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Abstract : The main purpose of the present paper is to derive some inclu-
sion relations and other interesting properties of certain difference sequence spaces
[C,1](A,A), (C,1)(A,A),[V,N(A,A) and (V,\)(A,A) generated by infinite
matrices. Also we introduce the concept of Ap-statistical convergence and derive
many other results on these spaces by introducing Orlicz functions.
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1 Introduction
Let w denote the space of all scalar sequences and any subspace of w is called
a sequence space. Let £, c and ¢y be the linear space of bounded, convergent and

null sequences with complex terms respectively, normed by

1z]loo = St;plévkl

where k € N = {1,2,3, ...} the set of positive intigers.
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The idea of difference sequence space was first introduced by Kizmaz [1] by
defining the sequence space

X(A) = {z = (x3) : Az € X} (1.1)

for X = ls, c and ¢y, where Az = (v — zx+1). Then Et and Colak [2] generalized
the above sequence spaces to the sequence spaces

XA ={z=(z%): A"z € X} (1.2)

where 7 € N, A% = (z1), ATz = (A" lzp — A" 1zp44) and

ATz, = zr:(_nv (Z) Th-

v=0

The generalized de la Vallee-Poussin mean is defined by

tn(x) = /\i Z Tk, (1.3)

" kel,

where A = (\x) is a non decreasing sequence of positive numbers satisfying A,41 <
Ant+1l, M =1\ —0casn—ooand I, =[n— A\, +1,n].

A sequence x = (z,) is said to be (V, A)-summable to a number L if ¢, (z) — L
as n — oo. If A, = n, then (V| \)-summability is reduced to (C,1)-summability.
The set of sequences x = (x) which are strongly almost (V, A)-summable was
defined by Savas [3] such as

. 1
[V,A] = {:v = (ag) : 77,11—>Ir;o o Z |z — L| = 0, for some L}.

" kel,

Then, Et and Bektas [4] defined the sequence spaces (C,1)(A™), [C,1](A™),
(V,A)(A™) and [V, A](A™) and studied their various topological properties by
using Orlicz functions. The spaces considered by them are as follows:

1 n
1(A™) = : lim — A"z, — L) =0, f L
(C,1)(A™) {Iew nin;on;( Lk ) = 0, for some },
1 n
1(A™) = Clim = S |A™zy. — L] = 0, f I
[C, 1](A™) {:176(-0 nin;on;| Lk | = 0, for some }7
(V, ) (A™) = {:v €w: lim /\i Z(Amxk — L) = 0, for some L},
n—oo nkeln
[V, Al(A™) = {:1: €w: lim )\i Z |[A™xy — L] = 0, for some L}.
" kel
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Let A = (a;5) be an infinite matrix of non negative real numbers with all
rows are linearly independent for all i, j =1,2,3,..., Bin(x) = > oo QkiTni if
the series converges for each k£ and n. Now, we define

. 1 &
(C,1)(A,A) = {:v Ew: n}gnoo - Z(ABkn(x) — L) =0, for some L} ,

k=1

- 1 &
[C,1](A,A) = {:v Ew: n}gn@ - ; |ABy,, (z) — L| = 0, for some L} )

(V,\)(A4,A) = {:1: €w: lim )\i Z (ABpgn(z) — L) = 0, for some L} ,

™ kel

[V, AI(A,A) = {:v €w: lim /\i Z |ABy,, () — L| = 0, for some L}.

kel

where ABy, (x) = Zf; (ki — Gk41,i)Tnti- The concept of this infinite matrix has
been introduced by Nanda [5] and Solak [6].

2 Main Results

In this section, we discuss some topological properties and inclusion relations
of the class of difference sequence spaces [C, 1](A, A), (C,1)(4, A), [V, A|(A, A) and
(V;A)(4,A).

Theorem 2.1. The spaces (C,1)(A, A),[C,1](4, A), (V,\)(A, A) and [V, N|(4, A)
are linear over C.

Proof. We give the proof only for the space[C, 1](/1, A) and for other spaces it will
follow by applying similar arguments.

Let = () and y = (yx) be any two elements of [C,1](4, A), then there
exist L and L’ such that

1 — 1 —
lim — ABgn(z) — L =0 and lim — ABin(y) — L' = 0.
im k;' (@) = L] =0 and lim — 3" |ABy(y) - L'

Now, for any scalar o, 3 € C

1 m
Jim — > |ABgn(az + By) — L
k=1

1 m
= lim — g |ABgn(az + By) — (L + BL")| by setting L” = aL + BL'
m—oo M
k=1

1 & 1 &
< .1 B .1 o
<la| lim —3 |ABjn(z) = LI+ 6] lim — > |ABga(y) - L'|
k=1 k=1
— 0 asm — oo.
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= ax + By € [C,1](A, A). This completes the proof.

Theorem 2.2. The spaces (C,1)(A, A),[C,1](4, A), (V, (A, A) and [V, (A, A)
are normed linear spaces normed by

n 1 m
ol = 3 fo| + sup | - 3™ ABy (a) (21)
i=1 men k=1
Proof. Suppose z € [C,1](A, A), for z = 6, ||z|| = 0. Conversely, if ||z|| =0,
n 1 m
€. i — ABy, =0,
T I EpalYE
i.e. Z |z;| =0 and sup - Z . (aki — kt1,i)Tnti| = 0.
1=1 k=11=1
Therefore, 1 = x2 = -+ = x,, = 0. Since A = (ay,x) is a matrix with all linearly
independent rows. So, for ¢ > n, x; = 0. Hence z; = 0 for i=1,2,3,.... i.e. x =4.

Let z,y € [C,1](A, A), so

1 m
~ > ABpn()
k=1

n

2] = > | + sup
m,n

=1

n
Ayl = lyil + sup
i=1 m,n

1 m
k=1

Now

1 m
|z +yll = Z i + il 4 sup | — > ABj(z +y)

i=1 k*l

Z :Ez| + Z |yl| + SU.p Z ABkn + SUP Z ABkn
i=1 =1 mon L

= [/l + llyll-

Finally, for any scalar A,

n

[IAz|| = Z |Az;| + sup |— ZAB;W Az)|

=1 kl

1 m
= [Al Z i + Al sup | = — > ABn(2)
e k:l

i=1

= [Alll]l-

This completes the proof. The proofs of (C,1)(A4, A), (V, \)(A, A) and [V, \](4, A)
are similar, hence omitted. O

Theorem 2.3. The spaces (C,1)(A,A) and [C,1)(A,A) are complete normed
linear spaces under the norm ||z||, defined by (2.1).
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Proof. Let zN be a Cauchy sequence in [C,1](A, A), where
eV = () e [C,1](A,A) and M = (zM) € [C,1](4, A).

Suppose ||z — 2M| — 0 as M, N — o

n
i.e. Z leN — 2M| + sup
i=1 m,n

1 m
EZAB’“"(:EN —xM)‘ —0 as M, N — oo.
k=1

n
i.e. E |z — M| =0 and sup —0 as M,N — oo.
m,n

=1 )

1 Z ABpy, (2N — ™)
™=

Thus, for k=1,2,3,... n, () is a Cauchy sequence in C and

3=
NE

ABpn (2N — ABkn(xM)| —0, as M,N — o0

m,n

el
Il
—

= sup

m,n

(agi — ak+17i)(xfj+i — ;v%”) — 0, as M, N — oc.

3=
NE
M8

b
Il
—

i=1

1
= [(a11 — ami11) @)y — 2ply) + (@12 — ama2) (@) g — o) + -+

— 0, as M, N — oc.

As all the rows of A are linearly independent, so for k = n+1,n+2,...., (z)
is a Cauchy sequence in C. Therefore (z}') is a Cauchy sequence in C for all k.
By the completeness of C, limy_, & =z in C, for all k. For given € > 0, there
exists Ng > M, N such that,

= sup

m,n

<e (2.2)

M—o0m,n

1 m
lim sup|— E ABpp (2N — M)
m
k=1

S E ABp, (2N — )
m
k=1

Now,
n 1 m
i ¥ = ¥l = Jim Dl o] i s 2D AB @) = ABun()
1= =
n m
§Z|azZ — ;| + sup —ZABkn(xN—x)
i=1 T k=1
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N

Hence, 2% — z, as M — oco. Now,

sup Z ABpp(x) —
< sup Z ABpy (x L|+ sup Z ABpp (VY — )
— 0, as N — oo.
Therefore, z € [C,1](A, A). This completes the proof. O
Theorem 2.4.

(i) [CA)(A,A) € (C.1)(A, A);
(i) [V, N(A,A) € (V, \)(A, A) and the inclusions are strict.
Proof. The proof of this theorem is trivial, so omitted. o

Theorem 2.5. The spaces (C,1)(A, A) and [C,1)(A, A) are isometrically isomor-
phic to

Proof. We give the proof of the space [C,1](A, A) only and for the other spaces it
will follow the similar technique. Let us consider the mapping

T :[C,1(A,A) — [C,1](A, A)

defined by Tz =y = (0,0,...,0,%p41,Tnt2,...). It is clear that T is bounded

linear operator. Also T'([C,1](A,A)) = {z = (z) : 11 = 23 = -+ = 1, =
0,z € [C,1](A, A)} is a subset of [C,1](4,A) and ||z|| = || £ 37" | ABin ()| in
T(IC,1](A, A)).

On the other hand we can show that the mapping Az : T([C, 1](A, A)) — (o,
defined by Ar(z) = (yx) = (& Y1 AByn(2)) is a linear homomorphism.
Now,

[ Az ()]l = sup | = []l-

Therefore, A is linear and bijective. Hence (C,1)(A, A) is isometrically isomor-
phic to {. o

Theorem 2.6. The spaces (C,1)(A,A) and [C,1](A, A) are BK-spaces with the
norm defined in (2.1).

Proof. The proof follows immediately from Theorem 2.5. O
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3 Ap-Statistical Convergence

In this section, we establish the relationship of Sy(A, A) with [V, N(A, A) and
S(A,A). The notion of statistical convergence was introduced by Fast [7] and
studied by various authors [8-13].

Definition 3.1 ([13]). A sequence x = (zy) is said to be A-statistical convergent
or Sy-convergent to L, if for every ¢ > 0

1
lim )\—|{k €l |z —L| > €} =0.

m— 00
In this case, we write Sy —lima = L or 2y — L(S)) and
Sy={r€w:S —limz=L,for some L}.
Definition 3.2. A sequence z = () is said to be Ap-statistical convergent or

Sy (A, A)-convergent to L, if for every e > 0

lim i|{k € I - |ABgn () — L| > €}| = 0.

m—oo )\m
In this case, we write Sy, —limz = L or 2 — LS\(4, A) and
Sy(A,A)={z€w: S\, —limz = L,for some L}.
Theorem 3.1. Let A = (\) be same as above, then
(i) If . — LIV, N(A, A), then z;, — LS\(A, A).
(ii) If v € loo(A,A) and z, — LSA\(A, A), then x, — L[V, (A, A).
(iii) Sx(A,A)Nlo(A,A) = [V, N(A,A) Nla(A,A)
where Lo (A, A) = {z : SUp,, |ABpn(2)] < oo}
Proof. (i) Suppose € > 0 and limg 2, = L[V, N](A, A), then we have
> |AByn(z) - L| > > |ABpn(z) — L
k€L, k€lm,
[ABpn(z)—L|>e
> e|{k € Ly, : |ABpn(x) — L| > €}].
Therefore, z, — L[V, \(4,A), = x — LS\(4, A).

(i) Suppose z € £oo (A, A) and x5, — LS\(A, A), i.e. for some K, |ABjy () —
L| < K for all k and n. Given € > 0, we get

Ai > [ABg(z) — L|

™ kel
1 1
=+ >, ABu@ L+ > |ABum(a) L]
m keI, m k€L,
[ABgn(z)—L|>e |ABgn(z)—L|<e

IN

K
Ik € Lt [ABya(2) = L| > €} + <
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As m — o0, the right hand side goes to zero, which implies that x — L[V, ] (A, A).
(iii) This immediately follows from (i) and (ii). O

Theorem 3.2. If liminfm%” > 0, then S(A,A) C S’,\(A,A).

Proof. Given € > 0, we have

{k €l :|ABgy(x) — L| > ¢} C{k <m: |ABgn(x) — L| > €}.

Therefore,

1 1
EHk <m: |ABgn(z) — L| > €}| > EHk € Ly : |ABgn(z) — L| > €}

m 1
= %mHk € I, . |ABgp(z) — L| > €}
Taking the limit as m — oo we get 2 — LS(A,A) = x; — LSy\(4,A). O

4 Some New Sequence Spaces Defined by Orlicz
Functions
In this part we introduce some new difference sequence spaces defined by Orlicz

functions and examine their topological properties. Before giving certain results
we give some required definitions.

Definition 4.1. A function M : [0,00) — [0, 00) is said to be an Orlicz function
if it is

(i) Continuous,

(ii) Non decreasing and

(iii) Convex with M(0) =0, M(z) > 0 for z > 0 and M(z) — 0 as © — occ.

Definition 4.2. Let M be an Orlicz function and p = (px) be any sequence of
strictly positive real numbers. Now using this function we define

r _ Pk
| SRS Y (MR S
V. AI(A, A, M, p) = e X 2 | p

for some L and p > 0

(z1): lim L > :M (M)rkzo,

[‘/7 )\]O(AaAaMap) = P

for some p >0

T S N
[V?/\]OO(AaAaMap): (xk) 77}—>OO A Z _M( P )] = ’

for some p >0
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) and
4, A, M)

2

For p = (pr) = (1,1,...), we denote [V, \|(4, A, M,p), [V, o (A A, M,
[VvA]OO(AvAvap) as [MA](AaAaM)v [MA]O(AvAvM) and (
respectively.

Theorem 4.1. For a bounded sequence p :A(pk) of strictly positive real num-
bers, the the space [V, (A, A, M,p), [V, No(A, A, M,p) and [V, (A, A, M,p)

are linear over C, the field of complex numbers.

Proof. Let z,y € [V, )\]Q(A,A,M,p) and «,3 € C. Then there exist positive
numbers p; and p2 such that

3 (5]

m—00 Ap £ P

and

[ (B

M kel P2

Define p3 =max{2|«a|p1,2|a|p2}. Since ABjy, is linear and M is non-decreasing
and convex, we have

1 Z [ ('ABkn(a$+ﬁy)|)]pk

W%EPWM% s
“n 3 L (e R

“n 3 v () e ()]

< 3 L) e (B

cen ) e g (5] -

where C' =max{1,2V '}, N = max{1, supjcy px }; 50 that az + By € [V, No(4, A,
M, p). Hence [V, )\]O(A,A,M, p) is a linear space. The proof for the the spaces
[V, AJ(A, A, M, p) and [V, A (A, A, M, p) can be done in a similar way. O

Theorem 4.2. For any Orlicz function M and a bounded sequence p = (py) of
strictly positive real numbers the space [V, No(A, A, M,p) is a paranormed space
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with the paranorm
1/N

g(z) = inf ppm/N;{Ai > [M(Mﬂpk} <1,m=1,2,3,...

™ kel P
(4.1)

Proof. The subadditivity of g follows from the Theorem 4.1 by taking o = 1 and
B =1 and it is clear that g(x) = g(—x). Since M(0) = 0, we get inf{pPm/N} =0,
for z = 0. Now we prove that scalar multiplication is continuous. Let « be any
complex number, by definition

oe) VN
g(ax) = inf pp’"/N:{/\i Z [M (M>} } <1lm=1,23,...

m o, p
| A Ben () V17
= inf pp’"/N:{— > [M (*ﬂ } <1l,m=1,2.3,...
Am p
k€l
Suppose s = p/|al, then p = s|a| and since |a[P™ < maz{l, |a|*"PP™} then we get
g(ax)
| B @)\ 17"
= inf O D R L= <1,m=1,2,3,...
m (S|OZ|) {Am 5 |: ( 0 > Lm )

< (max{1,afer )Y

Ph 1/N
x inf pp’"/N:{)\L Z {M (M)] } <1l,m=123,...
I

m oo p
— 0 as g((E)—>O in [‘/,)\]Q(A,A,M,p)

Now suppose that oy — 0 as i — oo and z is fixed in [V, No(A, A, M, p). For
arbitrary € > 0 and let Ny be a positive integer such that

Ty

™ kel

For some p > 0 and all m > Ny, we have

{L 3 [M <|ABkn($)|)]pk}1/N <
Am e P -

Let 0 < |a| < 1, using the convexity of M for all m > Ny, we get

L (O] palw (2] )

M kel P k€l

NN
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Since M is continuous everywhere in [0, c0), then we consider the function

-t g e

kel P

For each m < Ny, f is continuous at 0. So there is a § € (0,1) such that |f(r)] <
(%)N for 0 < r < 4, this implies that there exists K such that |a;| < 6 for i > K

and m < Ny
1/N
1 |ABpn ()] P
_ —_ <
{/\m 2 [M < p B
k€I,

This completes the proof. [l

| ™
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