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1 Introduction

Fixed point theory is a mixture of analysis, topology and geometry. The
theory of existence of fixed points of maps has been revealed as a very powerful
and important tool in the study of nonlinear phenomena. Huang and Zhang [1]
re-introduced the concept of a cone metric space, replacing the set of real numbers
by an ordered Banach space and obtain some fixed point theorems for mappings
satisfying different contraction conditions. The study of fixed point theorems in
such spaces is followed by some other mathematicians, see [2-17]. In this paper,
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we give a common fixed point result for a family of compatible maps satisfying a
quasi-contraction on a complete cone metric space.

In the sequel, the letter N* will denote the set of all positive natural numbers.
Let E be a real Banach space and O is the zero vector of E.

Definition 1.1. A non-empty subset P of E is called a cone if the following
conditions hold:

(i) P isclosed and P # {0g};
(ii) a,b€R, a,b>0, 2,y € P= ax+by € P;
(iii) x € P, —x € P= z = 0p.
Given a cone P C F, a partial ordering <p with respect to P is naturally
defined by  <g y if and only if y —x € P, for z,y € E. We shall write x <g y

to indicate that x <g y but x # y, while z < y will stand for y — z € intP, where
int P denotes the interior of P. P is said solid if intP is non-empty.

Definition 1.2 ([1]). Let X be a non-empty set and d : X x X — P satisfies
(i) d(z,y) = 0p if and only if z = y;
(ii) d(z,y) =d(y,z) for all z,y € X;
(iii) d(z,y) <g d(z,z) +d(z,y) for all z,y,z € E.
Then d is called a cone metric on X and (X, d) is called a cone metric space.

Definition 1.3 ([1]). Let (X, d) be a cone metric space, {x,} is a sequence in X
and z € X.

(i) If for every ¢ € FE with O <g ¢, there is N € N such that d(z,,z) <g ¢
for all n > N, then {z,} is said to be convergent to x. This limit is denoted

by lim =z, =z or x, — x as n — +o0.
n—-+o0o

(i) If for every ¢ € E with O < ¢, there is N € N such that d(z,,zm,) <g ¢
for all n,m > N, then {z,} is called a Cauchy sequence in X.

(iii) If every Cauchy sequence in X is convergent in X, then (X, d) is called a
complete cone metric space.

We start by recalling some useful definitions.

Definition 1.4. Let X be a non-empty set, N is a natural number such that N > 2
and 11,75, ....,Tn : X — X are given self-mappings on X. If w = Thax = Tex =
-+« =Tnx for some z € X, then x is called a coincidence point of T1,T%, ..., Tn_1
and T, and w is called a point of coincidence of T1,T5, ..., Tn—1 and Ty . If w = =z,
then zx is called a common fixed point of 73,75, ..., Tn—1 and T .

Definition 1.5 ([18]). Let X be a non-empty set and 71,75 : X — X are given
self-maps on X. The pair {77, T} is said to be weakly compatible if 1 Tot = ToT1t,
whenever Tyt = Tt for some t in X.
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The following definition extends the notion of compatibility of a pair of self-
mappings on a metric space introduced by Jungck in [19] to a cone metric space.

Definition 1.6. Let (X, d) be a cone metric space and f, g : X — X are given self-
mappings on X. The pair {f, g} is said to be compatible if for any ¢ > 0g we have
d(fgxn,gfr,) < ¢, whenever {x,} is a sequence in X such that lim, o fx, =
limy, 4o gz, =t for some ¢ in X.

Definition 1.7. Let (X, d) be a cone metric space and T : X — X be a given
mapping. We say that T is continuous on zg € X if for every sequence {z,} is X,
we have

T, — xgasn — +oo = Tx, — Txrgas n — +oo.
If T is continuous on each point xg € X, then we say that T is continuous on X.
The following lemmas from [20] will be useful for the rest of the paper.
Lemma 1.8. Let u, v and w be vectors from Banach space E
(1) If u <g v and v < w, then u K w.
(2) If 0Op <g u < ¢ for each ¢ € intP, then u = Og.

Lemma 1.9. If ¢ € intP and O <g a, with a, — O, then there exists an ng
such that for all n > ng, we have a, < c.

Lemma 1.10. Let z, and x be given in X. If Op <g d(zn,z) <g b, and
b, — Og, then d(zn,x) < ¢ for each ¢ € intP.

Lemma 1.11. If 0 <g a, <g b, and a,, — a and b, — b, then a <g b for
each cone P.

Lemma 1.12. Ifa <g Aa where a € P and 0 < A < 1, then a = 0g.

Using the concept of weak compatibility and compatibility of pairs of self
maps, the aim of this paper is to establish a common fixed point result for (2n+2)
mappings involving a quasi-contraction on a complete cone metric space without
assumption of normality condition of the cone.

2 Main Results

We start by citing our main theorem

Theorem 2.1. Let (X, d) be a complete cone metric space with a solid cone P. Let
neN P, Ps,....,Pa,, Qo and Q1 be self-mappings on X satisfying the following
conditions:

(c1) QoX C PPy Py 1 X and Q1 X C PoPy--- Pop X,
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(c2)
Py(Py--- Pop) = (Py--- Pay)Ps,
Py(Py---Pop) = (Py--- Pop)Ps,
PyPy(Ps - -+ Pop) = (Ps - - Pan) Pa Py,

Py Pop_o(Pap) = (Pon)Po -+ Pop—2,
Qo(Py---Pop) = (Py- - Pap)Qo,
Qo(Fs -+ Pop) = (Ps - - - Pan)Qo,

QOPQn - PZnQOv
Py (Ps---Pyy1) = (P3-- Pay_1)Py,
P\P3(Ps---Pop_1) = (P5--- Pon_1)P1 Ps,

PPy 3(Pon—1) = (Pon—1)P1 -+ - Pans3,
Qi(Ps--Pop1) = (P3-- Pop_1)Q1,
Qi(Ps- - Pop1) = (Ps--- Pop_1)Q1,

Q1Pon—1 = Pap_1Q1,
(cs) the pair {Qo, Py Pay} is compatible and the pair {Q1, Py Pap_1} is
weakly compatible,
(cy) Po--- Py, or Qo is continuous,
(c5) for some X € [0,1) and for any z,y € X there exists
d(P2Py -+ Pz, Qox), d(P1Ps- - Pon—1y,Quy),
u(z,y) €  d(PoPy-- Popx, PLPs -+ Pay_1y),
[d(PLP3 - Pop_1y, Qox) + d(PoPy - - - P, Q1y))]
such that d(Qox, Q1Y) <g Au(z,y).
Then the (2n + 2) maps, P1, Pa, ..., Pay,, Qo and Q1 have a unique common fized
point in X.
Proof. Let xp be an arbitrary point in X. From the condition (¢), there exist x1,
T2 in X such that QOIO = P1P3 ce P2n71$1 = Yo and lel = P2P4 s PQnIQ = Y1
Inductively, we can construct sequences {x} and {yx} in X defined by

Qoxor = PiPs -+ Pon_1T2k4+1 = Yo and Q12ax+1 = PoPy - - PonTokya = Yokt
(2.1)
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for all k& € N. Denote

A=PPy - Py, and B=PPs- Py, (2.2)
then, (2.1) becomes

Qoxar = Bxary1 = yar and Q12241 = ATopt2 = Yort1, forallk e N. (2.3)

Step 1: We will show that

d(Yk+1,Yk) <g Ad(yk, yk—1) for any k€ N". (2.4)
Putting = xo, and y = xar+1 in the condition (c¢5), we have

d(Yak+1,Y2k) = d(Yak, Y2k+1) = d(QoTak, Q1T2k+1) <k Au,

where

d(Azak, Qorar), d(Bragi1, Qiort1), d(Axar, Broky1),
U1l .
11d(Bxog+1, Qoxar) + d(Azor, Qrar)]

By (2.3), we get

1
R G{d(yzkhyzk), d(yar, Y2k+1), d(Y2r—1,Y2k), §d(y2k1,y2k+1)}

1
= {d(y2k17y2k)a d(Y2ks Y2r+1), gd(kal;y2k+1)}-

Letting © = xag42 and y = za41 in the condition (¢5), we obtain

d(Y2r42, Y2rk+1) = d(Qoar+2, Q1T2k+1) <k Aua,
where

. d(Azakt2, Qozak), d(Bragi1, Q172k+1),
u9 .
d(Azopi2, Brori1), 3[d(Broki1, Qotarsz) + d(Azopio, Qiook)]

Again, from (2.3)
1
up € {d(y2k+2,y2k+1), d(Yar, Y2k+1), Ad(Y2k+1,Y2k)s §d(y2k,y2k+2)}

1
= {d(y2k+27y2k+1)a d(Y2k41,Y2k) id(y2kay2k+2)} .

Then, we have the six following cases:
1° w1 = d(yor, Yor-1). 20 w1 = d(yak+1,926), 3 wr = Ld(yar+1, y2r-1),
4% uy = d(yori2,y2r+1), B° ug = d(yars1,y2k), 6% ug = 3d(yart2, Yor)-
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In the case 1°, we get d(yori1,y2r) <& M(Y2k, Y2k_1), 0 (2.4) holds. For the
case 29, we have d(yors1, y2r) <& M(y2x11,Y2k)- Since A < 1, hence d(yars1, yor) =
0, and then (2.4) holds. Now, in the case 3°, using the triangular inequality and
A <1, we get

A 1 A
d(Yort1,Y2k) <p Auip = §d(y2k+1,y2k—1) <k §d(y2k+lay2k) + §d(y2k,y2k—1)-
We rewrite this as follows

d(Y2k+1, Y2k) <E Ad(Y2k, Y2k—1)-
For the cases 4% and 5°, it is immediate that (2.4) holds. In the case 6°, using

A < 1 and the triangular inequality, we obtain

A
d(Yokt2, Y2kt1) <E Aug = §d(y2k+27 Yok)

1 A
<g §d(y2k+27y2k+1) + §d(y2k+17y2k)7

which immediately yields that (2.4) holds.

Step 2: {yi} is a Cauchy sequence. Thanks to (2.4), one can write

d(Yr+1,yr) <p MYk, yr—1) <p - <g \d(y1,y0) Yk € N. (2.5)

Using (2.5) and the triangular inequality, we get for p > ¢

A(Yps Yq) <E d(Yps Yp—1) + d(Yp—1,Yp—2) + -+ + d(Yg+1,Yq)
<p (WA 4 X)d (Y, 0)
=XM1+ A4+ N d(yr, o)
pX
1—A

<E d(y1,90) — O as ¢ — +oo.

Referring to Lemmas 1.8 and 1.9, it follows that d(yp, yq) < ¢ for any ¢ > Og, that
is, {yr} is a Cauchy sequence in the cone metric space (X, d), which is complete,
hence there exists z € X such that yr — 2. For its subsequences, we have

Qoxor, — 2z, Axo — 2z, QiTory1 — 2, Brapi1 — 2. (2.6)

Step 3: We will show that z is a coincidence point. We have two cases related to
the condition (cyq). We start with:

Case 1. If A = P,P,--- Py, is continuous. For the rest, k is taken large enough
and ¢ € E with ¢>> 0g. From the condition (c3), the pair {Qo, A} is compatible,
and since Qoxor — 2z and Axop — z, then

d(QoAZEQk, AQoiEQk) < g
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On the other hand, A is continuous, so (2.6) yields that AQoxor — Az. Thus,

A(AQoway, Az) < g

By triangular inequality, we have

d(Qo Azar, Az) <p d(QoAzan, AQoxar) + d(AQowar, Az) < g + g —c  (27)

Therefore, QoAzxor — Az.
(a) We first need to show that Az = z. The triangular inequality gives us

d(Az,z) <p d(Az, QoAway) + d(QoAxok, Q172k41) + d(Q1T2k41,2).  (2.8)

Thanks to (2.6)-(2.7), we are able to control the first and the third terms of the
right-hand side of (2.8). It rests only the control of the term d(QoAzay, Q1%2k+1)-
To do this, we apply condition (c5) for © = Axgy and y = zax41 to get

d(QoAwa, Q122141) <k Aui,
where
d(QoAwar, A%xar,), d(Bragt1, Qioaki1), d(A%wok, Bragi1),
1 { %[d(BCCszrl,QofC%) + d(A%22k, Qa2141)] } '

We have the following four cases:
19: In this case, we have

d(QoArak, Q1a2k41) <p A(QoAxak, A%xor) <p Ad(QoAzak, A2)+Ad(Az, A%way).

By the fact that A is continuous, we get from (2.6), A%z, — Az. Also, by (2.8),
it follows that

d(AZ, Z) <E (1 + )\)d(QQA,TQk, AZ) + )\d(AZ, A2$2k) + d(Q1$2k+1,Z)

(& (& C C (& C
U WL VT
CUHNgay A 33t fs=c¢

20: Here, we have
d(QoArak, Q122k+1) <p A(Q1AT2k+1, Bragi1) <p Ad(Q1T2k+1, 2)+Ad(2, Braji1).
Again, (2.8) yields
d(Az,z) <g d(Az, QoAzar) + (1 + N)d(Q122k+1, 2) + Ad(Bxag+1, 2)
c

C & & C &
4N A =SS
Sty A T3 tgtg e

30: In this case, we find

d(QoAmay, Qizok+1) <p Ad(A*Tak, Brogi1)
<p M(A%zo1,, Az) + Md(Az, 2) + Md(z, Brogi1).
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The inequality (2.8) leads to

1 A A
d(AZ, Z) SE 1_ )\d(AZ, QQALL‘Qk) + m (A2$2k;, AZ) + md(BiL‘g/H_l,Z)
1
t1 )\d(Qle%Jrlvz)
1 (1-Xe 1 (1-Xe 1 (1-=Xe ¢
DT S R e S R e SR T Y
=c

49: In this case, we get
A A
d(QoAzay, Q1T2r41) <B §d(QOZC2k,B!E2k+1) + §d(A Tok, Q1%2k41)
A
<gE 5 (d(Qox%, AZ) + d(AZ, Z) + d(Z, B$2k+1))

A
+ 3 (d(A2:v2k, Az)+ d(Az, 2z) + d(z, Q1x2k+1))

| >

(d(Qowak, Az) + d(2, Bxag+1))

A
+5 (d(A2mok, A2) + d(2, Qia241)) + Ad(Az, 2).

By (2.8), we have

24+ A A
md(A%Qkozk) + =N

A A+1
_ 2 _UB AR
Fog oy dBraen )+ 5Ty

«Z iyl to
11T

d(Az,z) <pg d(A%yy,, A2)

d(Q172x41, 2)

In all the four above cases, d(Az,z) < ¢, then referring to Lemma 1.8, we find
Az = 2.

(b) Here, we prove that Qoz = z. For this, from the condition (c5), let us write
for z = z and y = xox41

d(Qoz,2) <p d(Qoz, Qi%ak+1) + d(2, Q1%2k41) <E Aug + d(z, Q122r+1), (2.9)

where

. d(z,Qoz), d(Q1x2k+1, Bxak+1), d(z, Braky1),
2 .
$[d(Qoz, Bxojs1) + d(Q1 22141, 2)]

Here, we have used Az = z. Also, we have the following four cases:
19 In this case, using (2.9), we have

d(Qoz,2) <g Ad(z,Qoz) + d(Q172k41, 2).
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Therefore, referring to (2.6), we find

1
d(Q172k41,2) < — (L = Ne=c.

d(QQZ, Z) SE 1—\

1
1-A
20: Here, using the triangular inequality

d(Qoz,2) <p M(Q1T2k 41, Brar1) + d(Q122511, 2)
<g A+ 1)d(Q1z28+1, 2) + Md(Bxok+1,2)
c c
N—" 12—
< (A + )2(1+)\) +/\2)\ c

30: Similarly we have

d(QQZ, Z) <gE )\d(B:EQkJ,_],Z) + d(legk_H,Z) < )\% + )\% =c.

49: In this case, we get

A
d(Qoz,2) <p 5[(1(@027 Bigpgr1) + d(Qraok41, 2)] + d(Q12k41, 2)
A A A
<E §d(Q02az) + Ed(ZvaE%Jrl) +{gt 1) d(Qi2ax41, 2)
A 1 3
<E §d(QOZ,Z) + §d(Z,BCC2k+1) + §d(Q1$2k+1,Z)-
It follows that

& C
d(Qoz, Z) <gE d(z, Bzogy1) + 3d(Q1$2k+1,2) < 5 + 36 =c.

(¢) Here we prove that Pa,z = z. From the condition (cz2), we have Qo P2, = Porn Qo
and APy, = Py, A. Letting x = P,z and y = xa11 in the condition (c5), we have

d(Ponz,2) = d(P2p,Qoz, 2) = d(QoPanz, )
<p d(QoPonz, Q1221+41) + d(Q1%2k41, 2)
<p Aug + d(Q1%2k+1, 2)

where

d(Panz, Panz) = 0, d(Qi22k41, Bxok+1), d(Panz, Bxagy1),
3 )
$1d(Panz, Brogy1) + d(Ponz, Q1a2k41)]

using Qoz = Az = z. As the two precedent steps, we have the four cases:
19:

d(PQnZ, Z) <g )\d(PgnZ, Pgnz) + d(Qllvgk_H,Z) = d(legk.H,Z) <L c.
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20,
d(Panz, 2) <p M(Q1%2x+1, Bragy1) + d(Q122k11, 2)
SE ()\ + 1)d(Q1$2k+1,2) + )\d(BLL‘g]H_l,Z)
c c
1 _— e
< (A + )2(1+)\) +)\2)\ c
30:

d(Poanz,2) <p AMd(Panz, Brogs1) + d(Q122k+41, 2)
<gE )\d(PgnZ, Z) + )\d(z, BCL‘Q}H.l) + d(QltL‘g/H_l, Z)

It is clear that d(Pa,z2,2) < c.

40.
A
d(Panz,2) <g §[d(P2n27 Bzopi1) + d(Qix2k+1, Pon2z)] + d(Q1 22541, 2)
A A
<E §d( %y %) + §d(Z,BCC2k+1) + d(Q1x2k41,2)
A A
+ §d(Q1$2k+1,Z) + §d(27 Py, z).
We obtain

24 A

d( Py z, Z) <gE d(z, B$2k+1) + md(legk_,_l,Z) <L c.

2(1-%)

Hence, following the four cases, we obtain P,z = z.
(d) From the condition (¢1), QoX C BX, hence there exists v € X such that
z = Qoz = Bwv. First, we need to show that Bv = Qv. For this we have

d(Bv,Q1v) = d(Qoz, Q1v) <p Aua,

where thanks to condition (¢5) with z = z and y = v,
1
ug € {OE, d(Bv,Quv), Op, 5[0p + d(vale)]} :

Since d(Bv, Q1v) <g Ad(Bv, Q1v) and d(Bv, Qv) <pg 3d(Bv, Q1v), which implies
d(Bv,Q1v) = 0, hence Bv = Qqv. From the condition (c3), (Q1, B) is weakly
compatible, then @1 Bv = BQiv. We deduce 1z = Bz.

(e) Here, we write

d(lev Z) = d(lea QOZ) = d(Q()Z, le) SE’ )\’LL5,

where applying x = y = z in condition (¢5), we obtain

N =

us € {d(szQoz) =0p, d(Bz,Q12) = 0p, d(Az, Bz), [d(Bz,Qoz) + d(szle)]} :
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Then, since Qoz = Az = z, we get

us € {OE, d(z, Bz), %[d(Bz,z) + d(z,le)]} :

Proceeding as the precedent steps, we easily find Q12 = z = Bz.
(f) We will check that P,z = 2. For this,

d(QOP4 o 'PQnZ, Z) = d(QQP4 e Pgnz, le) SE )\’U,G.
Letting # = Py -+ Popz and y = z in the condition (c¢5), we have

d(APy - Pon,QoPy- - Pay), d(Bz,Q1%2), d(APy--- Pa,2, Bz),
° 7\ Ld(Bz,QoPy- - Poyz) + d(APy - Py z, Q12)] '

Thanks to condition (c2), we have APy --- Py, = Py--- Py, A and QoPy -+ Py, =
Py Py, Qo. Therefore, using Bz = Q12 = z = Az = Qpz, we deduce

Op, d(Py---Panz, 2),
Ug € 1 .
5[(1(2, Py-- Pgnz) + d(P4 o Poyz, Z)]

It is clear that Py - - - Papz = z. Thus, 2 = Az = Py(Py - - - Pay)2 = Paz. Proceeding
similarly, one can find

2=Poz=Pyz=---= P,z
(9) We will prove that Py,_12 = z. Since Pa,—1Q1 = Q1Pan,—1, we have
d(Pan-12,2) = d(Pan-1Q12, Qoz) = d(Qoz, Q1P2n—12) <p Aur,

where u; € {0g,d(z, Pan—12)}. Here we have taken x = z and y = Pa,—12. It is
obvious that P»,_1z = z. Using the same strategy, it can be shown that

zZ = Plz = P3Z == Pgn_lz.
As a conclusion, we conclude
2=Qoz=Q1z2=PrzVmeN* 1<m<2n,

that is z is a coincidence point.

Case 2. If @ is continuous. The mapping Qo is continuous, then Q3xar — Qo2
and QoAzar — Qoz, as k — +oo. From the condition (c3), the pair {Qq, A} is
compatible, then for each ¢ € E with ¢ > 0

c
d(QoAZEQk, AQ(){EQk) < 5
It follows that AQuwor — Qoz. Indeed

d(AQox2k, Qoz) <p d(AQox2k, QoAxar) + d(QoAxak, Qoz) K g + g =c. (2.10)
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(h) We need to show that Qoz = 2. First, the triangular inequality gives us

d(Qoz,z) < d(Qoz, Qorak) + d(QT2k, Q122k41) + d(Q1 w2141, 2)

& &
< 3 + d(ngzk, Q1T2k+1) + 3 (2.11)

It rests only the control of the term d(QZ%war, Q122r+1). To do this, we apply

condition (¢s5) for = Qoo and y = xar41 to get

d(Q3war, Q1211 1) <k Aus,
where
d(AQoxar, Qfxar), d(Broki1,Qitary1), d(AQorak, Brapi1),
8 .
2[d(Bxag1, Qizor) + d(AQozak, Q172k+41))]
We have four cases. We need to do the first case, the others will be the same. For
this,
d(Q3xak, Q17214+1) <k Mus = Ad(AQoTak, Q5T2k)
<p M(AQow2r, Qoz) + Ad(Qoz, Qfrak)
€A F A = =
6X  T6A 3

Combining this to (2.11) yields that Qoz = z. Now, using similarly steps (d), (e)
and (g) leads to
le = Plz = P32 == Pgn_lz = Z.

(1) We know that @1 X C AX, there exists w € X such that z = Q12 = Aw. We
shall show that Qow = Aw. For this we write
d(Qow, Aw) = d(Qu, Q12) <g Aug

where ug € {0p, 2d(Qow,2)}, that is, d(Qow, Aw) = d(Qow,z) = 3d(Qow, 2),
i.e, Qow = Aw = z. Since (Qo, A) is weakly compatible, we have z = Qpz = Az.
Then, P,z = z follows from step (c¢), and from this and step (f), Poz = Pz =
-++ = Py,z = z. As a consequence, even in this second case, z is a common fixed
point of Qo, @1 and all the 2n mappings (Px), k = 1,2, ..., 2n.

Step 4: Proof of uniqueness. Let z; be an other common fixed point of the above
maps, then
21=Qoz1 = Q121 = Ppzy VmeN, 1 <m < 2n.

We put = z and y = 2; in the condition (cs5), then
d(z,21) = d(Qoz, Q121) <g Auio

where

u1g € {d(Az,Qoz), d(Bz1,Q121), d(Az, Bz1), %[d(le,Qoz) + d(Az,lel)} .



A Common Fixed Point for a Family of Compatible Maps ... 169

We get u1g € {0g, d(z,21)}. If uip = Og, then d(z,21) = Og, so z = z;. While,
if uyg = d(z,21), then d(z,21) <g Ad(z,z). Following lemma 1.12, we obtain
z = z1. Hence, there is a unique common fixed point. The proof of Theorem 2.1
is completed. O

Our main theorem is an extension of a recent result of Jankovi¢ et al. [20]. In
fact when we let n = 2 in Theorem 2.1, we find Theorem 2.1 of [20], which is

Theorem 2.2. Let A, B,S,T,L and M be self-maps in the complete cone metric
space (X, d) satisfying the conditions:

(i) LX C ST(X) and M(X) C AB(X),
(ii) AB = BA, ST =TS, LB = BL and MT = TM,
(iii) for some A € [0,1) and for all x,y € X, there exists

d(Lz, ABx),d(My, STy),d(ABx, STy),
u(z,y) €

1(d(Lz, STy) + d(ABz, My))

such that d(Lz, My) <g Au(z,y),
(iv) the pair {L, AB} is compatible and the pair {M,ST} is weakly compatible,
(v) either AB or L is continuous.

Then A, B,S,T,L and M have a unique common fized point.

Proof. 1t suffice to take Qo =L, Q1 =M, PL=S, Ps=T, P, =Aand P, =B
in Theorem 2.1. O
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