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1 Introduction

Let X be a real normed space and K be a nonempty closed convex subset of
X. Let T be a self-mapping of K. Let F(T) = {z € K : Tx = x} be denoted as
the set of fixed points of a mapping T

A mapping T : K — K is called nonexpansive mapping if

[Tz =Tyl < ||z - yll

for all z,y € K. T is called asymptotically nonexpansive mapping if there exists a
sequence {k,} C [1,00) with lim,,_, kn = 0 such that
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[Tz —T"y| < knllz —y|

for all z,y € K and n > 1.

The class of asymptotically nonexpansive maps which an important general-
ization of the class nonexpansive maps was introduced by Goebel and Kirk [4].
They proved that every asymptotically nonexpansive self-mapping of a nonempty
closed convex bounded subset of a uniformly convex Banach space has a fixed
point.

We introduce the following definitions and statements which will be used in
our main results (see [5, 6, 7]).

Let T)1: K — K. Then T is called I-nonexpansive on K if

[Tx =Ty < [Tz — Ty||

for all z,y € K.

T is called I- asymptotically nonexpansive on K if there exists a sequence
{kn} C [1,00) with lim,_,o k, = 1 such that

[Tz = T y|| < kul 1"z — "y

for all z,y € K and n > 1.

Recently, in [5], [6] and [7], the convergence theorems for I-nonexpansive and
I-asymptotically quasi-nonexpansive mapping defined for some iterative schemes
in Banach spaces were proved. In this paper, we consider the new type of three
step iterative process for I-asymptotically nonexpansive mapping.

In 2000, Noor [8] introduced a three-step iterative scheme and studied the
approximate solutions of variational inclusion in Hilbert spaces. Glowinski and Le
Tallec [9] used three-step iterative schemes to find the approximate solutions of the
elastoviscoplasticity problem, liquid crystal theory, and eigenvalue computation.
It has been shown in [9] that the three-step iterative scheme gives better numerical
results than the Mann-type (one-step) and the Ishikawa-type (two-step) approx-
imate iterations. Xu and Noor [10] introduced and studied a three-step iterative
for asymptotically nonexpansive mappings and they proved weak and strong con-
vergence theorems for asymptotically nonexpansive mappings in a Banach space.

Very recently, Suantai [11] introduced the following iterative scheme and used
it for the weak and strong convergence of fixed points in an uniformly convex
Banach space. The scheme is defined as follows.

1 =x €K
Zn = apT"x, + (1 — ap)zy, (1.1)
Yn = bnT"2n + e T"2n + (1 — by — )T '

Tn+l1 = anTnyn + ﬁnTnzn + (1 — Op — ﬁn)xnavn > 17

where {an}, {bn}, {cn}, {an}, {On} in [0, 1] satisfy certain conditions. The itera-
tive scheme (1.1) is called the modified Noor iterative scheme for asymptotically
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nonexpansive mappings. If {¢,} = {8} = 0, then (1.1) reduces to Noor iterations
defined by Xu and Noor [10] as follows:

r1=x €K

zn = apT"xy, + (1 — ap)x,

Y = by T2 + (1 — bp)2n (1.2)
Tnt1 = @ T™Yn + (1 — ap)xn, Vn > 1.

If {a,} = {cn} = {Bn} =0, then (1.1) reduces to modified Ishikawa iterations
[12] as follows:

r1=x€ K
Yn = bpT %y + (1 — bp)wp (1.3)
Tnt1 = @ T™Yn + (1 — ap)xn, Vn > 1.

If {an} = {bn} = {cn} = {Bn} = 0, then (1.1) reduces to Mann iterative
process [13] as follows:

{xl—xeK (1.4)

Tnt1 = Ty, + (1 — ap)zy, Vn > 1.

Many authors starting from Das and Debata [14] and including Takahashi and
Tamura [2] and Khan and Takahashi [15] have studied the two mappings case of
iterative schemes for different types of mappings. Note that two mappings case
has a direct link with the minimization problem. A generalization of Mann and
Ishikawa iterative schemes was given by Das and Debata [14] and Takahashi and
Tamura [2]. This scheme dealt with two nonexpansive mappings as follows:

rn=z€K
Yn = bpTxn + (1 —bp)xy (1.5)
Tpt1 = apSyn + (1 — an) 2y, Vn > 1,

where {an}, {bn} in [0, 1] satisfy certain conditions.
Further generalization of the iterative scheme (1.5) for two asymptotically
nonexpansive mappings was given Jeong [1] as follows:

rin=z€K

Zn = apS"xn + (1 — an)x,

Yn = b T"2 + ey Ty + (1 — by, — cn)xn

Tnt1 = ansnyn + 677,8"271 + (1 — Qp — 6n)xnavn > 15

where {an}, {bn}, {cn}, {an}, {Bn}, {bn + cn} and {a, + B,} in [0, 1] satisfy
certain conditions.

The aim of this paper is to introduce and study convergence problem of the
three-step iterative sequence with errors for I-asymptotically nonexpansive map-
pings in an uniformly convex Banach space. The results presented in this paper
generalize and extend some recent Jeong [1], Takahashi and Tamura [2], Namma-
nee et al.[3] and many others.

(1.6)
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2 Preliminaries

Let X be a Banach space with dimension X > 2. The modulus of X is function
dx :(0,2] — [0,1] defined by

el
ox(e) =int {1 = L2 oy 1,y = 1o -l = ¢}

A Banach space X is uniformly convex if and only if d(¢) > 0 for all € € (0, 2].
Recall that a Banach space X is said to satisfy Opial’s condition [16] if, for each
sequence {z,} in X, the condition z,, — = implies that

liminf ||z, — 2| < liminf ||z, — y||
n—oo n—o0

for all y € X with y # x. It is well known from [16] that all I, spaces for 1 < r < oo
have this property. However, the L, space do not have unless r = 2.

Lemma 2.1 ([17]). Let X be a uniformly convex Banach space, K a nonempty
closed convex subset of X and T : K — K be a asymptotically nonexpansive
mapping. Then E — T (E is identity mapping) is demiclosed at zero.

Lemma 2.2 ([18]). Let {sn}, {tn} and {o.} be sequences of nonnegative real
sequences satisfying the following conditions: ¥Yn > 1, spq41 < (1 + 0p)sn + tn,
where Y07 on < 00 and Yoty < 00. Then lim, .o s, exists.

Lemma 2.3 ([19]). Let p > 1,7 > 0 be two fized numbers. Then a Banach space
X is uniformly convex if and only if there exists a continuous strictly increasing
convex function g : [0,00) — [0,00) with g(0) = 0 such that

Az + (1= Nyll” < Ml]|” + (1 = Nyll” = wp(Ng(llz = yl)

forallz,y,z € By :={x € X : |z|| <r} and X € [0, 1], where wy(X) = A(1—X)? +
AP(1—\).

Lemma 2.4 ([3]). Let X be a uniformly convexr Banach space and B, := {x €
X :||lz|]| < r},r > 0. Then there exists a continuous strictly increasing convex
function g : [0,00) — [0, 00) with g(0) =0 such that

1Az + py + vz + rw||* < Mzl” + pllyl® + vllz)* + &lwl® = Aw)g(llz = yl)
for all z,y,z,w € B, and A\, pu,v,k € [0,1] with A\+ p+v+x=1.

Lemma 2.5 ([11, Lemma 2.7]). Let X be a Banach space which satisfies Opial’s
condition and let x,, be a sequence in X. Let q1,q2 € X be such that im,, o ||z, —
q1|| and limy, o0 ||2r — qol| ewist. If {xyn, } and {x,,} are the subsequences of {xn}
which converge weakly to q1 and qo, respectively. Then q1 = qo.
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3 Main Results

Let X be a real uniformly convex Banach space and K be a nonempty closed,
bounded and convex subset of X. In this section, we prove theorems of weak and
strong of the three-step iterative scheme with errors given in (3.1) to a fixed point
for I-asymptotically nonexpansive mappings in a uniformly convex Banach space.
Let T : K — K be a [-asymptotically nonexpansive mapping and I : K — K be
an asymptotically nonexpansive mapping. In order to prove our main results the
following iteration scheme is studied:

r1=x €K

Zn = apd"Ty, + (1 — an — Nn)xn + UnlUn

Yn =0 T2 + Ty, + (1 = by — ¢ — )Ty, + Vn Uy

Tn4+1 = anlnyn + ﬁnlnzn + (1 — Qp — ﬁn - )\n)xn + )\nwnavn 2 17

where {an}, {bn}, {cn}, {on}, {Bn}, {tn}, {vn}; {An} {an+pn}, {bn+cntrn} and
{an + Bn+ Ay} are appropriate sequences in [0, 1], and Y07 | f1,, < 00, >0 vy <
00, Y07 1 An < 00, and {un,}, {v,} and {w,} are bounded sequences in K.

The iterative scheme (3.1) is called the modified Noor iterative scheme with
errors for asymptotically nonexpansive mappings. If T'= 1 and u, = v, = A\, =0,
then (3.1) reduces to the (1.1) defined by [11].

In order to prove our main results, the following lemmas are needed.

(3.1)

Lemma 3.1. {a,}, {bn}, {cn} and {v,} are in sequences in [0,1] such that
limsup,, o0 (bn + o + ) < 1 and {kn} and {{,} are sequences of real num-
bers with €y, ky, > 1 for alln > 1 and limy, o k, = 1, lim,, . £, = 1, then there
exists a positive integer N1 and v € (0,1) such that anc, 02k, <~ for all n > Nj.

Proof. By limsup,,_,.(bn + ¢ + v5) < 1, there exists a positive integer Ny and
d € (0,1) such that

ancngcngbn+cn+yn<6a Vn > No.

Let &' € (0,1) with & > §. From lim, o0 ky = 1, limy 00 £, = 1, then there
exists a positive integer N1 > Ny such that

1
ﬂflkn—1<§—1, Vn > N,
from which we have (2k,, < %, Vn > N;. Put v = % . Then we have a,c, 2k, <
v for all n > Nj. O

Lemma 3.2. Let X be a real uniformly convex Banach space and K be a nonempty
closed, bounded and convex subset of X. Let T : K — K be a I-asymptotically
nonexpansive mapping with {k,} a sequence of real numbers such that k, > 1 and
S ((kn —1) <00 and I : K — K be an asymptotically nonezpansive mapping
with {€,} a sequence of real numbers such that £, > 1 and > - ({, — 1) < oo.
Suppose further that the set F(T)NF(I) (i.e., F(T):={z € K:x =Ta}, F(I) :=
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{z € K : x = Ix}) is nonempty. Let {a,}, {bn}, {cn}, {tn}, {vn}, {an}, {Bn}
and {A,} be real sequences in [0,1], such that {an + pn}, {bn + cn + vn} and
{an + Bn + An} in [0,1] for alln > 1, and Y00 pn < 00, Dooo Uy < 00,
S0 A <00, and {uy}, {vn} and {w,} are bounded sequences in K. Let {x,},
{yn}, {2n} be the sequences in K defined by (3.1), then we have the following
conclusions:

(1) If q is a common fized point of T and I, then lim, o ||z, — q|| exists.

(2) If 0 < liminf, o0 by, < limsup,, (b + cn + 1) < 1,
then limy,_,o0 || T" 25, — Tnl| = 0.

(3) 0 < liminf, ooy < limsup,, . (an + Bn + M) < 1,
then limy, o0 || I™yn — zn]| = 0.

Proof. Let ¢ € F(T)NF(I). Since {uy}, {vn} and {wy,} are bounded sequences in
K, there exists ¥ > 0 such that max{sup, >, [[un—ql|?, sup, > |[vn—q||*, sup,> [[wn—
q||?} < 9. Then

llzn — QH2 = [lanI™zy + (1 — an — pn)2n + pinun — Q||2
< Mlan(I"2n — q) + (1 — an — pn) (@0 — @) + pn(un — Q)||2
< apl[I"zn — QI|2 + (1 —an — pn)|lzn — Q||2 + i |un — QI|2
—wa(an)g([[I"zn — zal])
< anlpllen = ql” + (1 = an — ) lzn — qlf* + pnllun — q?
<(1+ a’ngi — an — fin)||Tn — QI|2 + pn?
= (1 +an (&21 - 1) - Nn) ||xn - (J||2 + pin?,

Iy = all* = [[(bnT"20 + caT"xp + (1 = by — = Vn) T + Vpp) — Q||2

<0l T"20 = gl + cal T2 — ql|* + (1 = bn — e — ) [z — g?
+ Vnllvn = ql1* = ba(1 = by = cn)g2 (|1 T" 20 — al])

< buknllI"2n = al* + enki 11" 20 — al* + (1 = bo = cn = va)2n — q])?
+ vnlvn — QI|2 —bn(1 = by — cn)g2 (| T" 20 — an)

< DR — al* + enk2 Bz — alP + (1~ b — en — va)l|n — gl
+ v — by (1 = by — cn)g2(|IT" 20 — 24|

<bak202 (14 ay (2 = 1) — ) |20 — q|?
+ (aniﬂi (1 =bp—cn — Vﬂ)) 2 — qll?
+ k202 11,0 + v — by (1 = by, — e — ) g (| T" 20 — ),

n
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[2n41 = qll* = lland"yn + Bul "z + (1 — an — B — An)ap + Apwn — gl

< anllMyn = all® + Bull 1"z — all” + (1 = an = B — An) 20 — q|?
+ Anllwn = qll? = (1= an = Ba = Aa) (@ug([I"yn — zal)))

< anlpllyn — all” + Bulillzn — all* + (1 = an = B = M) [lzn — gl
+ Anllwn = qll? = an (1= an = Bn = M) g1y — 2]

< anl;, {bnkiﬁillxn —qll” + ekl llzn — all® + (1 = b — e — ) [z — q|?
+ anl? (bp k202 109 + vp0) — by (1 — by — ¢ — ) g(|T" 20 — 24|
+ Bnlpllzn — all* + (1 = an = Ba = Aa) lzn = ql|* + Xn¥
—an (L= an =B =) g(1Myn — 20

< Qb2 [buk2 (1 + anfs = an — )z — all® + enk262 2 — gl

+ (1 =bn = cn = vn)llzn — ql|* = bu(1 = by — o = v) g2 (| T" 20 — )
+ Bnlp (14 anlsy — ap — pn)ll2n — gl” + (1 = an = Bn = An) [l — g|®
+ A + a2 (bnk2 02 119 + v9) + Brpin a0
—an (1= an = Bn =) 91Ty — znl))
< |1+ cnan2[E202 — 1] + a2 — 1]+ Bull? — 1] + Bran 26?2 — 1]
+ bk [02 — 1] + anbn 2 [K2 02 — 1]] n — ql|?
+ (1 =bn—cn = vn)g(|T"2n — znl])
—an(1—an =B = X)g(1"yn — zn)
< (1 Fenanl2[(k2 = 1)(€2 = 1) + (2 — 1) + (& — 1)] + an[€2 — 1]
4 Ball? — 1] 4 Branl?[2 — 1] + ananbp k24 [02 — 1]
b 2K = 1)(E = 1) + (k2 = 1) + (62 = 1)]) e — ]
+ M® + a2 (b k202 11,0 + v 0) + Brpin 20
—anlnbu(1 = by = cp = vn)g(|T" 2 — 0]])
—an(l =y = B = X)g(I1 "y — za).
Thus we obtain
[zn41 =l < llzn —all? + {(k; = D{caanls + anbaly}
+ (62 — D{ennl® + an + Bn + Bnanls + ananby k2l + anb,l2}
+ (k’rzl - 1)(@1 - 1){Cnan€i + anbngi}}nxn - Q||2
4 M® + Al (bnk2 0 1 + v09) + Brpin 209
—anl?b, (1 = by — ¢ — ) g(||T" 20 — z0))
—an(l =y = B = X)g(I1 "y — za). (32)
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Since {k,}, {¢»} and K are bounded, there exists a constant ¥ > 0 such that

(cnanéi + anbnéi)ﬂxn —q|* < v,

(cn0nl? + iy + Bu + Brant? + ananbn k202 + anbn )|z, — ql|* < 0,

for all n > 1. By (3.2), we have

Jomsn = al> < Jan — all® + B{02 = 1)+ (2 = 1) + (B2 = (2 — 1)}
+ A+ Avy, + A((K2 = 1) (02 — 1) + By,
— b (1 = by — e = v)g([T" 20 — @)
—an(l = an = o = An)g(["yn — znl]), (3-3)

where A = sup{¢29 : n > 1} and B = sup{(¢2 + k2)9 : n > 1}.
It follows that

anfflbn(l —bp —cn —vn)g(|T" 20 — T0l|)
< lwn = ql® = llongr — qll® + 9{(k: — 1) + (62 — 1) + (k7 — 1)(€2 — 1)}
+ Ao+ Avp, + A((K2 = 1)(2 = 1) + By, (3.4)

and

an (1 = an — Bn — M) g(H"yn — 2nl|)
<lwn = all® = lzner — gl + U{(k2 = 1) + (7 = 1) + (k7 = 1)(62 — 1)}
+ A+ Avy + A((K2 = 1)(2 = 1) + B) . (3.5)

(1) If ¢ is a common fixed point of T and I, the assumption Y ~- , (kZ—1) < oo,
S0 (02 — 1) < oo implies that > o2 (k2 — 1) < oo, Yo" (£2 — 1) < oo,
then it follows from (3.3) and Lemma 2.2 that lim,_, ||zn, — ¢ exists.

(2) If 0 < liminf,, o vy and 0 < liminf,, o0 by, < limsup,, o (bn +cn +vn) <
1, then there exists a positive integer ng and 7n,4,d € (0,1) such that 0 <
0 <bp,0<n<a,andb,+c,+rv, <d&<1forall n>ng.

This implies by (3.4) that

nd(L = &)g(IT"zn — nl)
<wn = all® = lznr —all® + U{(ky — 1) + (7 = 1) + (k; = 1)(62 — 1)}
+ Ao+ Avp, + A((K2 = 1)(2 = 1) + B) (3.6)
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for all n > ng. It follows from (3.6) that

H;Og(”zmzn ) < m n;0<||xn — gl = lznsr —qll?)
FUSD R~ 1)+ (= 1)+ (8~ D~ 1)
+ Zm: (A + Avp + A((K2 = 1)(2 = 1)+ B)uy,). (3.7)

Let m — oo in (3.7). Since Y.~ (k2 — 1) < co and Y .-, (¢2 — 1) < oo,then
we get >0 g([[T"2, — ) < oo. Therefore lim,, oo g(||T" 2, — za||) = 0.
Since g is strictly increasing and continuous at 0 with g(0) = 0, it follows that
limy, o0 | T 20 — zn]| = 0.

(3) If 0 < liminf, oo o, < limsup, . (an + Bn + An) < 1, then by us-
ing a similar method together with inequality (3.5), it is easy seen that
limy, oo [ I™yn — x| = 0.

O

Lemma 3.3. Let X be a real uniformly convexr Banach space and K be a nonempty
closed, bounded and convex subset of X. Let T : K — K be a I-asymptotically
nonexpansive mapping with {k,} a sequence of real numbers such that k, > 1 and
St (kn—1) < o0 and I : K — K be an asymptotically nonexpansive mapping
with {€,} a sequence of real numbers such that £, > 1 and Y > ({, — 1) < co.
Suppose further that the set F(T)NF(I) (i.e., F(T) :={x € K :x =Tz}, F(I) :=
{z € K : x = Iz}) is nonempty. Let {an}, {bn}, {cn}, {tn}, {vn}, {an}, {Bn}
and {A\,} be real sequences in [0,1], such that {an + pn}, {bn + cn + v} and
{an + Bn 4+ An} in [0,1] for all n > 1, and Y ;7 pn < 00, D ooo Uy < 00,
S0 1 An < 00, and {uy}, {vn} and {w,} are bounded sequences in K. Let {x,},
{yn}, {2n} be the sequences in K defined by (3.1), then we have the following
conclusions:

(1) If 0 < liminf, o0 by, < limsup,,_, oo (by + cn + 1) < 1, and
(2) 0 <liminf,—co @y < limsup,,_, . (an + Bn + M) < 1,
then limy, o0 [ 1@y — Zn|| = 0 = limp 00 || T @0 — T |-

Proof. By Lemma 3.2 (2) and (3), we have

lim ||T"z, — x,|| =0, (3.8)

n—oo

and
lim ||I"y, — x,|| = 0. (3.9)
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From z, = apI"xp + (1 — ap — pn)Tn + pnu, and y, = b, 7"z, + ¢, Ty, + (1 —
by, — Cn — Vn)Tn + Vpvy, we have

||‘T7l - Zﬂ” = ||anIn='En + (1 — Gp — lffn)xn + Upln — xn”
< ap|| 1"y — zpl| + pnlltn — 22|, (3.10)
l2n — ynll = 1bnT" 20 + cn T" @y + (1 — by, — Cp — Vi) Ty + VpUn — Xy ||
S ou||T" 2 — || + cnl| T @0 — Tnl| + vallvn — 20| (3.11)

From (3.10), we have

[T"xn — || < (| T"@n = T 2nll + [ T" 20 — an|
< Ekp|I"zp — M2y + [|[T" 20 — 0|
< knln||@n = 20|l + [ T" 20 — @a|
< knlyan || 1"y — 20| + Enlppin||un — ol + [|T" 20 — 20| (3.12)

Thus, from (3.11), we have

[T"2n = anll < [T"2n = Iynl| + [T"Yn — @n|
< Llollzn = ynll + 1" Yn — 2nl|
< b || T" 20 — || + Ckncnan||[I™2n — ol + Lncal|T 20 — 20|
+ ([ " yn — znl| + gikncnﬂn”un — Tl + avnllvn — 24|
<L (bp + )| T" 2 — || + Ckpenan | Iz — 0 || + [ I™Yn — 20|
+ Ckpcnpinl|un — 2ol + Latn|lvn — x4 (3.13)

By Lemma 3.1, there exists a positive integer N7 and v € (0, 1) such that a,c, 02k, <
~ for all n > Nj. This together with (3.13) implies that for n > N,

L =" = @all < (1 = Crkncnan) [y — @0
S ln(bn + )T 20 — @ || + [[I"yn — 24|
+ C kpcppinl|tn — o || + Lot |lvn — 24 (3.14)

Taking limit of both sides (3.14), it follows from (3.8) and (3.9) that

nlirrgo [ "z, — x,|| =0 (3.15)
and taking limit of both sides (3.12), it follows from (3.8) and (3.15) that

nlirrgo |IT"zy, — x| = 0. (3.16)

O
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Next, in order to prove the main result we need the following statement. Since

11" 20 — znll < 1" 20 — I"@p || + ([T 20 — 20|
< éonn - Zn” + ||In33n - xn”
=Llpan|[I" Ty — xp|| + | T xn — || + Lapin]|tn — 4|, (3.17)

taking limit of both sides (3.17), it follows from (3.15) that
lim ||I"z, — z,| = 0. (3.18)

Theorem 3.4. Let X be a real uniformly conver Banach space and K be a non-
empty closed, bounded and convex subset of X. Let T, I be completely continuous
asymptotically nonexpansive mappings with {k,} C [1,00), {€,} C [1,00) and
S s — 1) < 00, Syl — 1) < 00 Let {an}, bk Leads Laads (v},
{an}, {Bn} and {A\,} be sequences of real numbers in [0,1], such that {a, + pn},
{bn + cn +vn} and {an + Bn + A} in [0,1] for alln > 1, and 22021 Ly < 00,
o Vn <00, Yooe Ap < 00, and {un}, {vn} and {w,} are bounded sequences
mn K and

(1) If 0 < liminf, o0 by, < limsup,,_, oo (by + cn + 1) < 1, and
(2) 0 <liminf, o o <limsup,, . (@n + Bn + M) < 1,

Let {zn}, {yn}, {zn} be the sequences in K defined by (3.1). If F(T)NF(I) # 0,
then {zn}, {yn}, {zn} converge strongly to a common fized point of T and I.

Proof. By (3.8), (3.9), (3.15), (3.16) and (3.18) in Lemma 3.3, we have

lim ||T"z, — x,|| =0, lim ||y, — 2,|| =0, lim [|[["x, —2,| =0,
n—oo n—oo n—oo

lim ||T"z, — x| =0, lim |[I"z, — z,|| = 0.

n—oo n—oo

Since pt1 — T = (1Y — Tn) + Bn(I"2n — Tn) + Ap(wy, — ), we have

[#ns1 = I"Tnir || < [|@ns1 = @nll + [T @0 = IM2pga || + |l2n — M|
< (T4 lo)llensr — onll + [l2n — IMan ||
< (L4 Gn)anl[IMyn — znll + (1 + £n) Bn |1 20 — 24|
+ (L4 lo) A |lwn — x| + (|20 — Iy ||

and

|Znt1 = T"Tniall < |Tnt1 — @l + | T 00 — T"Tpg1 || + |20 — T 20|
< (L4 knln)|onsr — onll + (o0 = T2
< (14 Eknlp)an|[IMyn — x|l + (1 + knlyn) Bn || 1" 25 — 24|
+ (14 knln)Anl|lwn — zp|| + |20 — T 0]
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It follows from (3.9), (3.15), (3.16) and (3.18) in Lemma 3.3 that we obtain

lim ||zp41 — ["2p41|| =0 and  lim ||zp41 — T @py1]] = 0.
n—oo n—oo
Thus
lznt1 — Izng| < [|Tnsr — InJrlanrl” +[[{zp41 — InJrlenJrl”
< ||Zns1 — InJrlxn-i-l” +lnl|Tn1 = I Tnga |
— 0 as n— oo
and

- Tn+1xn+1|| + HTxn-i-l - Tn+1$n+1||

lZn+1 = Toniall < [[Zns1
< N#nr = T @ngal| + kb [ 2p1 — T 0 |

—0 as n—

which imply that

lim ||z, — [z,]| =0 (3.19)
and
lim ||z, — Tz,| = 0. (3.20)

Since I,T are completely continuous and {z,} C K is bounded, there exists a
subsequence {z,, } of {z,} such that {Tx,,} converges. Therefore, from (3.19),
(3.20), {zn,} converges. Let limy_c x,, = ¢. By the continuity of T,1 and
(3.19), (3.20) we have Tq = g and Iq = ¢, so q is a common fixed point T and
I. By Lemma 3.2 (1), limy, o ||2n — ¢l exists. But limg_,o0 ||2n, — ¢|| = 0. Thus
lim,, o0 ||Zn — ¢|| = 0. Since

lyn — 2ol < bpl|T" 20 — Znll + enl|T"Tn — Tnll + Vnllvn — 2]l = 0 as n— oo

and
[2n = @nll < anl[I"2n — 2| + pallun — 20l = 0 as n — oo,

it follows that lim, . ¥y, = q and lim, 0 2, = gq. O

Finally, we prove the weak convergence of the iterative scheme (3.1) for I-
asymptotically nonexpansive mappings in a uniformly convex Banach space satis-
fying Opial’s condition.

Theorem 3.5. Let X be a real uniformly convex Banach space satisfying Opial’s
condition and K be a nonempty closed, bounded and convexr subset of X. Let
T : K — K be a I-asymptotically nonexpansive mapping with {k,} a sequence of
real numbers such that k, > 1 and Ezozl(kn —1)<ooandI: K — K be an
asymptotically nonexpansive mapping with {£,} a sequence of real numbers such

that £, > 1 and >0 (€n,—1) < oo. Let {an}, {bn}, {cn}, {tn}, {vn}, {an}, {Bn}
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and {\,} be sequences of real numbers in [0, 1], such that {an+pn}, {bn+cn+vn}
and {ay + Bn + A} in [0,1] for alln > 1, and Zzo:l Ly < 00, fozl v, < 00,
Yool An < 00, and {uyn}, {v,} and {w,} are bounded sequences in K and

(1) If 0 < liminf, o0 by, < limsup,,_,(by + cn + 1) < 1, and
(2) 0 <liminf,—co @y < lmsup,,_, . (an + Bn + M) < 1,

Let {xn}, {yn}, {zn} be the sequences in K defined by (3.1). If F(T)NF(I) # 0,
then {zn}, {yn}, {2n} converge weakly to a common fized point of T and I.

Proof. Tt follows from Theorem 3.4 that lim, oo [|[2n — T2n| = limy—eo ||2n —
Iz,|| = 0. Since X is uniformly convex and {z,} is bounded, we may assume
that x, — ¢ weakly as n — oo, without loss of generality. By Lemma 2.1,
we have ¢1 € F(T) N F(I). We assume that ¢1 and g2 are weak limits of the
subsequences {xy, }, {#n, } of {x,}, respectively. By (3.19), (3.20) and £ — T and
E — I are demiclosed by Lemma 2.1, T'q1 = ¢1, Iq1 = g1 and in the same way,
Tq2 = g2, Ig2 = q2. Therefore, we have ¢1,q2 € F(T) N F(I). By Lemma 3.2 (1),
lim, oo [|Zn — @1]] and lim, oo ||2n — 2| exist. It follows from Lemma 2.5 that
q1 = q2. Therefore {x,} converges weakly to a common fixed point of T' and I.

Moreover, lim, o0 |yn — || = 0 = lim, .o ||2n — 2 || as proved in Theorem 3.4
and x, — g1 weakly as n — oo, therefore y,, — g1 weakly as n — oo and z, — @1
weakly as n — oco. This completes the proof. O
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