
Thai Journal of Mathematics
Volume 11 (2013) Number 1 : 67–73

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

Fixed Point Theorems in Generalized
Types of Dislocated Metric Spaces

and Its Applications

M.A. Ahmed, F.M. Zeyada and G.F. Hassan
1

Department of Mathematics, Faculty of Science
Assiut University, Assiut 71516, Egypt

e-mail : mahmed68@yahoo.com (M.A. Ahmed)

zeyada1@hotmail.com (F.M. Zeyada)

gamal6@yahoo.com (G.F. Hassan)

Abstract : Two types of generalized dislocated metric spaces are introduced.
Also, we prove some fixed point theorems in these spaces. These theorems are
different generalizations of a fixed point theorem of Hitzler and Seda [P. Hitzler,
A.K. Seda, Dislocated topologies, J. Electr. Engin. 51 (2000) 3–7]. Finally, we
give applications on our results.
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1 Introduction

Fixed point theory has application in logic programming semantics, approxi-
mation theory, dynamic programming and integral-functional equations (see, e.g.,
[1–4]). Recently, some generalized types of metric spaces such as dislocated metric
spaces and hyperbolic ordered metric spaces have appeared (see, for instance, [1,
5–7]). In 2000, Hitzler and Seda [6] proved a fixed point theorem in complete
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dislocated metric spaces. Their theorem generalizes Banach contraction principle
to dislocated metric spaces.

Following Waszkiewick [7], let X be a set. A distance on X is a map d :
X × X → [0,∞). A pair (X, d) is called a distance space. If d satisfies the
following conditions:

(DM1) if d(x, y) = d(y, x) = 0, then x = y;

(DM2) d(x, y) = d(y, x);

(DM3) d(x, y) ≤ d(x, z) + d(z, y)

for all x, y, z ∈ X , then it is called dislocated metric (or simply d-metric) on X . It
is obvious that if d satisfies (DM1) − (DM3) and

(DM4) d(x, x) = 0 ∀x ∈ X ,

then d is a metric on X .

Definition 1.1 ([8]). Let (X, d1) and (Y, d2) be metric spaces. A function f :
X → Y is called contraction iff there exists 0 ≤ λ < 1 such that d2(f(x), f(y)) ≤
λd1(x, y) for all x, y ∈ X .

Theorem 1.2 ([6, Theorem 2.2]). Let (X, d) be a complete d-metric space and a
function f : X → X be contraction. Then f has a unique fixed point.

The plan of this paper is as follows. In Section 2, we introduce the concept
of left dislocated metric spaces. Also, we establish a generalization of Theorem
1.2 to these spaces. In Section 3, we give the concept of right dislocated metric
spaces and state another generalization of Theorem 1.2 to these spaces. Finally,
in Section 4, we present some applications of our main theorems.

2 A Fixed Point Theorem in Left Dislocated

Metric Spaces

In this section, we introduce the concept of left dislocated metric spaces (simply
ld-metric spaces). Also, we state and prove a generalization of Theorem 1.2 to ld-
metric spaces.

Definition 2.1. A distance function d is called ld-metric iff it satisfies (DM1)
and the condition

(LD) d(x, y) ≤ d(z, x) + d(z, y) ∀x, y, z ∈ X .

It is obvious that any d-metric is a ld-metric but the converse may not be true.

Definition 2.2. A sequence (xn) ⊆ X is ld-convergent iff there exists a point
x ∈ X such that limn→∞ d(xn, x) = 0. In this case, x is said to be ld-limit of (xn).
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Definition 2.3. A sequence (xn) in a ld-metric space (X, d) is called Cauchy iff
∀ ǫ > 0, ∃ n0 ∈ N (N := the set of all positive integers) such that d(xm, xn) <

ǫ ∀m, n ≥ n0.

Definition 2.4. A ld-metric space (X, d) is called complete iff every Cauchy se-
quence in it is ld-convergent in X .

Definition 2.5. Let (X, d1) and (Y, d2) be ld-metric spaces. A function f : X →
Y is said to be ld-continuous iff for each sequence (xn) which is ld1-convergent to
x0 in X , the sequence (f(xn)) is ld2-convergent to f(x0) ∈ Y .

We state the following lemma without proof.

Lemma 2.6. Every subsequence of ld-convergent sequence to x0 is ld-convergent
to x0.

It is obvious that the converse of Lemma 2.6 may not be true.

Lemma 2.7. ld-limits in ld-metric spaces are unique.

Proof. Let x and y be ld-limits of the sequence (xn). By Property (LD), it follows
that

d(x, y) ≤ d(xn, x) + d(xn, y) → 0 as n → ∞.

Hence, d(x, y) = 0. In a similar way, one can deduce that d(y, x) = 0. So, we
obtain from (DM1) that x = y.

Lemma 2.8. Let (X, d) be an ld-metric space. If a function f : X → X is
contraction, then (fn(x0)) is a Cauchy sequence for each x0 ∈ X.

Proof. Choose any x0 ∈ X . We show that the sequence (fn(x0)) is Cauchy. Note
that

d(fn+1(x0), f
n(x0)) ≤ λd(fn(x0), f

n−1(x0))

≤ λ2d(fn−1(x0), f
n−2(x0))

≤ · · · ≤ λnd(f(x0), x0).

Now, for any integer r ∈ N ∪ {0}, Property (LD) implies that

d(fn(x0), f
n+r(x0)) ≤ d(fn+1(x0), f

n(x0)) + d(fn+1(x0), f
n+r(x0))

≤ d(fn+1(x0), f
n(x0)) + d(fn+2(x0), f

n+1(x0))

+ d(fn+2(x0), f
n+r(x0))

≤ d(fn+1(x0), f
n(x0)) + d(fn+2(x0), f

n+1(x0))

+ · · · + d(fn+r(x0), f
n+r(x0))

≤ (λn + λn+1 + · · · + λn+r−1)d(f(x0), x0) + λn+rd(x0, x0)

≤
λn

1 − λ
d(f(x0), x0) + λn+rd(x0, x0).
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The last term tends to zero as n tends to infinity. Also, we proceed similarly as
above and obtain

d(fn+r(x0), f
n(x0)) ≤

λn

1 − λ
d(x0, f(x0)) + λn+rd(x0, x0).

The last term tends to zero as n tends to infinity. Thus (fn(x0)) is a Cauchy
sequence.

Lemma 2.9. Let (X, d) be an ld-metric space. If a function f : X → X is
contraction, then f is ld-continuous.

Proof. Let x0 ∈ X be an arbitrary point in an ld- metric space (X, d) and let
ǫ > 0. Put δ ≤ ǫ. Then,

d(x, x0) < δ =⇒ d(f(x), f(x0)) ≤ λd(x, x0) < λδ ≤ λǫ < ǫ.

Hence, f is ld-continuous at x0. Therefore, f is ld-continuous.

Theorem 2.10. Let (X, d) be a complete ld-metric space. If a function f : X → X

is contraction, then f has a unique fixed point.

Proof. Existence: from Lemma 2.8, the sequence (fn(x0)) is Cauchy for each
x0 ∈ X . Since (X, d) is ld-complete, then (fn(x0)) is ld-convergent to x ∈ X , say.
Using Lemma 2.6 and Lemma 2.9, we get that

f(x) = f(limn→∞fn(x0)) = limn→∞fn+1(x0) = x.

Uniqueness: suppose that there are two different fixed points x and y of f .
Since f is contraction, then we find that

d(x, y) = d(f(x), f(y)) ≤ λd(x, y),

i.e., (1 − λ)d(x, y) ≤ 0. Also, we have that

d(y, x) = d(f(y), f(x)) ≤ λd(y, x),

i.e., (1 − λ)d(y, x) ≤ 0. Since 1 − λ < 1, we obtain that d(x, y) = d(y, x) = 0.
Hence, (DM1) gives that x = y.

In Theorem 2.10, if the mapping f is replaced by fα, α ∈ Λ, where Λ is an
index set, we state the following theorem without proof.

Theorem 2.11. Let (X, d) be a complete ld-metric space and a function fα : X →
X be contraction for all α ∈ Λ. Then, fα has a unique fixed point for each α ∈ Λ.
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3 A Fixed Point Theorem in Right Dislocated

Metric Spaces

In this section, the concept of right dislocated metric spaces (simply rd-metric
spaces) is given. Also, we establish another generalization of Theorem 1.2 to rd-
metric spaces.

Definition 3.1. A distance function d is said to be rd-metric iff it satisfies (DM1)
and the condition

(RD) d(x, y) ≤ d(x, z) + d(y, z) ∀x, y, z ∈ X .

It is clear that any d-metric is a rd-metric but the converse may not be true.

Definition 3.2. A sequence (xn) ⊆ X rd-converges to x ∈ X iff limn→∞ d(x, xn) =
0. In this case, x is called rd-limit of (xn).

Definition 3.3. A sequence (xn) in an rd-metric space (X, d) is called Cauchy iff
∀ ǫ > 0, ∃ n0 ∈ N such that d(xm, xn) < ǫ ∀m, n ≥ n0.

Definition 3.4. An rd-metric space (X, d) is called complete iff every Cauchy
sequence in it is rd-convergent in X .

Definition 3.5. Let (X, d1) and (Y, d2) be rd-metric spaces. A function f : X →
Y is said to be rd-continuous iff for each sequence (xn) which is rd1-convergent to
x0 ∈ X , the sequence (f(xn)) is rd2-convergent to f(x0) ∈ Y .

We state the following lemma without proof.

Lemma 3.6. Every subsequence of rd-convergent sequence to x0 is rd-convergent
to x0.

It is obvious that the converse of Lemma 3.6 may not be true.
Similarly, one can prove the following lemmas and theorems.

Lemma 3.7. rd-limits in rd-metric spaces are unique.

Lemma 3.8. Let (X, d) be an rd-metric space. If a function f : X → X is
contraction, then (fn(x0)) is a Cauchy sequence for each x0 ∈ X.

Lemma 3.9. Let (X, d) be an rd-metric space. If a function f : X → X is
contraction, then f is rd-continuous.

Theorem 3.10. Let (X, d) be a complete rd-metric space and a function f : X →
X be contraction. Then f has a unique fixed point.

In Theorem 3.10, if the mapping f is replaced by fα, α ∈ Λ, where Λ is an
index set, we obtain the following theorem.

Theorem 3.11. Let (X, d) be a complete rd-metric space and a function fα : X →
X be contraction for all α ∈ Λ. Then fα has a unique fixed point for each α ∈ Λ.
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4 Some Applications

In this section, we give some applications of our main results. First we intro-
duce an application of Theorem 2.10 to f r where r ∈ N as follows.

Theorem 4.1. Let (X, d) be a complete ld-metric space. If a function f : X → X

satisfies that f r is contraction for some r ∈ N , then f has a unique fixed point.

Proof. Fix r such that f r is contraction. Then we obtain from Theorem 2.10 that
f r has a unique fixed point x ∈ X , say. Then, f(x) = f(f r(x)) = f r(f(x)) implies
that f(x) is a fixed point of f r. By uniqueness of the fixed point for f r, we have
that x = f(x). To prove the uniqueness of a fixed point of f , assume that y is
another fixed point of f . Then,

d(x, y) = d(f r(x), f r(y)) ≤ λd(x, y) and d(y, x) = d(f r(y), f r(x)) ≤ λd(y, x).

So, (1 − λ)d(x, y) ≤ 0 and (1 − λ)d(y, x) ≤ 0. Since 1 − λ < 1, we obtain that
d(x, y) = d(y, x) = 0. Hence, (DM1) leads to x = y.

In Theorem 4.1, if the mapping f is replaced by fα, α ∈ Λ, where Λ is an
index set, we state an application of Theorem 2.11 to f r where r ∈ N without
proof.

Theorem 4.2. Let (X, d) be a complete ld-metric space. If a function fα : X → X

satisfies that f r

α
is a contraction for some r ∈ N and for all α ∈ Λ. then fα has a

unique fixed point for each α ∈ Λ.

Remark 4.3.

(I) If we replace a complete ld-metric space by a complete rd-metric space, then
the conclusion of Theorems 4.1 and 4.2 remains valid. In this case, the
deduced results are applications of Theorems 3.10 and 3.11 to f r where r ∈
N , respectively.

(II) Since d-metric is ld-metric and rd-metric, then the conclusion of Theorems
4.1 and 4.2 holds in d-metric spaces.
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