 3.4, we omit it.

The following example shows that the converse of Proposition 3.9 does not
hold, in general.

Example 3.9. Let S = {a, b, c, d} and Γ = {γ} with the multiplication and the
relation “ ≤ ” on S defined by

γ a b c d
a a b a b
b b a b a
c a b a b
d b a b c

≤:= {(a, a), (a, c), (b, b), (b, d), (c, c), (d, d)}.

Then S is an ordered Γ-semigroup. Clearly, I = {a, b, c} is the only maximal ideal
of S and any proper ideal of S is contained in I. By Definition 1.4, I is the greatest
ideal of S. But I is not a C-ideal of S since I 6⊆ (SΓ(S − I)ΓS] = {a, b}.

Theorem 3.10. Let S be an ordered Γ-semigroup which satisfies just one of the
following conditions:

(1) S contains the greatest ideal Ig and it is a C-ideal.

(2) S = (SΓS] and for any proper ideal I and for every principal ideal I(a) ⊆ I,

there exists b ∈ S\I such that I(a) ⊆ I(b).

Then every proper ideal of S is C-ideal.
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Proof. Let I be any proper ideal of S. If (1) holds, then I ⊆ Ig and S−Ig ⊆ S−I.

Then
I ⊆ Ig ⊆ (SΓ(S − Ig)ΓS] ⊆ (SΓ(S − I)ΓS],

which implies that I is C-ideal of S.

Let (2) be satisfied. If x ∈ I, then I(x) ⊆ I, which implies that there exists
b ∈ S\I such that I(x) ⊆ I(b) ⊆ S. It is obvious that I(x) 6= I(b). Since S = (SΓS],
we have S = (SΓSΓS] and so b ∈ (SΓdΓS] for some d ∈ S. We show that d 6∈ I. In
fact, if d ∈ I, then b ∈ (SΓdΓS] ⊆ (SΓIΓS] = I, which is a contradiction. Thus,
we have

x ∈ I(x) ⊆ I(b) ⊆ (SΓdΓS] ⊆ (SΓ(S − I)ΓS],

from which we deduce that I ⊆ (SΓ(S − I)ΓS]. Therefore, I is a C-ideal of S.

Theorem 3.11. Let any proper ideal of an ordered Γ-semigroup S be C-ideal.
Then just one of the following conditions holds:

(1) S contains the greatest ideal Ig.

(2) S = (SΓS] and for any proper ideal I and any principal ideal I(a) ⊆ I, there
exists a principal ideal I(b) of S such that I(a) ⊂ I(b) and b ∈ S\I.

Proof. We first show that if any proper ideal of S is C-ideal, then S cannot contain
two different maximal J -classes. Indeed:

If Ic, Id are maximal J -classes and Ic 6= Id, then, by Theorem 2.7, S\Ic and
S\Id are two different maximal ideals of S and none of them is C-ideal of S by
Corollary 3.5. There are two possibilities:

(1) If S contains just one maximal J -class Ic, then S\Ic is again a maximal
ideal of S and moreover it is a C-ideal. By Proposition 3.9, we have that Ig = S\Ic.

(2) Suppose that S does not contain maximal J -classes. First we show that
S = (SΓS]. If S 6= (SΓS], then for y ∈ S\(SΓS], I(y) 6= S. In fact, if I(y) = S,

then Iy is a maximal J -class of S, which is a contradiction. By assumption, I(y) is
a C-ideal of S, i.e., I(y) ⊆ (SΓ(S− I(y))ΓS]. Thus, y ∈ I(y) ⊆ (SΓSΓS] ⊆ (SΓS],
which is impossible. Therefore, S = (SΓS].

Let I be any proper ideal of S. Then, by assumption, I ⊆ (SΓ(S − I)ΓS].
Let a ∈ I. Then there exist b ∈ S\I such that a ∈ (SΓbΓS]. This implies I(a) ⊆
(SΓbΓS] ⊆ I(b). Since S does not contain maximal J -classes, we have I(b) 6= S.

Moreover, I(a) 6= I(b), because a ∈ I, b ∈ S\I.

Theorem 3.12. Let S be an ordered Γ-semigroup. If every principal ideal of S is
a C-ideal of S, then S does not contain maximal ideals.

Proof. Let Ia be a J -class of S. Then I(a) 6= S since S is not a C-ideal of S. By
Definition 3.1, I(a) ⊆ (SΓ(S − I(a))ΓS]. Thus there exists b ∈ S\I(a) such that
a ≤ xαbβy for some x, y ∈ S and α, β ∈ Γ. Hence I(a) ⊂ I(b) 6= S. Therefore,
Ia is not a maximal J -class of S. By Theorem 2.7, S does not contain maximal
ideals.
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