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Abstract : A regular T-mesh is basically a rectangular grid that allows T-
junctions over a rectangular domain. In this paper, we mainly study the dimension
of bivariate tensor-product spline space Sα,β

m,n(T ; α1, α2, β1, β2) with homogeneous
boundary conditions over a regular T-mesh T . By using B-net method, we con-
struct a minimal determining set for Sα,β

m,n(T ; α1, α2, β1, β2) by removing some

unwanted domain points from the minimal determining set for Sα,β
m,n(T ) given by

Deng et al.. The new results are useful in the fields of computer aided geometric
design, such as surface approximation, model design, and so on.
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1 Introduction

It is well known that the traditional tensor-product B-spline surfaces ([1, 2])
have been widely applied in the fields of computer aided geometric design (CAGD).

1This work was supported by the National Natural Science Foundation of China
(No.11071228) and the Fundamental Research Funds for the Central Universities of Ocean
University of China (No.201113037).

2Corresponding author.

Copyright c© 2012 by the Mathematical Association of Thailand.

All rights reserved.



694 Thai J. Math. 10 (2012)/ F.G. Lang and X.P. Xu

However, it is well known that the control points of tensor-product B-spline sur-
faces must lie topologically in a rectangular grid, so it is not easy to modify these
surfaces locally. This trouble is caused by the large number of superfluous control
points arisen from the inherent mathematical properties of the traditional tensor-
product B-splines. It is necessary for engineers to use a new kind of spline other
than the traditional tensor-product B-splines to overcome the above-mentioned
limitation.

Recently, many works have been done on this topic [3–10]. In particular,
for example, Deng et al. introduced the so-called splines over T-meshes ([3]).
Obviously, T-mesh is a generalization of a traditional rectangular grid. The splines
over T-meshes, as polynomial splines different to the so-called T-splines ([11–14])
which are rational, have been already used in CAGD ([5, 9]). The new splines
have many advantages over the traditional tensor-product B-splines and the so-
called T-splines. In fact, the local refinement becomes very simple and easy if
we apply this new kind of splines in CAGD. In order to found the general theory
frame for the spline spaces over T-meshes, Deng et al. studied the dimensions for
these linear spaces. Their results (see Theorem 2.1 in Section 2) only involve the
topological quantities of the corresponding T-mesh ([3]).

In geometric modeling, the surfaces constrained by some boundary conditions
are also important. Hence, it is necessary to study the new spline spaces. In
this paper, we will pay attention to the spline spaces with homogeneous boundary
conditions over regular T-meshes. The new spline space has not been well studied
before. Only a recent paper ([4]) gives some simple results. In [4], the authors
only consider a simple case, i.e. Sα,β

m,n(T ; α, α, β, β). In this paper, based on
the results in [3], we will construct the minimal determining sets for the general
spline spaces Sα,β

m,n(T ; α1, α2, β1, β2) with homogeneous boundary conditions over
regular T-meshes, so their dimensions are obtained. Our results are new and more
general than [4] and can be applied in surface interpolation and fitting, geometric
modeling, and so on.

The remainder of this paper is organized as follows: in Section 2, we give some
preliminaries for spline spaces over T-meshes; in Section 3, we first present the
definition of bivariate tensor-product spline spaces with homogeneous boundary
conditions over regular T-meshes and the definition of minimal determining set,
and then by using B-net method, we derive the dimension formulae for these spline
spaces based on the cardinalities of the minimal determining sets, we also give an
example to show our method; finally, we conclude this paper with some remarks
in the last section.

2 Preliminaries

A T-mesh, i.e. a union of a set of rectangles, is essentially a rectangular
grid that allows T-junctions arising from the so-called T-splines ([12, 13]). In
other words, a T-mesh is formed by some horizontal grid line segments and some
vertical grid line segments. If the domain occupied by the T-mesh is a rectangular
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domain, then we call it a regular T-mesh, see Figure 1.
Given a T-mesh, the subrectangles are called cells, the grid line segments

are called edges and the grid points are called vertices. The edges that lie on
the boundary of the T-mesh are called boundary edges; others are called interior
edges. Furthermore, if a vertex lies on the boundary of the T-mesh, then we call
it a boundary vertex; otherwise, we call it an interior vertex. For example, see
Figure 1, Bi(i = 1, 2, . . . , 17) are boundary vertices, Vi(i = 1, 2, 3) are interior
vertices; V1B3 and V2V3 are interior edges, while B5B6 is a boundary edge.

B1 B2 B3 B4

B5

B6

B7

B8

B9B10B11B12B13

B16

B15

B14

B17
V1

V2 V3

Figure 1. A regular T-mesh.

For a rectangular domain D, let T be a T-mesh over it, and Di (i = 1, 2, . . . , N)
be the cells. For nonnegative integers m, n and α, β, the tensor-product spline
space over T is defined as follows ([3]):

Sα,β
m,n(T ) = {s(x, y) ∈ Cα,β(D) | s(x, y)|Di

∈ Pm,n, i = 1, 2, . . . , N},

where s(x, y)|Di
denotes the restriction of s(x, y) over Di, Pm,n is the space of all

the polynomials with bi-degree (m, n) with respect to x and y respectively, and
Cα,β(D) is the space of all the bivariate functions which are continuous in D with
order α along x direction and with order β along y direction. In [3], by using the
B-net method, a dimension formula for Sα,β

m,n(T ) with m ≥ 2α + 1 and n ≥ 2β + 1
is given:

Theorem 2.1 ([3]).

dimSα,β
m,n(T ) = N(m+1)(n+1)−Eh(m+1)(β+1)−Ev(α+1)(n+1)+V (α+1)(β+1),

where N is the number of cells in T , Eh and Ev the number of interior horizontal

edges and interior vertical edges respectively, and V the number of interior vertices.
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3 Main Results

Let D = [a, b]× [c, d], for integers α1, α2 and β1, β2 with −1 ≤ α1, α2 ≤ α, and
−1 ≤ β1, β2 ≤ β, we give the definition of bivariate tensor-product spline space
over T with homogeneous boundary conditions as following:

Sα,β
m,n(T ; α1, α2, β1, β2)

:= {s(x, y) | s(x, y) ∈ Sα,β
m,n(T ) ∩ Sa(α1) ∩ Sb(α2) ∩ Sc(β1) ∩ Sd(β2)},

where

Sa(α1) =

{

s(x, y) |
∂r1s(x, y)

∂xr1

|x=a = 0, r1 = 0, 1, . . . , α1

}

,

Sb(α2) =

{

s(x, y) |
∂r2s(x, y)

∂xr2

|x=b = 0, r2 = 0, 1, . . . , α2

}

,

Sc(β1) =

{

s(x, y) |
∂r3s(x, y)

∂yr3

|y=c = 0, r3 = 0, 1, . . . , β1

}

,

Sd(β2) =

{

s(x, y) |
∂r4s(x, y)

∂yr4

|y=d = 0, r4 = 0, 1, . . . , β2

}

,

and if one parameter is −1, we mean that there are no homogeneous conditions
over the corresponding boundary.

Obviously, Sα,β
m,n(T ; α1, α2, β1, β2) is a linear subspace of Sα,β

m,n(T ). In this

section, we will give the dimension formula for Sα,β
m,n(T ; α1, α2, β1, β2) with m ≥

2α + 1 and n ≥ 2β + 1.
Given a spline s(x, y) ∈ Sα,β

m,n(T ; α1, α2, β1, β2) ⊂ Sα,β
m,n(T ) ⊂ S0,0

m,n(T ), for a

representative cell Dk = [xk
0 , xk

1 ] × [yk
0 , yk

1 ], let sk denotes the restriction of s(x, y)
on Dk. We can express sk in the Bernstein-Bézier form:

sk =

m
∑

i=0

n
∑

j=0

bk
i,jB

m
i

(

x − xk
0

xk
1 − xk

0

)

Bn
j

(

y − yk
0

yk
1 − yk

0

)

,

where

Bm
i (·) =

m!

i!(m − i)!
(·)i(1 − ·)m−i,

Bn
j (·) =

n!

j!(n − j)!
(·)j(1 − ·)n−j ,

are the univariate Bernstein polynomials with degree m and n respectively, and
{bk

i,j} (i = 0, 1, . . . , m; j = 0, 1, . . . , n) are the Bézier ordinates. Each of the Bézier

ordinate bk
i,j is associated with a domain point

P k
i,j =

(

(m − i)xk
0 + ixk

1

m
,
(n − j)yk

0 + jyk
1

n

)

.
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Let P (m, n, T ) denotes the set of domain points. In fact, if given a spline, then
there is a one-to-one correspondence between {bk

i,j}(i = 0, 1, . . . , m; j = 0, 1, . . . , n)
and P (m, n, T ).

For any p = P k
i,j ∈ P (m, n, T ), let λp be the linear functional on Sα,β

m,n(T ; α1, α2,

β1, β2) defined by ([3, 15])

λps(x, y) = bk
i,j (i = 0, 1, . . . , m; j = 0, 1, . . . , n; k = 1, 2, . . . , N),

where bk
i,j is the Bézier ordinate of the spline s(x, y) associated with the domain

point p = P k
i,j .

A set of domain points Q ⊂ P (m, n, T ) is called a determining set for Sα,β
m,n

(T ; α1, α2, β1, β2) if and only if for any spline s(x, y) ∈ Sα,β
m,n(T ; α1, α2, β1, β2) and

any p ∈ Q, λps(x, y) = 0 implying s(x, y) ≡ 0. If each of proper subsets of
Q is not a determining set, then Q is called a minimal determining set. If the
Bézier ordinates of a spline s(x, y) associated with the domain points in Q are
fixed, then the Bézier ordinates associated with the other domain points not in Q

will be determined by the smoothness, and hence s(x, y) is obtained. Moreover,
Q is crucial for us to determine the dimension of Sα,β

m,n(T ; α1, α2, β1, β2) because

dimSα,β
m,n(T ; α1, α2, β1, β2) equals the cardinality of Q.

For a T-mesh T over D = [a, b] × [c, d], let H1, H2 be the numbers of the
interior boundary vertices of y = c and y = d respectively, and V1, V2 the numbers
of the interior boundary vertices of x = a and x = b respectively. See Fig.1,
H1 = 2, H2 = 3, and V1 = 4, V2 = 4.

In the following, we construct a minimal determining set for Sα,β
m,n(T ; α1, α2, β1,

β2) by removing some unwanted domain points from the special minimal de-
termining set for Sα,β

m,n(T ) given by Deng et al. in [3]. Deng’s minimal deter-
mining set includes five parts of domain points. Considering the definition of
s(x, y) ∈ Sα,β

m,n(T ; α1, α2, β1, β2), we find an important fact that the homogeneous
boundary conditions can only vanish the Bézier ordinates for the domain points in
the second part, which are close to the four boundary edges. Take the boundary
edge y = c for example, the restrictions of the spline s(x, y) on each of the H1 + 1
cells near y = c can be expressed in form of (y − c)β1+1q(x, y), where q(x, y) is a
polynomial called smoothing cofactor ([6, 16]) with bi-degree (m, n − β1 − 1). So
the Bézier ordinates of the domain points on the β1 + 1 rows near y = c in these
H1 + 1 cells are vanished by

∂r3s(x, y)

∂yr3

|y=c = 0, r3 = 0, 1, . . . , β1.

Similarly, the Bézier ordinates of the domain points on the β2 +1 rows, the α1 +1
columns and the α2 +1 columns near y = d, x = a and x = b in the corresponding
H2 + 1 cells, V1 + 1 cells and V2 + 1 cells are vanished. So, if we remove these
unwanted domain points from this part, then we get a minimal determining set
for Sα,β

m,n(T ; α1, α2, β1, β2). Counting these special points carefully near the four
boundary edges and at the four corners of the T-mesh, we get the key total number
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of these unwanted domain points is:

d = (H1 + 1)(m − α)(β1 + 1) (near the bottom boundary)

+ (H2 + 1)(m − α)(β2 + 1) (near the top boundary)

+ (V1 + 1)(α1 + 1)(n − β) (near the left boundary)

+ (V2 + 1)(α2 + 1)(n − β) (near the right boundary)

+ (β1 + 1)(α − α2) (at the bottom-right corner)

+ (α2 + 1)(β − β2) (at the top-right corner)

+ (β2 + 1)(α − α1) (at the top-left corner)

+ (α1 + 1)(β − β1). (at the bottom-left corner) (3.1)
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Figure 2. Boundary domain points for S
2,1
5,3(T ; 1, 2, 0, 1).

m = 5, n = 3; α = 2, β = 1;
H1 = 3, β1 = 0; H2 = 2, β2 = 1;
V1 = 2, α1 = 1; V2 = 2, α2 = 2.

See Figure 2 for example. The domain points symbolized with “ ∗ ” and “ + ”
constitute the second part of Deng’s minimal determining set for S

2,1
5,3(T ), and the

number of domain points in this part is

d2 := (H1 + H2 + 2)(m − α)(β + 1) + (V1 + V2 + 2)(α + 1)(n − β) = 78,

where the numbers of “ ∗ ” and “ + ” are 64 and 14 respectively. The Bézier
ordinates of the domain points symbolized with “0” can be determined by the
C2 and C1 smoothing conditions along x and y direction respectively, so they
are not in Deng’s minimal determining set. The Bézier ordinates of the domain
points symbolized with “∗” are vanished by the additional homogeneous boundary
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conditions, hence they are the unwanted domain points and should be deleted from
this part. By the above formula (3.1) of d, it is easy to get the number of “ ∗ ” is
d = 64. Finally, only the domain points symbolized with “+” are reserved, where
the number of “ + ” is d2 − d = 14. We give the following theorem.

Theorem 3.1.

dimSα,β
m,n(T ; α1, α2, β1, β2) = dimSα,β

m,n(T ) − d

= dimSα,β
m,n(T ) − (H1 + 1)(m − α)(β1 + 1)

− (H2 + 1)(m − α)(β2 + 1) − (V1 + 1)(α1 + 1)(n − β)

− (V2 + 1)(α2 + 1)(n − β) − (β1 + 1)(α − α2)

− (α2 + 1)(β − β2) − (β2 + 1)(α − α1)

− (α1 + 1)(β − β1)

where H1, H2 are the numbers of the interior boundary vertices of y = c and y = d

respectively, and V1, V2 the numbers of the interior boundary vertices of x = a and

x = b respectively.

4 Remarks

In this section, we give some remarks.

• This paper is devoted to the dimension for spline space Sα,β
m,n(T ; α1, α2, β1, β2)

with homogeneous boundary conditions over regular T-mesh with the con-
straints m ≥ 2α + 1 and n ≥ 2β + 1.

• The dimension of Sα,β
m,n(T ; α1, α2, β1, β2) equals the cardinality of its minimal

determining set Q. It is obtained by deleting some special points from the
minimal determining set in [3]. See Section 3 for our methods. For further
reading, also see [3].

• If α1 = α2 = β1 = β2 = −1, by (3.1), we have d = 0, it means that there
are no homogeneous boundary conditions over T , so we have

dimSα,β
m,n(T ;−1,−1,−1,−1) = dimSα,β

m,n(T ).

• In [4], a dimension formula dimS
0,0
1,1(T ; 0, 0, 0, 0) = V + is given. Noting

dimS
0,0
1,1(T ) = V ++V b and d = V b = H1+H2 +V1 +V2 +4, we remark that

our Theorem 3.1 can also offer us the same results, where V + is the number
of crossing vertices, and V b the number of boundary vertices. Besides, the
strategy used in [4] is linear space embedding with the operator of mixed
partial derivative. We remark that it is more complicated than our method.

• In [4], dimS
1,1
2,2(T ; 1, 1, 1, 1) over a hierarchical T-mesh T is given. However,

the results are valid only for hierarchical T-meshes. For dimS
1,1
2,2(T ; 0, 0, 0, 0)

over a hierarchical T-mesh or a general regular T-mesh, readers should refer
Theorem 3.1.
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• Generally, dimSα,β
m,n(T ; α1, α2, β1, β2) without the constraints m ≥ 2α + 1

and n ≥ 2β + 1 is very difficult to obtained. In future, we will continue
to study this problem by consulting some relative references. For instance,
in [8], Li et al. have improved Deng’s results with some relaxed constraint
depending on the order of the smoothness, the degree of the spline and the
structure of the T-mesh as well.

• Besides, the nonnegative and local supported basis splines for Sα,β
m,n(T ; α1, α2,

β1, β2) are also needed in CAGD, so this is also our future work.

Acknowledgements : This work was supported by the National Natural Science
Foundation of China (No.11071228) and the Fundamental Research Funds for the
Central Universities of Ocean University of China (No.201113037). We appreciate
the reviewers and editors for their careful reading, valuable suggestions, timely
review and reply.

References

[1] G. Farin, Curves and Surfaces for CAGD–A Practical Guide, 5th ed., Morgan
Kaufmann Publishers, 2002.

[2] L. Piegl, W. Tiller, The NURBS Book, 2nd ed., Springer-Verlag, Berlin, 1997.

[3] J.S. Deng, F.L. Chen, Y.Y. Feng, Dimensions of spline spaces over T-meshes,
J. Comp. Appl. Math. 194 (2006) 267–283.

[4] J.S. Deng, F.L. Chen, L.B. Jin, Dimensions of biquadratic spline spaces over
T-meshes, Preprint, arXiv:math.NA/0804.2533, 2008.

[5] J.S. Deng, F.L. Chen, X. Li, C.Q. Hu, W.H. Tong, Z.W. Yang, Y.Y. Feng,
Polynomial Splines over Hierarchical T-meshes, Graphical Models 70 (2008)
76–86.

[6] Z.J. Huang, J.S. Deng, Y.Y. Feng, F.L. Chen, New proof of dimension formula
of spline spaces over T-meshes via smoothing cofactors, J. Comp. Math. 24
(4) (2006) 501–514.

[7] B. Mourrain, On the dimension of spline spaces on planar T-subdivisions,
Preprint, arXiv:math.CG/1011.1752, 2010.

[8] C.J. Li, R.H. Wang, F. Zhang, Improvement on the dimensions of spline
spaces on T-mesh, J. Infor. Compu. Scien. 3 (2) (2006) 235–244.

[9] X. Li, J.S. Deng, F.L. Chen, Surface modeling with polynomial splines over
hierarchical T-meshes, Visual Comput. 23 (2007) 1027–1033.

[10] M. Wu, J.S. Deng, F.L. Chen, The dimension of spline spaces
with highest order smoothness over hierarchical T-meshes, Preprint,
arXiv:math.CG/1112.1144, 2011.



Dimension Formulae for Tensor-Product Spline Spaces ... 701
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