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1 Introduction

Let X be a real normed space and K be a nonempty closed convex subset of
X . Let T be a self-mapping of K. Let F (T ) = {x ∈ K : Tx = x} be denoted as
the set of fixed points of a mapping T .

A mapping T : K −→ K is called nonexpansive mapping if

‖Tx − Ty‖ ≤ ‖x − y‖

for all x, y ∈ K. T is called asymptotically nonexpansive mapping if there exists a
sequence {kn} ⊂ [1,∞) with limn→∞ kn = 0 such that
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‖T nx − T ny‖ ≤ kn‖x − y‖

for all x, y ∈ K and n ≥ 1.

The class of asymptotically nonexpansive maps which an important general-
ization of the class nonexpansive maps was introduced by Goebel and Kirk [4].
They proved that every asymptotically nonexpansive self-mapping of a nonempty
closed convex bounded subset of a uniformly convex Banach space has a fixed
point.

We introduce the following definitions and statements which will be used in
our main results (see [5, 6, 7]).

Let T, I : K −→ K. Then T is called I-nonexpansive on K if

‖Tx− Ty‖ ≤ ‖Ix − Iy‖

for all x, y ∈ K.

T is called I- asymptotically nonexpansive on K if there exists a sequence
{kn} ⊂ [1,∞) with limn→∞ kn = 1 such that

‖T nx − T ny‖ ≤ kn‖I
nx − Iny‖

for all x, y ∈ K and n ≥ 1.

Recently, in [5], [6] and [7], the convergence theorems for I-nonexpansive and
I-asymptotically quasi-nonexpansive mapping defined for some iterative schemes
in Banach spaces were proved. In this paper, we consider the new type of three
step iterative process for I-asymptotically nonexpansive mapping.

In 2000, Noor [8] introduced a three-step iterative scheme and studied the
approximate solutions of variational inclusion in Hilbert spaces. Glowinski and Le
Tallec [9] used three-step iterative schemes to find the approximate solutions of the
elastoviscoplasticity problem, liquid crystal theory, and eigenvalue computation.
It has been shown in [9] that the three-step iterative scheme gives better numerical
results than the Mann-type (one-step) and the Ishikawa-type (two-step) approx-
imate iterations. Xu and Noor [10] introduced and studied a three-step iterative
for asymptotically nonexpansive mappings and they proved weak and strong con-
vergence theorems for asymptotically nonexpansive mappings in a Banach space.

Very recently, Suantai [11] introduced the following iterative scheme and used
it for the weak and strong convergence of fixed points in an uniformly convex
Banach space. The scheme is defined as follows.















x1 = x ∈ K

zn = anT nxn + (1 − an)xn

yn = bnT nzn + cnT nxn + (1 − bn − cn)xn

xn+1 = αnT nyn + βnT nzn + (1 − αn − βn)xn, ∀n ≥ 1,

(1.1)

where {an}, {bn}, {cn}, {αn}, {βn} in [0, 1] satisfy certain conditions. The itera-
tive scheme (1.1) is called the modified Noor iterative scheme for asymptotically
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nonexpansive mappings. If {cn} = {βn} = 0, then (1.1) reduces to Noor iterations
defined by Xu and Noor [10] as follows:















x1 = x ∈ K

zn = anT nxn + (1 − an)xn

yn = bnT nzn + (1 − bn)xn

xn+1 = αnT nyn + (1 − αn)xn, ∀n ≥ 1.

(1.2)

If {an} = {cn} = {βn} = 0, then (1.1) reduces to modified Ishikawa iterations
[12] as follows:







x1 = x ∈ K

yn = bnT nxn + (1 − bn)xn

xn+1 = αnT nyn + (1 − αn)xn, ∀n ≥ 1.

(1.3)

If {an} = {bn} = {cn} = {βn} = 0, then (1.1) reduces to Mann iterative
process [13] as follows:

{

x1 = x ∈ K

xn+1 = αnT nxn + (1 − αn)xn, ∀n ≥ 1.
(1.4)

Many authors starting from Das and Debata [14] and including Takahashi and
Tamura [2] and Khan and Takahashi [15] have studied the two mappings case of
iterative schemes for different types of mappings. Note that two mappings case
has a direct link with the minimization problem. A generalization of Mann and
Ishikawa iterative schemes was given by Das and Debata [14] and Takahashi and
Tamura [2]. This scheme dealt with two nonexpansive mappings as follows:







x1 = x ∈ K

yn = bnTxn + (1 − bn)xn

xn+1 = anSyn + (1 − an)xn, ∀n ≥ 1,

(1.5)

where {an}, {bn} in [0, 1] satisfy certain conditions.
Further generalization of the iterative scheme (1.5) for two asymptotically

nonexpansive mappings was given Jeong [1] as follows:














x1 = x ∈ K

zn = anSnxn + (1 − an)xn

yn = bnT nzn + cnT nxn + (1 − bn − cn)xn

xn+1 = αnSnyn + βnSnzn + (1 − αn − βn)xn, ∀n ≥ 1,

(1.6)

where {an}, {bn}, {cn}, {αn}, {βn}, {bn + cn} and {αn + βn} in [0, 1] satisfy
certain conditions.

The aim of this paper is to introduce and study convergence problem of the
three-step iterative sequence with errors for I-asymptotically nonexpansive map-
pings in an uniformly convex Banach space. The results presented in this paper
generalize and extend some recent Jeong [1], Takahashi and Tamura [2], Namma-
nee et al.[3] and many others.
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2 Preliminaries

Let X be a Banach space with dimension X ≥ 2. The modulus of X is function
δX : (0, 2] → [0, 1] defined by

δX(ε) = inf

{

1 −
‖x + y‖

2
: ‖x‖ = 1, ‖y‖ = 1, ‖x − y‖ = ε

}

.

A Banach space X is uniformly convex if and only if δ(ε) > 0 for all ε ∈ (0, 2].
Recall that a Banach space X is said to satisfy Opial’s condition [16] if, for each
sequence {xn} in X , the condition xn ⇀ x implies that

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖

for all y ∈ X with y 6= x. It is well known from [16] that all lr spaces for 1 < r < ∞
have this property. However, the Lr space do not have unless r = 2.

Lemma 2.1 ([17]). Let X be a uniformly convex Banach space, K a nonempty
closed convex subset of X and T : K −→ K be a asymptotically nonexpansive
mapping. Then E − T (E is identity mapping) is demiclosed at zero.

Lemma 2.2 ([18]). Let {sn}, {tn} and {σn} be sequences of nonnegative real
sequences satisfying the following conditions: ∀n ≥ 1, sn+1 ≤ (1 + σn)sn + tn,
where

∑∞

n=1
σn < ∞ and

∑∞

n=1
tn < ∞. Then limn→∞ sn exists.

Lemma 2.3 ([19]). Let p > 1, r > 0 be two fixed numbers.Then a Banach space
X is uniformly convex if and only if there exists a continuous strictly increasing
convex function g : [0,∞) −→ [0,∞) with g(0) = 0 such that

‖λx + (1 − λ)y‖p ≤ λ‖x‖p + (1 − λ)‖y‖p − wp(λ)g(‖x − y‖)

for all x, y, z ∈ Br := {x ∈ X : ‖x‖ ≤ r} and λ ∈ [0, 1], where wp(λ) = λ(1−λ)p +
λp(1 − λ).

Lemma 2.4 ([3]). Let X be a uniformly convex Banach space and Br := {x ∈
X : ‖x‖ ≤ r}, r > 0. Then there exists a continuous strictly increasing convex
function g : [0,∞) −→ [0,∞) with g(0) = 0 such that

‖λx + µy + νz + κw‖2 ≤ λ‖x‖2 + µ‖y‖2 + ν‖z‖2 + κ‖w‖2 − (λµ)g(‖x − y‖)

for all x, y, z, w ∈ Br and λ, µ, ν, κ ∈ [0, 1] with λ + µ + ν + κ = 1.

Lemma 2.5 ([11, Lemma 2.7]). Let X be a Banach space which satisfies Opial’s
condition and let xn be a sequence in X. Let q1, q2 ∈ X be such that limn→∞ ‖xn−
q1‖ and limn→∞ ‖xn − q2‖ exist. If {xnk

} and {xnj
} are the subsequences of {xn}

which converge weakly to q1 and q2, respectively. Then q1 = q2.
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3 Main Results

Let X be a real uniformly convex Banach space and K be a nonempty closed,
bounded and convex subset of X . In this section, we prove theorems of weak and
strong of the three-step iterative scheme with errors given in (3.1) to a fixed point
for I-asymptotically nonexpansive mappings in a uniformly convex Banach space.
Let T : K → K be a I-asymptotically nonexpansive mapping and I : K → K be
an asymptotically nonexpansive mapping. In order to prove our main results the
following iteration scheme is studied:















x1 = x ∈ K

zn = anInxn + (1 − an − µn)xn + µnun

yn = bnT nzn + cnT nxn + (1 − bn − cn − νn)xn + νnvn

xn+1 = αnInyn + βnInzn + (1 − αn − βn − λn)xn + λnwn, ∀n ≥ 1,

(3.1)

where {an}, {bn}, {cn}, {αn}, {βn}, {µn}, {νn}, {λn}, {an+µn}, {bn+cn+νn} and
{αn +βn +λn} are appropriate sequences in [0, 1], and

∑∞

n=1
µn < ∞,

∑∞

n=1
νn <

∞,
∑∞

n=1
λn < ∞, and {un}, {vn} and {wn} are bounded sequences in K.

The iterative scheme (3.1) is called the modified Noor iterative scheme with
errors for asymptotically nonexpansive mappings. If T = I and µn = νn = λn = 0,
then (3.1) reduces to the (1.1) defined by [11].

In order to prove our main results, the following lemmas are needed.

Lemma 3.1. {an}, {bn}, {cn} and {νn} are in sequences in [0, 1] such that
lim supn→∞(bn + cn + νn) < 1 and {kn} and {ℓn} are sequences of real num-
bers with ℓn, kn ≥ 1 for all n ≥ 1 and limn→∞ kn = 1, limn→∞ ℓn = 1, then there
exists a positive integer N1 and γ ∈ (0, 1) such that ancnℓ2

nkn < γ for all n ≥ N1.

Proof. By lim supn→∞(bn + cn + νn) < 1, there exists a positive integer N0 and
δ ∈ (0, 1) such that

ancn ≤ cn ≤ bn + cn + νn < δ, ∀n ≥ N0.

Let δ′ ∈ (0, 1) with δ′ > δ. From limn→∞ kn = 1, limn→∞ ℓn = 1, then there
exists a positive integer N1 ≥ N0 such that

ℓ2
nkn − 1 <

1

δ′
− 1, ∀n ≥ N1,

from which we have ℓ2
nkn < 1

δ′
, ∀n ≥ N1. Put γ = δ

δ′
. Then we have ancnℓ2

nkn <

γ for all n ≥ N1.

Lemma 3.2. Let X be a real uniformly convex Banach space and K be a nonempty
closed, bounded and convex subset of X. Let T : K → K be a I-asymptotically
nonexpansive mapping with {kn} a sequence of real numbers such that kn ≥ 1 and
∑∞

n=1
(kn − 1) < ∞ and I : K → K be an asymptotically nonexpansive mapping

with {ℓn} a sequence of real numbers such that ℓn ≥ 1 and
∑∞

n=1
(ℓn − 1) < ∞.

Suppose further that the set F (T )∩F (I) (i.e., F (T ) := {x ∈ K : x = Tx}, F (I) :=
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{x ∈ K : x = Ix}) is nonempty. Let {an}, {bn}, {cn}, {µn}, {νn}, {αn}, {βn}
and {λn} be real sequences in [0, 1], such that {an + µn}, {bn + cn + νn} and
{αn + βn + λn} in [0, 1] for all n ≥ 1, and

∑∞

n=1
µn < ∞,

∑∞

n=1
νn < ∞,

∑∞

n=1
λn < ∞, and {un}, {vn} and {wn} are bounded sequences in K. Let {xn},

{yn}, {zn} be the sequences in K defined by (3.1), then we have the following
conclusions:

(1) If q is a common fixed point of T and I, then limn→∞ ‖xn − q‖ exists.

(2) If 0 < lim infn→∞ bn ≤ lim supn→∞(bn + cn + νn) < 1,
then limn→∞ ‖T nzn − xn‖ = 0.

(3) 0 < lim infn→∞ αn ≤ lim supn→∞(αn + βn + λn) < 1,
then limn→∞ ‖Inyn − xn‖ = 0.

Proof. Let q ∈ F (T )∩F (I). Since {un}, {vn} and {wn} are bounded sequences in
K, there exists ϑ > 0 such that max{supn≥1 ‖un−q‖2, supn≥1 ‖vn−q‖2, supn≥1 ‖wn−
q‖2} ≤ ϑ. Then

‖zn − q‖2 = ‖anInxn + (1 − an − µn)xn + µnun − q‖2

≤ ‖an(Inxn − q) + (1 − an − µn)(xn − q) + µn(un − q)‖2

≤ an‖I
nxn − q‖2 + (1 − an − µn)‖xn − q‖2 + µn‖un − q‖2

− w2(an)g(‖Inxn − xn‖)

≤ anℓ2
n‖xn − q‖2 + (1 − an − µn)‖xn − q‖2 + µn‖un − q‖2

≤ (1 + anℓ2
n − an − µn)‖xn − q‖2 + µnϑ

=
(

1 + an

(

ℓ2
n − 1

)

− µn

)

‖xn − q‖2 + µnϑ,

‖yn − q‖2 = ‖(bnT nzn + cnT nxn + (1 − bn − cn − νn)xn + νnvn) − q‖2

≤ bn‖T
nzn − q‖2 + cn‖T

nxn − q‖2 + (1 − bn − cn − νn)‖xn − q‖2

+ νn‖vn − q‖2 − bn(1 − bn − cn)g2(‖T
nzn − xn‖)

≤ bnk2
n‖I

nzn − q‖2 + cnk2
n‖I

nxn − q‖2 + (1 − bn − cn − νn)‖xn − q‖2

+ νn‖vn − q‖2 − bn(1 − bn − cn)g2(‖T
nzn − xn‖)

≤ bnk2
nℓ2

n‖zn − q‖2 + cnk2
nℓ2

n‖xn − q‖2 + (1 − bn − cn − νn)‖xn − q‖2

+ νnϑ − bn(1 − bn − cn)g2(‖T
nzn − xn‖)

≤ bnk2
nℓ2

n

(

1 + an

(

ℓ2
n − 1

)

− µn

)

‖xn − q‖2

+
(

cnk2
nℓ2

n + (1 − bn − cn − νn)
)

‖xn − q‖2

+ bnk2
nℓ2

nµnϑ + νnϑ − bn(1 − bn − cn − νn)g(‖T nzn − xn‖),
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‖xn+1 − q‖2 = ‖αnInyn + βnInzn + (1 − αn − βn − λn)xn + λnwn − q‖2

≤ αn‖I
nyn − q‖2 + βn‖I

nzn − q‖2 + (1 − αn − βn − λn) ‖xn − q‖2

+ λn‖wn − q‖2 − (1 − αn − βn − λn) (αng(‖Inyn − xn‖))

≤ αnℓ2
n‖yn − q‖2 + βnℓ2

n‖zn − q‖2 + (1 − αn − βn − λn) ‖xn − q‖2

+ λn‖wn − q‖2 − αn (1 − αn − βn − λn) g(‖Inyn − xn‖)

≤ αnℓ2
n

[

bnk2
nℓ2

n‖xn − q‖2 + cnk2
nℓ2

n‖xn − q‖2 + (1 − bn − cn − νn)‖xn − q‖2

+ αnℓ2
n

(

bnk2
nℓ2

nµnϑ + νnϑ
)

− bn(1 − bn − cn − νn)g(‖T nzn − xn‖)
]

+ βnℓ2
n‖zn − q‖2 + (1 − αn − βn − λn) ‖xn − q‖2 + λnϑ

− αn (1 − αn − βn − λn) g(‖Inyn − xn‖)

≤ αnℓ2
n

[

bnk2
nℓ2

n(1 + anℓ2
n − an − µn)‖xn − q‖2 + cnk2

nℓ2
n‖xn − q‖2

+ (1 − bn − cn − νn)‖xn − q‖2 − bn(1 − bn − cn − νn)g2(‖T
nzn − xn‖)

]

+ βnℓ2
n(1 + anℓ2

n − an − µn)‖xn − q‖2 + (1 − αn − βn − λn) ‖xn − q‖2

+ λnϑ + αnℓ2
n

(

bnk2
nℓ2

nµnϑ + νnϑ
)

+ βnµnℓ2
nϑ

− αn (1 − αn − βn − λn) g(‖Inyn − xn‖)

≤
[

1 + cnαnℓ2
n[k2

nℓ2
n − 1] + αn[ℓ2

n − 1] + βn[ℓ2
n − 1] + βnanℓ2

n[ℓ2
n − 1]

+ αnanbnk2
nℓ4

n[ℓ2
n − 1] + αnbnℓ2

n[k2
nℓ2

n − 1]
]

‖xn − q‖2

+ (1 − bn − cn − νn)g(‖T nzn − xn‖)

− αn(1 − αn − βn − λn)g(‖Inyn − xn‖)

≤
(

1 + cnαnℓ2
n[(k2

n − 1)(ℓ2
n − 1) + (k2

n − 1) + (ℓ2
n − 1)] + αn[ℓ2

n − 1]

+ βn[ℓ2
n − 1] + βnanℓ2

n[ℓ2
n − 1] + αnanbnk2

nℓ4
n[ℓ2

n − 1]

+ αnbnℓ2
n[(k2

n − 1)(ℓ2
n − 1) + (k2

n − 1) + (ℓ2
n − 1)]

)

‖xn − q‖2

+ λnϑ + αnℓ2
n(bnk2

nℓ2
nµnϑ + νnϑ) + βnµnℓ2

nϑ

− αnℓ2
nbn(1 − bn − cn − νn)g(‖T nzn − xn‖)

− αn(1 − αn − βn − λn)g(‖Inyn − xn‖).

Thus we obtain

‖xn+1 − q‖2 ≤ ‖xn − q‖2 + {(k2
n − 1){cnαnℓ2

n + αnbnℓ2
n}

+ (ℓ2
n − 1){cnαnℓ2

n + αn + βn + βnanℓ2
n + αnanbnk2

nℓ4
n + αnbnℓ2

n}

+ (k2
n − 1)(ℓ2

n − 1){cnαnℓ2
n + αnbnℓ2

n}}‖xn − q‖2

+ λnϑ + αnℓ2
n(bnk2

nℓ2
nµnϑ + νnϑ) + βnµnℓ2

nϑ

− αnℓ2
nbn(1 − bn − cn − νn)g(‖T nzn − xn‖)

− αn(1 − αn − βn − λn)g(‖Inyn − xn‖). (3.2)
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Since {kn}, {ℓn} and K are bounded, there exists a constant Ψ > 0 such that

(cnαnℓ2
n + αnbnℓ2

n)‖xn − q‖2 < Ψ,

(cnαnℓ2
n + αn + βn + βnanℓ2

n + αnanbnk2
nℓ4

n + αnbnℓ2
n)‖xn − q‖2 < Ψ,

for all n ≥ 1. By (3.2), we have

‖xn+1 − q‖2 ≤ ‖xn − q‖2 + Ψ{(k2
n − 1) + (ℓ2

n − 1) + (k2
n − 1)(ℓ2

n − 1)}

+ λn + Aνn + A((k2
n − 1)(ℓ2

n − 1) + B)µn

− αnℓ2
nbn(1 − bn − cn − νn)g(‖T nzn − xn‖)

− αn(1 − αn − βn − λn)g(‖Inyn − xn‖), (3.3)

where A = sup{ℓ2
nϑ : n ≥ 1} and B = sup{(ℓ2

n + k2
n)ϑ : n ≥ 1}.

It follows that

αnℓ2
nbn(1 − bn − cn − νn)g(‖T nzn − xn‖)

≤ ‖xn − q‖2 − ‖xn+1 − q‖2 + Ψ{(k2
n − 1) + (ℓ2

n − 1) + (k2
n − 1)(ℓ2

n − 1)}

+ λn + Aνn + A((k2
n − 1)(ℓ2

n − 1) + B)µn (3.4)

and

αn(1 − αn − βn − λn)g(‖Inyn − xn‖)

≤ ‖xn − q‖2 − ‖xn+1 − q‖2 + Ψ{(k2
n − 1) + (ℓ2

n − 1) + (k2
n − 1)(ℓ2

n − 1)}

+ λn + Aνn + A((k2
n − 1)(ℓ2

n − 1) + B)µn. (3.5)

(1) If q is a common fixed point of T and I, the assumption
∑∞

n=1
(k2

n−1) < ∞,
∑∞

n=1
(ℓ2

n − 1) < ∞ implies that
∑∞

n=1
(k2

n − 1) < ∞,
∑∞

n=1
(ℓ2

n − 1) < ∞,
then it follows from (3.3) and Lemma 2.2 that limn→∞ ‖xn − q‖ exists.

(2) If 0 < lim infn→∞ αn and 0 < lim infn→∞ bn ≤ lim supn→∞(bn + cn + νn) <

1, then there exists a positive integer n0 and η, δ, δ́ ∈ (0, 1) such that 0 <

δ < bn, 0 < η < αn and bn + cn + νn < δ́ < 1 for all n ≥ n0.

This implies by (3.4) that

ηδ(1 − δ́)g(‖T nzn − xn‖)

≤ ‖xn − q‖2 − ‖xn+1 − q‖2 + Ψ{(k2
n − 1) + (ℓ2

n − 1) + (k2
n − 1)(ℓ2

n − 1)}

+ λn + Aνn + A((k2
n − 1)(ℓ2

n − 1) + B)µn (3.6)
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for all n ≥ n0. It follows from (3.6) that

m
∑

n=n0

g(‖T nzn − xn‖) ≤
1

ηδ(1 − δ́)

m
∑

n=n0

(‖xn − q‖2 − ‖xn+1 − q‖2)

+ Ψ

m
∑

n=n0

{(k2
n − 1) + (ℓ2

n − 1) + (k2
n − 1)(ℓ2

n − 1)}

+

m
∑

n=n0

(λn + Aνn + A((k2
n − 1)(ℓ2

n − 1) + B)µn). (3.7)

Let m → ∞ in (3.7). Since
∑∞

n=1
(k2

n − 1) < ∞ and
∑∞

n=1
(ℓ2

n − 1) < ∞,then
we get

∑m

n=n0
g(‖T nzn − xn‖) < ∞. Therefore limn→∞ g(‖T nzn − xn‖) = 0.

Since g is strictly increasing and continuous at 0 with g(0) = 0, it follows that
limn→∞ ‖T nzn − xn‖ = 0.

(3) If 0 < lim infn→∞ αn ≤ lim supn→∞(αn + βn + λn) < 1, then by us-
ing a similar method together with inequality (3.5), it is easy seen that
limn→∞ ‖Inyn − xn‖ = 0.

Lemma 3.3. Let X be a real uniformly convex Banach space and K be a nonempty
closed, bounded and convex subset of X. Let T : K → K be a I-asymptotically
nonexpansive mapping with {kn} a sequence of real numbers such that kn ≥ 1 and
∑∞

n=1
(kn − 1) < ∞ and I : K → K be an asymptotically nonexpansive mapping

with {ℓn} a sequence of real numbers such that ℓn ≥ 1 and
∑∞

n=1
(ℓn − 1) < ∞.

Suppose further that the set F (T )∩F (I) (i.e., F (T ) := {x ∈ K : x = Tx}, F (I) :=
{x ∈ K : x = Ix}) is nonempty. Let {an}, {bn}, {cn}, {µn}, {νn}, {αn}, {βn}
and {λn} be real sequences in [0, 1], such that {an + µn}, {bn + cn + νn} and
{αn + βn + λn} in [0, 1] for all n ≥ 1, and

∑∞

n=1
µn < ∞,

∑∞

n=1
νn < ∞,

∑∞

n=1
λn < ∞, and {un}, {vn} and {wn} are bounded sequences in K. Let {xn},

{yn}, {zn} be the sequences in K defined by (3.1), then we have the following
conclusions:

(1) If 0 < lim infn→∞ bn ≤ lim supn→∞(bn + cn + νn) < 1, and

(2) 0 < lim infn→∞ αn ≤ lim supn→∞(αn + βn + λn) < 1,

then limn→∞ ‖Inxn − xn‖ = 0 = limn→∞ ‖T nxn − xn‖.

Proof. By Lemma 3.2 (2) and (3), we have

lim
n→∞

‖T nzn − xn‖ = 0, (3.8)

and

lim
n→∞

‖Inyn − xn‖ = 0. (3.9)
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From zn = anInxn + (1 − an − µn)xn + µnun and yn = bnT nzn + cnT nxn + (1 −
bn − cn − νn)xn + νnvn, we have

‖xn − zn‖ = ‖anInxn + (1 − an − µn)xn + µnun − xn‖

≤ an‖I
nxn − xn‖ + µn‖un − xn‖, (3.10)

‖xn − yn‖ = ‖bnT nzn + cnT nxn + (1 − bn − cn − νn)xn + νnvn − xn‖

≤ bn‖T
nzn − xn‖ + cn‖T

nxn − xn‖ + νn‖vn − xn‖. (3.11)

From (3.10), we have

‖T nxn − xn‖ ≤ ‖T nxn − T nzn‖ + ‖T nzn − xn‖

≤ kn‖I
nxn − Inzn‖ + ‖T nzn − xn‖

≤ knℓn‖xn − zn‖ + ‖T nzn − xn‖

≤ knℓnan‖I
nxn − xn‖ + knℓnµn‖un − xn‖ + ‖T nzn − xn‖. (3.12)

Thus, from (3.11), we have

‖Inxn − xn‖ ≤ ‖Inxn − Inyn‖ + ‖Inyn − xn‖

≤ ℓn‖xn − yn‖ + ‖Inyn − xn‖

≤ ℓnbn‖T
nzn − xn‖ + ℓ2

nkncnan‖I
nxn − xn‖ + ℓncn‖T

nzn − xn‖

+ ‖Inyn − xn‖ + ℓ2
nkncnµn‖un − xn‖ + ℓnνn‖vn − xn‖

≤ ℓn(bn + cn)‖T nzn − xn‖ + ℓ2
nkncnan‖I

nxn − xn‖ + ‖Inyn − xn‖

+ ℓ2
nkncnµn‖un − xn‖ + ℓnνn‖vn − xn‖. (3.13)

By Lemma 3.1, there exists a positive integer N1 and γ ∈ (0, 1) such that ancnℓ2
nkn <

γ for all n ≥ N1. This together with (3.13) implies that for n ≥ N1

(1 − γ)‖Inxn − xn‖ < (1 − ℓ2
nkncnan)‖Inxn − xn‖

≤ ℓn(bn + cn)‖T nzn − xn‖ + ‖Inyn − xn‖

+ ℓ2
nkncnµn‖un − xn‖ + ℓnνn‖vn − xn‖. (3.14)

Taking limit of both sides (3.14), it follows from (3.8) and (3.9) that

lim
n→∞

‖Inxn − xn‖ = 0 (3.15)

and taking limit of both sides (3.12), it follows from (3.8) and (3.15) that

lim
n→∞

‖T nxn − xn‖ = 0. (3.16)
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Next, in order to prove the main result we need the following statement. Since

‖Inzn − xn‖ ≤ ‖Inzn − Inxn‖ + ‖Inxn − xn‖

≤ ℓn‖xn − zn‖ + ‖Inxn − xn‖

= ℓnan‖I
nxn − xn‖ + ‖Inxn − xn‖ + ℓnµn‖un − xn‖, (3.17)

taking limit of both sides (3.17), it follows from (3.15) that

lim
n→∞

‖Inzn − xn‖ = 0. (3.18)

Theorem 3.4. Let X be a real uniformly convex Banach space and K be a non-
empty closed, bounded and convex subset of X. Let T, I be completely continuous
asymptotically nonexpansive mappings with {kn} ⊂ [1,∞), {ℓn} ⊂ [1,∞) and
∑∞

n=1
(kn − 1) < ∞,

∑∞

n=1
(ℓn − 1) < ∞. Let {an}, {bn}, {cn}, {µn}, {νn},

{αn}, {βn} and {λn} be sequences of real numbers in [0, 1], such that {an + µn},
{bn + cn + νn} and {αn + βn + λn} in [0, 1] for all n ≥ 1, and

∑∞

n=1
µn < ∞,

∑∞

n=1
νn < ∞,

∑∞

n=1
λn < ∞, and {un}, {vn} and {wn} are bounded sequences

in K and

(1) If 0 < lim infn→∞ bn ≤ lim supn→∞(bn + cn + νn) < 1, and

(2) 0 < lim infn→∞ αn ≤ lim supn→∞(αn + βn + λn) < 1,

Let {xn}, {yn}, {zn} be the sequences in K defined by (3.1). If F (T ) ∩ F (I) 6= ∅,
then {xn}, {yn}, {zn} converge strongly to a common fixed point of T and I.

Proof. By (3.8), (3.9), (3.15), (3.16) and (3.18) in Lemma 3.3, we have

lim
n→∞

‖T nzn − xn‖ = 0, lim
n→∞

‖Inyn − xn‖ = 0, lim
n→∞

‖Inxn − xn‖ = 0,

lim
n→∞

‖T nxn − xn‖ = 0, lim
n→∞

‖Inzn − xn‖ = 0.

Since xn+1 − xn = αn(Inyn − xn) + βn(Inzn − xn) + λn(wn − xn), we have

‖xn+1 − Inxn+1‖ ≤ ‖xn+1 − xn‖ + ‖Inxn − Inxn+1‖ + ‖xn − Inxn‖

≤ (1 + ℓn)‖xn+1 − xn‖ + ‖xn − Inxn‖

≤ (1 + ℓn)αn‖I
nyn − xn‖ + (1 + ℓn)βn‖I

nzn − xn‖

+ (1 + ℓn)λn‖wn − xn‖ + ‖xn − Inxn‖

and

‖xn+1 − T nxn+1‖ ≤ ‖xn+1 − xn‖ + ‖T nxn − T nxn+1‖ + ‖xn − T nxn‖

≤ (1 + knℓn)‖xn+1 − xn‖ + ‖xn − T nxn‖

≤ (1 + knℓn)αn‖I
nyn − xn‖ + (1 + knℓn)βn‖I

nzn − xn‖

+ (1 + knℓn)λn‖wn − xn‖ + ‖xn − Inxn‖.
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It follows from (3.9), (3.15), (3.16) and (3.18) in Lemma 3.3 that we obtain

lim
n→∞

‖xn+1 − Inxn+1‖ = 0 and lim
n→∞

‖xn+1 − T nxn+1‖ = 0.

Thus

‖xn+1 − Ixn+1‖ ≤ ‖xn+1 − In+1xn+1‖ + ‖Ixn+1 − In+1xn+1‖

≤ ‖xn+1 − In+1xn+1‖ + ℓn‖xn+1 − Inxn+1‖

→ 0 as n → ∞

and

‖xn+1 − Txn+1‖ ≤ ‖xn+1 − T n+1xn+1‖ + ‖Txn+1 − T n+1xn+1‖

≤ ‖xn+1 − T n+1xn+1‖ + k1ℓ1‖xn+1 − T nxn+1‖

→ 0 as n → ∞

which imply that
lim

n→∞
‖xn − Ixn‖ = 0 (3.19)

and
lim

n→∞
‖xn − Txn‖ = 0. (3.20)

Since I, T are completely continuous and {xn} ⊆ K is bounded, there exists a
subsequence {xnk

} of {xn} such that {Txnk
} converges. Therefore, from (3.19),

(3.20), {xnk
} converges. Let limk→∞ xnk

= q. By the continuity of T, I and
(3.19), (3.20) we have Tq = q and Iq = q, so q is a common fixed point T and
I. By Lemma 3.2 (1), limn→∞ ‖xn − q‖ exists. But limk→∞ ‖xnk

− q‖ = 0. Thus
limn→∞ ‖xn − q‖ = 0. Since

‖yn − xn‖ ≤ bn‖T
nzn − xn‖ + cn‖T

nxn − xn‖ + νn‖vn − xn‖ → 0 as n → ∞

and
‖zn − xn‖ ≤ an‖I

nxn − xn‖ + µn‖un − xn‖ → 0 as n → ∞,

it follows that limn→∞ yn = q and limn→∞ zn = q.

Finally, we prove the weak convergence of the iterative scheme (3.1) for I-
asymptotically nonexpansive mappings in a uniformly convex Banach space satis-
fying Opial’s condition.

Theorem 3.5. Let X be a real uniformly convex Banach space satisfying Opial’s
condition and K be a nonempty closed, bounded and convex subset of X. Let
T : K → K be a I-asymptotically nonexpansive mapping with {kn} a sequence of
real numbers such that kn ≥ 1 and

∑∞

n=1
(kn − 1) < ∞ and I : K → K be an

asymptotically nonexpansive mapping with {ℓn} a sequence of real numbers such
that ℓn ≥ 1 and

∑∞

n=1
(ℓn−1) < ∞. Let {an}, {bn}, {cn}, {µn}, {νn}, {αn}, {βn}
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and {λn} be sequences of real numbers in [0, 1], such that {an +µn}, {bn +cn +νn}
and {αn + βn + λn} in [0, 1] for all n ≥ 1, and

∑∞

n=1
µn < ∞,

∑∞

n=1
νn < ∞,

∑∞

n=1
λn < ∞, and {un}, {vn} and {wn} are bounded sequences in K and

(1) If 0 < lim infn→∞ bn ≤ lim supn→∞(bn + cn + νn) < 1, and

(2) 0 < lim infn→∞ αn ≤ lim supn→∞(αn + βn + λn) < 1,

Let {xn}, {yn}, {zn} be the sequences in K defined by (3.1). If F (T ) ∩ F (I) 6= ∅,
then {xn}, {yn}, {zn} converge weakly to a common fixed point of T and I.

Proof. It follows from Theorem 3.4 that limn→∞ ‖xn − Txn‖ = limn→∞ ‖xn −
Ixn‖ = 0. Since X is uniformly convex and {xn} is bounded, we may assume
that xn → q1 weakly as n → ∞, without loss of generality. By Lemma 2.1,
we have q1 ∈ F (T ) ∩ F (I). We assume that q1 and q2 are weak limits of the
subsequences {xnk

}, {xnj
} of {xn}, respectively. By (3.19), (3.20) and E −T and

E − I are demiclosed by Lemma 2.1, Tq1 = q1, Iq1 = q1 and in the same way,
Tq2 = q2, Iq2 = q2. Therefore, we have q1, q2 ∈ F (T ) ∩ F (I). By Lemma 3.2 (1),
limn→∞ ‖xn − q1‖ and limn→∞ ‖xn − q2‖ exist. It follows from Lemma 2.5 that
q1 = q2. Therefore {xn} converges weakly to a common fixed point of T and I.
Moreover, limn→∞ ‖yn − xn‖ = 0 = limn→∞ ‖zn − xn‖ as proved in Theorem 3.4
and xn → q1 weakly as n → ∞, therefore yn → q1 weakly as n → ∞ and zn → q1

weakly as n → ∞. This completes the proof.
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