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Abstract : In this article we focus on the multiplier sequence spaces which are
Banach spaces. We show that the characterization of a random matrix operator
A = (ank) € (E(N), F(n)), where E(X) and F(u) are multiplier sequence spaces
with multiplier sequences A and pu, depends on the characterization of the matrix
B = (bnx) € (E,F), with by, = unank/\gl. By this way, the necessary and
sufficient conditions for the matrix operators between multipliers of the classical
sequence spaces can be found. We also give some applications of these results.
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1 Introduction and Preliminaries

Let w denote the set of all complex sequences. Any subspace of w is called
as a sequence space. We shall write £, ¢ and ¢y for the spaces of all bounded,
convergent and null sequences, respectively. By £,, we denote the space of all
p-absolutely summable sequences, where 1 < p < oco.

The studies on sequence spaces was extended by using the notion of asso-
ciated multiplier sequences. Goes et al. [1] defined the differentiated sequence
space dFE and integrated sequence space f FE for a given sequence space F, using
the multiplier sequences (k~1) and (k) respectively. Kamthan [2] used the multi-
plier sequence (k!). Recently, Tripathy and Sen [3] examined some vector valued
paranormed multiplier sequence spaces.
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Let A = (Ax)ren be a sequence of nonzero scalars, where N = {1,2,...}. For
any z = (2) € w let Az = (Agzg). Then, for a sequence space F, the multiplier
sequence space F()\), associated with the multiplier sequence A is defined as

EN) ={z€w:Az€ E}.

For example ¢y((1/k)%2 ) is a sequence space which includes ¢, and includes some
unbounded sequences such as (V).

Let E and F be two sequence spaces and A = (anx) be an infinite matrix of
real or complex numbers a,x , where n, k € N. Then, we say that A defines a
matrix mapping from FE into F', and we denote it by writing A : £ — F if for
every sequence x = (xj) € F the sequence Az = {(Az),}, the A-transform of z,
is in F'; where

(Az)p = > amar (n€N). (1.1)
k

By (E, F), we denote the class of all matrices A such that A : E — F. Thus,
A € (E,F) if and only if the series on the right side of (1.1) converges for each
n € N and every z € F, and we have Az = {(Az), }neny € F for all z € E.

Let X and Y be Banach spaces. Then B(X,Y) is the set of all continuous
linear operators L : X — Y , a Banach space with the operator norm defined by
L] = sup{lzl 0 £ 2 € X} (L€ B(X,Y)).

A BK space is a Banach sequence space with continuous coordinates. The
sequence spaces co, ¢, {p, {s are the well-known examples of BK spaces. A BK
space with uniformly continuous coordinates will be called as a UBK space. It can
be seen that the sequence spaces cy, ¢, {5, { are also UBK spaces.

Theorem 1.1 ([4, Theorem 4.2.8]). Matriz operators between BK spaces are con-
tinuous.

Theorem 1.2. If E is a normed sequence space with the norm || - ||, then E(X) is
a normed sequence space with norm ||z||x = ||Az]|.

Proof. Let o € C and z € E()A). Then
lazllx = [Maz)[l = [[eAz]| = |af[[Az]] = |af][z]A.
Secondly, for y, z € E(\) we have
ly + 2l = 1Ay + 2)l = Ay + Azll < Iyl + [[Az]] = llyllx + [1z]x,

so the triangle inequality holds.
Now, suppose ||z||x = 0. Then ||Az|| = 0 and since || - || is a norm we have
Az = 0 for each k. Since A\ are nonzero, we have z = 6. O
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2 Main Results

Lemma 2.1. Let E be a normed sequence space with norm ||-||. Then E is a UBK
space if and only if there exists C' > 0 such that for all z = (2) € E, |zi| < C|2||
for all k € N.

Proof. Let E be a UBK space and suppose such a C' > 0 does not exist. Then,
there exists a sequence (2(*)) in E with ||2(¥)|| = 1 such that for an index set (k)

we have |z](€i)| > 5% for s € N. Now let y(*) = 12(9) for s € N. Then y(*) — 0 as
s — 00, but

s

So, we get to the contradiction, coordinates are not uniformly continuous. The

inverse implication is straightforward. [l
Theorem 2.2. If (E,|| - ||) is a Banach sequence space and A be a sequence of
nonzero terms, then (E(M\),| - ||x) is @ Banach space.

Proof. Let (E,||-||) be a Banach sequence space. Then, (E(X), || -||x) is a normed
space by the previous theorem. Now, let (x,) be a Cauchy sequence in E(X). Let
Yn = A&,. Then (y,,) is a sequence in E and is Cauchy in E since

[2n — Zmllx = [Mzn — Zm)|| = |AZn = A2Zm || = [[yn — Ym]-
Let y € E such that limy, =y in E. Let = A~!y. Then

[2n = zllx = |Mazn = 2)[| = [lyn — yll = 0.

Corollary 2.3. The multiplier of a BK space is a BK space.

Corollary 2.4. Let A\ and p be sequences with nonzero terms, and let E and F
be BK spaces. Then any matriz operator A € (E(N), F(w)) is continuous.

Corollary 2.5. Let \,v,u and § be sequences with nonzero terms. Then the
matriz operators between £,(N), co(Y), c(n) and Lo (8) are continuous.

Remark 2.6. The multiplier of a UBK space is not a UBK space, in general. For
example, the sequence (k) € ¢((1/k)) has norm 1 according to the norm given by

sup {—1 |£L’ |}
]C )
z=(z1) k

which is the corresponding norm of ¢((1/k)) according to Theorem 1.2. So the
space c¢((1/k)) is not UBK by Lemma 2.1.
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For a sequence A = (A1, Ag,...) of nonzero terms, define \=! = (/\%, %2, ce)e

Let Dy be the diagonal matrix where the diagonal entries are the entries of the
sequence A, i.e.

A0 0
0 X O

Let e = (1,1,...). So, D. is the identity operator. For any two sequences
w = (ug) and A = (Ar) and a matrix operator A = (ang), we can see that the
operator D, ADj is represented by the matrix A(p, A\) = (oni) where

Ank = UnQnk )\k .

Theorem 2.7. Let E and F be two sequence spaces, A and u be two sequences of
nonzero terms. Then for a matriz A, A € (E(\), F(u)) if and only if A(u,A\71) €
(B, F).

Proof. Suppose A € (E()\),F(u)) and let z = (2,) € E. Then, clearly A7!z €
E(\). Hence, we have AN"1z € F(u), and so pAXN~"1z € F, which is equivalent to
saying D,ADy-1z € F.

For the inverse implication, suppose D,ADy-1 € (E,F) and let z € E()\).
Then Az € E and so D, ADy-1 Az € F. This is equivalent to saying uAN"*\z € F,
and so pAz € F and Az € F(u). O

Corollary 2.8. Let E and F be two normed sequence spaces, A and p be two
sequences of nonzero terms. Then for a matrix A, A € B(E(\), F(n)) if and only
if A(u,\"1) € B(E, F). In this case, we have

1Al (B, () = AW A Dl (8,7)-
Proof. Tt is enough to show the equality:

142l (e AN Azl
Al 2oy Fuy = sup  —— — gy o = S
o2zeen) 12lEQ)  ezxser X2llE eprzer [AzlE
[ A A" DA e 4
= sup ———— = ||A(u, A .
G;é)\z%E ||/\ZHE || (,U )”(E,F)
O

3 Examples and Applications

Example 3.1. The matriz

— = =
_ = O
— o O
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since the Cesaro operator C = T((n%),e) € (c,c). The space c(n™t) = {(z) €

w : lim, 2= exists} is a Banach space by Theorem 2.2.

Example 3.2. A lower triangular matriz A = (ank) is said to be factorable if there
exists sequences (ay) and (by,) such that an, = apby for allk,n € N. If A = (a,bg)
is factorable, then A =T((ay), (by)) where T is the matriz in Example 3.1. So, if
(an) and (by) have nonzero terms, we have T = A((a,; ) (b)) € (¢,e(n™t)) and
A€ (c(bn),c(=2)).

Nan

Theorem 3.3. Let E be a UBK space and let A = (ank) be a matriz operator
with rows in £1. Then, there erists a Banach space F such that A € B(E, F).

Proof. Let || - || denote the norm of F and || - ||s be the norm of .. Let M,, =
> re i lank|, and let A, € (E,C) be the operator corresponding to the n-th row of
A, ie. for z = (z;) € E we have A,z = Zz’;l ankzr € C. Then, since F is a UBK
space, there exists C' > 0 such that |zx| < C||z|| for all k and all z € E, and so

A o0
JAul = sup il g imanemd oy o
0#z€E [|]] 0+42€E ll2]l

Then A € (E,w). Now define the sequence p = (ug) by

e M #0
FEZV 17 My =0

Then, for the matrix A(u,e) we have

A o0
sup AWzl Supw
042 E || 2] 942€E n || 2]
oo
< CSU.p/LnZ |ank|
" k=1

< Csup pp My, < C.

Hence A(u,e) € B(E, ), and by Corollary 2.8 we have A € B(E(e™ 1), £oo(11))
B(E,lx (1)) and £o (1) is a Banach space by Theorem 2.2.

O

Corollary 3.4. If A € (E,w) where E is one of the sequence spaces cg, ¢ or L.
Then there exists a Banach sequence space F such that A € B(E, F).

Proof. ¢g, ¢ and £+, are UBK spaces. If A is in (¢p,w), in (¢,w) or in ({0, w), then
rows of A are in ¢; and so the theorem can be applied. O

Let us list the following conditions:

lim pnank exists for each k (3.1)
lim ppan, = 0 for each k (3.2)

n—oo
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lim gy, Z Ank oxists (3.3)
Ank
sup|un 3 (3.4)
n k
ank
lim g, Z = (3.5)
Z ui\ank converges uniformly in n (3.6)
k=11 7k
. - Ank
Tim ] Y15 = (3.7)
k=1
sup Enfnk | — o0 (3.8)
n,k Ak
i HnGnk b (3 9)
sup —_ .
I —
sup L Gnk| < 00 (3.10)
NEf(N); 7;\/

where f(N) in (3.10) denotes the collection of all finite subsets of N.

Theorem 2.7 has many applications. As an example we give the following the-
orem, which characterizes the matrix operators between multipliers of the classical
sequence spaces. We give this theorem without proof, since the results are direct
applications of Theorem 2.7 to the well known characterizations of the matrix
mappings between the classical sequence spaces (see e.g. [4-6]).

Theorem 3.5. Let A and p be two sequences of nonzero terms, and A = (ank).
Then

A€ (boo(N), Loo(p)) if and only if (3.4) holds, (3.11)
A € (c(N),loo(n)) if and only if (3.4) holds, (3.12)
A € (co(N), loo () if and only if (3.4) holds, (3.13)
A€ (boo(N),c(p)) if and only if (3.1) and (3.6) hold, (3.14)
A € (e(N),c(w)) if and only if (3.1), (3.3) and (3.4) hold, (3.15)
A € (co(N), c(p)) if and only if (3.1) and (3.4) hold, (3.16)
A€ (boo(A),co(p)) if and only if (3.7) holds, (3.17)

( (3.18)

( (3.19)

c(N), co(p)) if and only if (3.2), (3.4) and (3.5) hold,
A € (eo(N),co(p)) if and only if (3.2) and (3.4) hold,
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A€ (l1(N),loo(p)) if and only if (3.8) holds, (3.20)
A€ (U1(N), Lp(1)) for (1 <p < o0) if and only if (3.9) holds, (3.21)
A€ (boo(N), €1(p)) if and only if (3.10) holds. (3.22)

Moreover, all the matriz mappings in (3.11)-(3.22) are continuous.
Theorem 3.6. Let A = (ank) € (c,w) be a matriz satisfying the conditions:
(1) imy oo Y ey [ani| = 00,

(it) ak :=lim,_ o % exists for each k € N and

T > e, ank .

(111) ag = limy, 00 S eists
with (ag,a1,...) # 6. Then there exists a convergent sequence z = (zp,) such that
lim,, [(Az),| = oco.

Proof. Since A € (c,w), the rows of A are in ¢;. Define p = (pp,) by

[ = { Do lank] i 222:1 |ank| # 0
" it 5507 fani] = 0

So the sequence (p,,) has nonzero terms and p,, — oo by condition (i). Then, using
conditions (ii) and (iii) we get A € (c,c(p™1)) by (3.15), and A ¢ (c,co(p™t)) by
(3.18). So, there exists z = (z,) € ¢ such that y = (y,) = Az € c(p™1)\co(p™1).
Hence the sequence (y,/un) € c\co, and so there exists a € C\ {0} such that
lim,, Z_Z = «. Then, since lim,, u, = oo, we have lim,, |y,| = co. O

Remark 3.7. The characterization of a matriz A € (¢,w) that guarantees at least
one convergent sequence is sent to a sequence that goes to infinity, is an important
open problem. Theorem 3.6 gives some sufficient conditions for such matrices.

Finally we give a theorem which is a ¢y version of Theorem 3.6.
Theorem 3.8. Let A = (ank) € (co,w) be a matriz satisfying the conditions:
(i) imy oo Y ey |anik| = coand

(i) aj :=lim, o0 % exists for each k € N

with (a1,as2,...) # 0. Then there exists a sequence z = (z,) € ¢y such that
lim,, |(A2),| = oo.

Proof. Since A € (co,w), the rows of A are in ¢;. Let p = (u,) be defined as
in the proof of Theorem 3.6. Using condition (i) we get A € (co,c(u™t)) by
(3.16), and A ¢ (co,co(p™1)) by (3.19). So, there exists z = (2,,) € co such that
y = (yn) = Az € c(u™)\co(r™t). Hence the sequence (y,/un) € c\co, and so
there exists o € C\ {0} such that lim,, £* = a. Then, since lim;, p,, = 00, we have

lim,, |y,| = co. O
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