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Abstract : In this paper, we prove a common fixed point theorem for a wider
class of generalized contraction type mappings relative to a self-map and show
that the common fixed point will be a contractive fixed point of the reference map
under certain condition on contraction constant. Our result is a generalization of
common fixed point theorems of first author, and of Akkouchi.
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1 Introduction

In this paper X represents a metric space with metric d. If x is a point of X
and S a self-map on X, we write Sz for the image of x under S, S(X) for the
range of S, and T'S for the composition of self-maps T and S.

A point p € X is a fized point for a self-map S on X if Sp = p. We denote by
Fix(S), the set of all fixed points of S, and by Fixz(S,T) the set of all common
fixed points of S and T
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Given a reference map S on X and 0 < o < 1, B(S, «) denotes the class of
self-maps T on X satisfying the contractive type condition:

d(Sz,TSy) < a max{d(z, Sz),d(z, Sy),d(Sy, T'Sy),

1.1
% [d(z, TSy)+ d(Sz,Sy)]} for all z,y € X (1)

where 0 < o < 1. Fisher [1] proved the following result:

Theorem 1.1. Given a self-map S on X and T € B(S,a), where 0 < a < 1,
suppose that either S or T is continuous on X. If X is complete, then there is a
unique point p in X such that p € Fixz(S,T).

Later in 2004, the author [2] obtained the conclusion of Theorem 1.1 by
replacing the completeness of the space X without an appeal to the continuity
condition, as given below:

Theorem 1.2. Given a self-map S on X and T € B(S,«), where 0 < a < 1,
suppose that the associated sequence (xyn) 22, at some xog € X with the choice

2, — Stp_1 (n z.s odd) (1.2)
Tz,—1 (n is even)

has a subsequence converging to a point z in X. Then
(i) the sequence (1.2) will also converge to z.

(1) z will be a unique point such that Fixz(S) = Fix(S,T) = {z}.

In this paper, we prove that a common fixed point can also be obtained by
generalizing the condition (1.1), which will be a contractive fixed point for the
reference map S, when 0 < a < %

2 Notation

Let 8> 0. Given 0 < @ < 1, and self-map S on X, we shall denote by Bg(S, «)
the class of all mappings T': X — X satisfying the condition:

[1+4 Bd(x, Sy)]d(Sx, T Sy)
< a max {d(:v, Sz),d(x, Sy),d(Sy, TSy), %[d(m, TSy)+ d(Sx, Sy)]}
+ Bld(x, Sz)d(Sy, T'Sy) + d(z, TSy)d(Sz, Sy)] for allr,y € X (2.1)

Remark 2.1. Writing 8 = 0 in (2.1), we get (1.1). Thus By(S,a) = B(S, a).
We note that if B*(S,a) = g Bs(S, @), then B*(S, ) includes B(S, a).
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Let S be a self-map on X and = € X. The S-orbit or simply orbit at x is the
sequence Og(z) of iterates: Sz, S?%z,.... If p € Fiz(S) has a neighbourhood N
in X such that the S-of orbit at each = in N converges to p, then p is called an
attracting fized point of S. In case N = X, p is called a contractive fized point [3].

Example 2.2. Consider S : R — R defined by Sz = 2® for all . Then 0,1,
and —1 are the fized points of S, and Og(z) = (z37) & Note that for |z| < 1,

n=1 -
the orbit converges to 0, while for |x| > 1 the orbit diverges to +oo respectively.
Thus 0 is an attracting but not a contractive fized point.

Example 2.3. Let S: R — R given by Sz = 5 for all x.Then 0 is the only fized

point of S, which is also a contractive one, to which the orbit Og(x) = <2in>f;1
at each real x converges.

3 Main Result

Our main result is

Theorem 3.1. Given 0 < a <1, 8> 0, and self-map S on X, let T € Bs(S, ).

Suppose that the associated sequence (x,) S at some xg € X with the choice (1.2)

has a subsequence converging to a point z of X. Then the following assertions
will be true:

(i) im, oo p = 2

(ii) z € Fixz(S) C Fiz(T)
(i1i) Fiz(S) = Fiz(T) = Fiz(S,T) = {z} whenever T(X) C S(X)
() z is a unique common fized point of S and T

(v) S and TS are continuous at z.

Further if 0 < a < %, the unique common fived point z will be a contractive

fized point for the reference map S.

Proof. Let o be arbitrary point of X. We write r,, = d(xp, zny1),n = 1,2,3, ...
First we establish that

rn < amax{r,,r,—1} for all n. (3.1)
Suppose that n is even. Writing = x,, and y = x,,—2 in (2.1), we get
(1 + Bd(zn, zn—1)] d(Tnt1,Tn)
< a max {d(xn, Tnt1), A(XTp, Tn-1),0, %d(a:mrl, xnl)}

+ Bld(xn, Tni1)d(Xn—1,Tn) + 0]
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or

2

from which (3.1) follows, since 1(a + b) < max{a,b}. While if n is odd, we take
T =y = xp_1 in (2.1) and simplify as above to get (3.1).

It is remarkable to note that if r,, > r,,,—1 for some integer m > 1, then (3.1)
would give a contradiction that 0 < r,, < ar,, < rm,, since 0 < a < 1.

Hence 7, < rp_1 for all n, and from (3.1) we get r, < ar,_; for all n.
In other words, (z,) 52, is a contractive sequence and hence is a Cauchy sequence
in X [4, Theorem 3.1.7].

In view of the convergence of the subsequence, assertion (i) follows, and

1
(1 + ﬁrn—l) Tn S Q max {Tnarn—lu _d(xn-l-luxn—l)} + ﬁrnrn—l

lim z9,_1 = lim Sxzg, = lim x5, = lim Tx9,_1 = z for some z € X. (3.2)
n—oo n—oo n—oo n—oo

Writing z = 2z and y = x9, in (2.1),

(14 Bd(z, x2n+1)] d(Sz, Ton42)

1
, g[d(za Tont2) + d(Tont1, SZ)]}

+ Bld(z, Sz)d(w2n+1, T'ST2n12) + d(z, T2nt2)d(T2n+1, 52)].

< o max {d(za Sz),d(z, xant1), d(T2nt1, Tant2)

Proceeding the limit as n — oo in this, and using (3.2), we obtain that
1
(14 8.0)d(Sz,2) < o max {d(z, Sz),0,0, 5[0 +d(z, Sz)]} + B0+ 0.d(z, S2)]

or d(Sz,z) < ad(z,Sz) so that d(Sz,z) =0 or z € Fiz(S).
Now we observe that Fiz(S) C Fiz(T). In fact, if p € Fiz(S), then writing
x=y=pin (2.1), we get

[1 + Bd(p, Sp)] d(Sp, T'Sp)

< o max {d<p, Sp).d(p, Sp), d(Sp, TSp),

N =

[d(p, T'Sp) + d(Sp, Sp)]}
+ Bld(p, Sp)d(Sp, T'Sp) + d(p, T'Sp)d(Sp, Sq)].

or d(p,Tp) < ad(p,Tp) so that d(p,Tp) = 0 or p € Fiz(T). Thus p is a fixed
point of T whenever it is a fixed point of S, and (i7) immediately follows.

To prove (ii3), in view of (i7), it suffices to prove that Fiz(T) C Fiz(S). In
fact, let p be a fixed point of T. Since T(X) C S(X), we get p = Tp = Sq
for some ¢ € X. Now (2.1) with = p, and y = ¢ gives

[1+ B8d(p, Sq)] d(Sp, T'Sq)

—~

| =

< a max {d(p, Sp),d(p, Sq),d(Sq, TSq), 5[d(p, TSq) + d(Sp, Sq)]}

Sp, Sq)l,

—~ N

+ Bld(p, Sp)d(Sq,TSq) + d(p, TSq)d
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which on routine simplification gives d(Sp, p) < a d(p, Sp) so that p = Sp, that is
p € Fixz(S). The other way of stating (¢i7) is that z is a common fixed point of S
and T.

The uniqueness of the common fixed point follows directly from (2.1),
proving (iv). To get the continuity of S at z, we see from (2.1) with y = z that

[14 Bd(x,Sz)]d(Sz,TSz)

< o max {d(x, Sa),d(z,S2), d(Sz, TS2), %[d(:c, TS2)+ d(Se, Sz)]}
4 Bld(z, Sz)d(Sz, TSz) + d(z, TS=)d(Sa, S=)],
[+ Bd(z, )] d(Sz, 2) < a max {d(:v, Sa),d(z, 2), 0, %[d(:v, 2) + d(Sz, z)]}
+ [0+ d(x, 2)d(Se, 2)).
So that

d(Sx, z) < amax {d(x, Sx),d(z, 2),0, %[d(:z:, z) 4 d(Sz, z)]} ,

which on using the triangle inequality of the meteric d gives

N | =

d(Sz,z) < « max{[d(x, z) +d(z,S2)],d(x, 2), =[d(z, z) + d(Sz, z)]}
=« [d(z,2) + d(Sz, 2)].
So that (1 — «)d(Sz, z) < a d(z, z). Thus

«

d(Sz, Sz) = d(Sz,z) < ( ) d(z, 2). (3.3)

11—«

1—
0= < a> €.
«
Then (3.3) would imply that d(Sz,Sz) < e whenever d(z,z) < J, showing that

S is continuous at z.
Again writing « = z in (2.1), using Sz = 2z and then simplifying, we get

Given € > 0, choose

d(z,TSy) < o max {d(z, Sy), %[d(z, TSy) + d(z, Sy)]}
= amax {d(z, Sy),d(z,TSy)}

or

d(z,TSy) < amax {d(Sy, z),d(T'Sy, z)} = ad(Sy, z) = <1oi a> d(y, z)
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for all y € X, in view of (3.3).

This reveals that T'S is continuous at z, proving the last part of (v).

In the remainder of the proof, we suppose that 0 < a < % and yo € X is

2
arbitrary. Then the iterates:
Yyn = $"yo,n =1,2,3,... (3.4)

will describe the S-orbit at yo. From again (2.1) with x = y,, and y = z, we
observe that

[1 + 5d(ynu Z)] d(Syn, Z)

< cma { . S9n), . 2): 100 2) + (S 2] 51, S 2).

Setting u, = d(yn, ), this can be written as

1
Upt1 < amax {d(yn, Ynt1), Un, E[un + un+1]} + Buptyyq for all n. (3.5)

If w41 > uy, for some positive integer m, we would obtain that

AYms Y1) < d(Ym, 2) + d(2, Yms1) = Um + Umt1 < 2Um1

which together with (3.5) implies a contradiction that w41 < 20Um41 < U1

Hence we must have u,4+1 > w, for all n so that agin from (3.5), we have
Up4+1 < 2au, for all n. Proceeding the limit as n — oo in this and using the
choice of «, we find that

lim w, = lim d(y,,z) =0.

n—oo n—oo
That is, the S—orbit at yo converges to z. Since yo is arbitrary point in X, it follows
that the common fixed point z is a contractive fixed point of S. o

Remark 3.2. Writing 8 = 0 in Theorem 3.1, we get Theorem 1.2, in view
of Remark 2.1.

Remark 3.3. When 0 =0 and X is complete in Theorem 3.1, we get Theorem 1.1
of Akkouchi [5].
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