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1 Introduction

In this work, we study the existence of at least three weak solutions for the
nonlinear elliptic equation of (p1, ..., p,)-biharmonic type under Navier boundary
conditions:

A(|Au P72 Aug) = AFy, (2, U1, ooy Up) + G, (T, U1, oy ) in €, (1.1)
u; = Au; =0 on 0N ’
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for 1 < i < n, where @ € RY(N > 1) is a non-empty bounded open set with
smooth boundary 99, p; > max{1, %} for1<i<n, A, u>0,F:QxR"—-R
is a function such that F(-,t1,...,t,) is continuous in Q for all (¢q,...,¢,) € R,
F(z,-,...,-) is a C* in R™ for every z € Q and F(x,0,...,0) = 0 for all x € §,
and G :  x R” — R is a measurable function with respect to x in  for every
(t1,..,tn) € R, and is a C'-function with respect to (t1,...,t,) € R™ for every z
in  and satisfies the condition

n

sup Y |G, (@1, e tn)| < ha(2) (1.2)
I(tlx"')tn)‘gs i=1

for all s > 0 and some h, € L' with G(-,0,...,0) € L', and F; and G; denote the
partial derivative of F' and G with respect to t, respectively.

Here and in the next section, X will denote the Cartesian product of n Sobolev
space W2Pi(Q) N W, P (Q) for i = 1,...,mn, i.e, X = WP (Q) N WP (Q) x ... x
W2Pn (Q) N W, P () endowed with the norm

n
| (s ey un) [ =Y sy,
=1

1/pi
full, = ( [ 1wt )
Q
for1 <i<n.

In this paper, precisely we deal with the existence of an open interval A C
[0, 400 and a positive real number g with the following property: for every A € A
and an arbitrary function G : 2 x R” — R measurable in Q for all (¢1,...,t,) €
R"™ and C! in R™ for every x € Q satisfying (1.2), there is a § > 0 such that,
for each p € [0,0] the system (1.1) admits at least three weak solutions in X
whose norms are less than ¢. Our main result is Theorem 2.5, which provides
intervals for the parameters such that if the parameters belong to those intervals,
the corresponding system has at least three solutions satisfying some boundedness
properties. Consequences of this result, examples and a detailed discussion on
systems over 1-dimensional domains are given.

We say that u = (uq, ..., up) is a weak solution to (1.1) if u = (uy,...,un) € X
and

where

. ()P 2 A (x) Av; (x)da — ; Sz, ur (2 Up (2))v; (z)dx
/Q;IAW()I Au;(z)Av; (2)d )\/Q;Fm(,l(),..., (@) (z)d

_M‘/Q ; Gul (‘T7 u1 (‘T)v sty un(x))vi (:"E)d(E =0

for every (v1,...,v5) € X.
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There seems to be increasing interest in studying fourth-order boundary value
problems, because the static form change of beam or the sport of rigid body can
be described by a fourth-order equation, and specially a model to study travel-
ling waves in suspension bridges can be furnished by the fourth-order equation of
nonlinearity, so it is important to Physics. More general nonlinear fourth-order
elliptic boundary value problems have been studied [1-12]. Very recently, Li and
Tang, in an interesting paper [13] (also see [14]), employing Ricceri’s three critical
points theorem [15] investigated the system (1.1) in the case n = 2, establishing
the the existence of an open interval A C [0,+o00[ and a positive real number ¢
with the following property: for every A € A and two Carathéodory functions
Guy, Gu, : ) x R? — R satisfying

sup  (|Gu, (1,1, 8)] 4 |Guy (1 t,8)]) € LH(Q)
[s]<¢ 1<

for all ¢ > 0, there is a § > 0 such that, for each p € [0,0] the system (1.1), in
the case n = 2, admits at least three weak solutions in W21 () N Wy (Q) x
W2P2(Q) N W, P2(Q) whose norms are less than g.

Here, as in [13], our main tool is Ricceri’s three critical points theorem; see
Theorem 1 in the next section. We also recall that, again applying Ricceri’s three
critical points [15, 16] theorem, elliptic systems have been studied in [17-21]. The
aim of the present paper is to extend the main result of [13] to the general case.

2 Main results

Our analysis is based on the following three critical points theorem (see also
[22-24] for related results) to transfer the existence of three solutions of the system
(1.1) into the existence of critical points of the Euler functional.

Theorem 2.1 ([15)). Let X be a reflexive real Banach space, I C R an interval,
®: X — R a sequentially weakly lower semicontinuous C' functional, bounded
on each bounded subset of X, whose derivative admits a continuous inverse on X*
and J : X — R a C* functional with compact derivative.
Assume that

lim (®(x)+ AJ(z)) = 400

l|z||—+o0

for all X € I, and that there exists p € R such that

sup inf (®(z) + A(J(x) 4+ p)) < xlg( ilgl)(fb(x) + A(J(x) + p)).

f
rel TEX
Then, there exist a non-empty open set interval A C I and a positive real number q
with the following property: for every A € A and every C* functional ¥ : X — R
with compact derivative, there exists § > 0 such that, for each p € [0,6], the
equation
&' (u) + AJ' (u) + p¥'(u) =0

has at least three solutions in X whose norms are less than q.
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For using later, we also recall the following result, Proposition 3.1 of [22] with
U replaced by —J, precisely to show the minimax inequality in Theorem 2.1.

Proposition 2.2 ([22]). Let X be a non-empty set and ® and J two real function
on X. Assume that there are v > 0 and xg,x1 € X such that

‘I)(Io) = J(xo) =0, ‘I)(Il) >,

J(x1)
sup J(x) <r .
c€®—1(]—o0,r]) (z1)
Then, for each p satisfying
J (1)
sup Jx)y<p<r )
2€d-1(]—o0,r]) ®(x1
one has
sup inf (®(z) + A(p — J(2))) < inf sup(®(x) + A(p — J(x))).
A>0 zeX reX A>0
Put
— o (1) ]Pé
k= max{ sup 2%en |1;ZZ(I)| ; for 1 <i< n} . (2.0)
w, EW2P1(Q)NW, " (Q)\{0} [fuillp:

Since p; > max{1, 5§} for 1 <i < n, and the embedding Wi (€2) N Wyt () —
C°(Q) for 1 <i < n is compact, one has k < +oc.

Now, fix 2° € Q and pick 71, r» with o < r1 < ry such that
S(2%,r) C Sz ry) CQ

where S(x°,r;) denote the ball with center at 20 and radius of r; for i = 1,...,n.
Put

1/1%‘
12(N +2)2 kx> (r — N
Ui:Ui(vai7T17T2): ( - ) (r1+r2) ( 7T2(r2 Tl )> forlgiﬁn

(ro —r1)3 1+ %)
(2.2)
and
0; = 0;(N,pi,r1,72)
N 1/pi
3N km2 ((ritr2)N —(2r)?) : 4r
(ra—r) (r1¥72) ( T N < o5

_ (2.3)

12 in ¥ (2™ ) P s
r1 w2 ((ritra)V —(2r1 : 1
(r2—11)2(r1+72) < NT(T ) > N > 250
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where I'(.) is the Gamma function.
For all v > 0 we denote by K(v) the set

{(tl,..., ) ER™: Z't i <”y} (2.4)

i1 Pi
Our main results fully depend on the following technical lemma:

Lemma 2.3. Assume that there exist two positive constants ¢ and d with
n (d9;)Pi
> i > H" - such that

Pi

(A1) F(x,tq, ...,tn) >0 for each (z,t1,....,tn) € (Q\S(x°,71)) x [0,d] x - - - x [0, d];
(Az2)

n d 5 pi
Z (doi) / sup F(z,ty,...,t,)dx
bi Q )

i=1 t1,etn) €K ([t

< %/ F(z,d,...,d)dz
Hi:lpi S(x%,r1)

where o; and 0; are given by (2.2) and (2.3), respectively, and K(Hn 1]DI) =

{(t, st S 55 < ey (2.4)).

P
Then, there exist v >0 and w = (w1, ...,w,) € X such that Y -, % >r and

n Jo F (2, wy(x ( ))dac
sup F(z,ty,...,t,)dzx <
/Q (t1,.. tn)EK (kr) 1;[ Ez 11_[; 1,#11’3

.....

where K (kr) = {(t1, ... t)| iy 2 < kr}.

Proof. We put w(z) = (w1 (), ..., wy(x)) such that for 1 <i <n,

0 if 2e€Q\S%nr)
_ d(3(1* —r3)—4(r14r2) (12 —rd)+6r1r2 (12 —73) .
’LUl(x) - ( 2 (le :1)3(7‘1-‘,-27‘2) 2 2 ) if =z S S((EO,T'Q) \ S(l’O,Tl)
d if zeS(%nr)
where [ = dist(z,2°) = Ziv (i —29)? and r = m We have
Ow; (x)
6:51-

12d(1? wi—w? —(r1+7r2)l wi—;ﬂ? “+rir wi—w? .
(( ) ((7“2177“12))3((7"14»7“2)) ael ) if xeSr)\ S r),

{ 0 if 2eQ\S%r)uS®r)
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0%w;(z)
62$i
0 if 2eQ\S@%r)usS® r)
= 12d(riro+(2l—r1—7r xifx? 2/ l—(r +r1—=10)1 .
( et (izfii§3(r1+:2)/ (ratry )) if ze€ S(:CO,T‘Q)\S(:UO,Tl)
and
Y 0%w;()
: 62$i
1=1
0 if 2eQ\S%r)usS(® r)
= 12d((N42)1*> —(N41)(r1+r2)l+Nri7r .
(2P Ot ) it e S(a, )\ S(a0, ).
It is easy to see that w = (wy, ..., w,) € X and, in particular, one has
6 N
s - 207

Di (7“2 _ T1>3Pi (Tl + 7«2)1%{‘(%)

X / (N +2)62 — (N 4+ 1)(ry +72)€ + NryrgPieN1dg  (2.5)

T1

for 1 <4 < n. Hence, from (2.2), (2.3) and (2.5) we get

Pi 2.6
k Pi k ( )
for 1 < i < n. However, taking into account that > . , (dif_)pl > nnc , from
(2.6) one has

n Di

>l

-1 Pi

Since 0 < w;(z) < d for each x € Q for 1 < i < n, the condition (A;) ensures hat

/ F(x,wl(ac),...,wn(x))dx—i—/ F(z,wi(x),...,w,(z))dz > 0.
O\S(29,72) S(@0,r2)\S(z%,r1)

Moreover, owing to our assumptions, we have

c F(z,d,...,d)dx
/ sup F(z,t1, ..., tn)dx < fS(m077‘1) :
(5 5]
< ¢ fQ x, w1(x), ..., w, (x))dx
List H;Ll i Pl lwillp;

=%
() F(z,w01 (@), ..y wy (2))dz
T_ilpz

Yic1 H] Lyt p]||wz||pl
where K (kr) = {(t1, ... tn)| Doiy 4™ < krY. So, the proof is complete. O

Pi

(2
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We need the following proposition in the proof of Theorem 2.5.

Proposition 2.4. Let T : X — X* be the operator defined by
T(uty ey tp)(h1y ey ) = / Z | A () [P 2 A (z) Ahy (z)dx
Q=1

for every (u1,...,un), (h1,....hn) € X. Then T admits a continuous inverse on
X*.

Proof. Taking into account (2.2) of [25] for p > 2 there exists a positive constant
¢p such that
(JelP~2z — [y[P 2y, z — y) > cpla — y|?

where (-, -) denotes the usual inner product in RV, for every x, y € RY. Thus, it
is easy to see that

n
(T(uty ooy tn) =T (01, ooy U3) ) (U1 — V1, ooy Uy, — Uy ) > min{ey,, ..., Cp, } Z [Jwi —vi |7
i=1

for every (uq,...,uy), (v1,...,0,) € X, which means that T is uniformly monotone.
Therefore, since T is coercive and hemicontinuous in X (for more details, see [13,
Lemma 2]), by applying Theorem 26.A. of [26], we have that T" admits a continuous
inverse on X*. |

Now, we state our main result.

Theorem 2.5. Let F : Q@ x R" — R be a function such that F(-,t1,...,t,) is
continuous in Q for all (t1,...,t,) € R™, F(x,- ....,-) is C* in R™ for every x € Q
and F(z,0,...,0) = 0 for every x € Q. Assume that there exist two positive

no o (d0:)Pr c
constants ¢ and d such that ) _; v Tp
(A2) in Lemma 2.3 hold. Furthermore, assume that there exist n positive constants

s; for 1 <i < n with s; < p; and a positive function a € L' such that

(A3) F(x,t1, .., tn) < a(z) (140 |t:]*) for every x € Q and for allt; € R, 1 <
1 <n.

and Assumptions (A1) and

Then, there exist a non-empty open interval A C [0, +o0[ and a positive real number
q with the following property: for every A\ € A and an arbitrary function G :
Q x R® — R measurable in Q for all (t1,....,t,) € R™ and C' in R™ for every
x € Q satisfying (1.2), there is a § > 0 such that, for each p € [0,48] the system
(1.1) admits at least three weak solutions in X whose norms are less than q.

Proof. In order to apply Theorem 2.1 to our problem, we introduce the functionals
®, J: X — R for each u = (uy, ..., u,) € X, as follows

n Pi
i

o = 3 108
i—1 K3

1=
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and

J(u) = —/QF(:v,ul(x),...,un(x))dx.

Since p,q > N, X is compactly embedded in C°(Q) x C°(Q) and it is well known
that ® and J are well defined and continuously differentiable functionals whose
derivatives at the point u = (u1, ..., u,) € X are the functionals ®'(u), J'(u) € X*,

given by
/Z|Vu VP2V, (2) Vo () da

and

/ZFu &, uy (), oy un () )0; (@) da:

for every v = (v, ...,v,) € X, respectively.

Note ® is bounded on each bounded subset of X. Furthermore, Proposition
2.4 gives that ®' admits a continuous inverse on X*, and since ®' is monotone,
we obtain that ® is sequentially weakly lower semi continuous (see [26, Proposi-
tion 25.20]). We claim that J' : X — X* is a compact operator. To this end,
it is enough to show that J’ is strongly continuous on X. For this, for fixed
(U1, .oy ) € X let (Ui, ooy Unm) — (U1, ..., u,) weakly in X as m — 400, then
we have (U1m, ..., Unm) converges uniformly to (uq,...,u,) on Q as m — 400 (see
[25]). Since F(z,.,...,.) is Ct in R™ for every x € Q, so it is continuous in R"
for every x € Q, and we get that F (&, u1m, ..., Unm ) — F (2, u1, ..., uy) strongly as
m — +oo which follows J' (41, .y Unm) — J'(u1, ..., u,) strongly as m — +oo.
Thus we proved that J’ is strongly continuous on X, which implies that J' is a
compact operator by Proposition 26.2 of [26]. Hence the claim is true. Thanks to
assumption (A3), for each A > 0 one has that

lim  (®(u) + AJ(u)) = +oo,

[w]|—+o0

and so one of the assumptions of Theorem 2.1 holds. We claim that there exist
r >0 and w € X such that

sup Ju) <r .
wed—1(]—co,r]) P (w)

Moreover, since from (2.1), for 1 <14 < n,

sup [u;(z)["* <
€N

for each u = (uq,...,u,) € X, then we have
Dpi n ||uZ

sup Y- IO <5

€N i—1 Di i—1

Di
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for each u = (u1,...,u,) € X, and so for each r > 0

0 oo = (1= () € X B0 1)
_ ||ul p7L
u = (u1,ua,...,up) € X; Z <r
n . Pi
- {u = (u1,uz, ..., up) € X; ZM < kr for each x € Q} ,

which follows that

sup J(u) = sup /QF(J:, up (), .oy tp (z))dx

u€®~1(]—oo,r]) g 1%
=1 ST

S‘/ sup F(xatlu"wtn)dx,
Q (t1,e.stn) €K (KT)

where K (kr) = {(t1, ... t)| i, 2 <k}
Now, thanks to Lemma 2.3, there exist » > 0 and w € X such that

F(z,wi(2), ..., wn (2))da
sup F(z,ty,...,ty)dz < Di
w/Q(tl,...,tn)EK(kT) H Zz 11_[3 lj;mp]”wl”

,r,fQF(Iawl( x), ..., wp(x))dz
Z@ZI Hwiugi

I
- O(w)
So
J(w)
su Ju)<r
u€®-1(]—00,r]) ®(w)
Fix p such that
J(w

sup Juw)<p<r ,
wed—1(]—o0,r]) P(w)

from Proposition 2.2, with zyp = 0 and x; = w we obtain

sup inf (®(u) + AU (u) + pA) < inf sup(P(u) + AU (u) + pA).
A>0 ueX ueX A>0

For any fixed function G : Q x RY — R as in the statement of the theorem, set

—/ G(z,u1(x), ..., up(x))dx.
Q
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It is well known that U is a continuously differentiable functional whose differential
U'(u) € X*, at u = (uy, ..., un) € X is given by

U (u)(v) = — /Q ZGui (,u1 (), ..., un(x))v; (x)dx for every v = (v, ...,v,) € X,

such that ¥’ : X — X* is a compact operator. Now, all the assumptions of
Theorem 2.1, are satisfied. Hence, applying Theorem 2.1, and taking into account
that the critical points of the functional ® 4+ \J+ p¥ are exactly the weak solutions
of the system (1.1), we have the conclusion. O

Remark 2.6. If n = 2, Theorem 2.5 gives back the same result of Theorem 1
obtained in [13].

Example 2.7. Let Q = {(z,y) € R%;22+y?> <9}, p1 =pa =3 and F : OxR? — R
be the function defined as

0 forall t; <0,i=1,2;
(22 4 y?)td0e12 forty < 0,ty > 0;
F(z,y,t1,ta) = ¢ (2% +y*)1%%e™ Jorty > 0,3 <0;
2
(22 +9y2) Y 1%t fort; >0,i=1,2
i=1

for each (z,y,t1,t2) € Qx R2. In fact, by choosing r1 = 1 and ro = 2, taking into
account that k = i—o, we have o1 = o9 = 1152v/30 and 0; = 6, = 10v/2. Clearly,
by choosing z° = (0,0), ¢ = 3 and d = 100 we observe that the assumptions (Al)
and (A3) in Theorem 2.5 are satisfied. For (A2),

d i Di
3 ) sup F(a,y, t1, t2)dady
=1 pZ Q(t17t2)6K( c )

2
=y i

N

2
= 2(100 x 1152\/30)3/ sup  F(x,y,t1,t2)dzdy
3 Q (t1,t2)€EK (%)

2
2
< 2(100 x 1152\/30)3/ sup (22 +¢%) >t} dady
3 Q (t1,t2)€EK (%) i—1
2 2
= 2(100 x 1152v30)*  max Y " t/%% " / (22 + y?)dxdy
3 (t1,t2)€K(3) im1 22492<9
2
< Z(100 x 1152v/30)3 (2 maxtlooe_t) / (2% + y?)dzdy
3 [t|<1 22 4+y2<9
< 547(100 x 1152v/30)%e < %(100)10%—100
2
— _(100)10067100/ (xQ +y2)d117d’y
3 x2+y2S1
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= / F(z,y,d, d)dzdy.
Hizlpi S(z%,r1)

So, Theorem 2.5 is applicable to the system
A(|Aup|Aur) = Mz? + y2)(u+)996_“1+(100 —uf) + pGo, (z,y,u1,u2) in €,

1
A(JAuz|Aug) = A(z? + y2)(u§r)9967“2+(100 - u;r) + uGuy (T, y,u1,u2) in €,
U = Aug = ug = Aug =0 on 0f)

where uf = max{u;,0} and G : Q x R — R is an arbitrary function which is

7

measurable in Q and C* in R™ satisfying

sup (|Gt1 ($,t1,t2)| + |Gt2(x7t17t2)|) < hs(.’L')
[(t1,t2)|<s

for all s > 0 and some hs € L' (Q) with G(.,0,0) € L(1).
Put

12(N +2)2(ry +19) (k(rév - T{v)>l/m for 1 <i<n.

(rg —71)° Y

7y = Ti(N,pi,11,72) =

(2.7)
Here is a remarkable consequence of Theorem 2.5.

Theorem 2.8. Let F : R® — R be a C'-function such that F(0,...,0) = 0.
Assume that there exist n + 3 positive constants ¢, d, n and s; for 1 < i <n with

S (depﬁ > o and si < p; such that
: L pi

(A}) F(t1,...,tn) >0 for each (t1,....,t,) € [0,d] x -+ x [0, d];
(A5) m(Q) Sy S5 maxe, e (e Fltr, o tn) < et F(d, ..o d);

where T; is given by (2.7) andK(ﬁ) ={(t1, . tn)] iy ™ < ﬁ},
i=1 487 i=1 7

Pi

(AL) F(t1,.ontn) <n(L+ >0 |t]%) forallt; e R, 1 <i<n.

Then, there exist a non-empty open interval A C [0, +o0[ and a positive real number
q with the following property: for every A\ € A and an arbitrary function G :
Q x R® — R measurable in Q for all (t1,...,t,) € R™ and C! in R™ for every
x € Q satisfying (1.2), there is a 6 > 0 such that, for each p € [0, 0] the systems

{ A(|Au P2 Au;) = AFy, (U, ooy ) + G, (2,01, oy up) 0 8, (2.8)

u; = Au; =0 on 0N

for 1 <i <mn, admits at least three weak solutions in X whose norms are less than
q.

Proof. Set F(x,t1,....,t,) = F(t1,...,t,) for all x € Q and t; € R for 1 < i < n.
Clearly, from (A’l) and (A’3) we arrive at (A1) and (A3), respectively. In partic-
ular, since m(S (2%, 7)) = ri¥ %, Assumption (A4%) follows that Assumption
(A2) is fulfilled. So, we have the conclusion by using Theorem 2.5. O
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Here, a particular case of Theorem 2.8, in which the function F' has separated
variables is presented.

Corollary 2.9. Let f; : R — R be a C* function such that f;(0) =0 for 1 <i < n.
Assume that there exist n + 3 positive constants ¢, d, i and s; for 1 <i <n with
Dy (d(;i)pl > nn -, 8; < pi such that
(A7) fi(t;)) >0 f07’ t; €10,d] for 1 <i<m;
n dr;)Pi clli—, fi(d

(A7) m(Q) >, : p) max,,..., tn) €K (e )Hl filts) < 71}[73 f_( ) where T

.. It Ipz

is given by (2.7) and K(m) = {(tl,..., W) >y i < nn N7 };
(AY) TIM, fi(ts) < p(L+ 320 [6]%) forallt; eR, 1 <i<n.
Then, there exist a non-empty open interval A C [0, +00[ and a positive real number
q with the following property: for every A\ € A and an arbitrary function G :
Q x R" — R measurable in Q for all (t1,...,t,) € R™ and C* in R™ for almost

every x €  satisfying (1.2), there is a 6 > 0 such that, for each p € [0,0] the
systems

{ A Au P2 Aug) = M (i) (TT5 L, fi(wg) + pGu, (2, w1, o tn)  in 2,

u; = Au; =0 on 0f)
(2.9)
admits at least three solutions in X whose norms are less than q.
Proof. The conclusion follows immediately from Theorem 2.8 by setting
F(uy,.yun) = [ [ filw:)
i=1
for each (u1,...,un) € R™. O

3 Existence Results in the Case N =1

Consider the following nonlinear elliptic equation of (pi, ..., p,)-biharmonic
type under Navier boundary conditions:

(Jul [Pi=2ul)" = AFy, (2,01, ooy tn) + 1Go, (T, U1, ooy Uy ), (3.1)

ui(0) = u;(1) = ui(0) = u(1) =0 '
for 1 <4 <n,where p; > 1forl1 <i<mn, \,u>0,F:[0,1] xR* - R is
a function such that F(-,¢1,...,t,) is continuous in [0, 1] for all (¢1,...,t,) € R™,
F(z,-,...,-) is C! in R" for every x € [0,1] and F(z,0,...,0) = 0 for all 2 € [0, 1],

and G : [0,1] x R™ — R is a measurable function with respect to z in [0, 1] for
every (t1,...,t,) € R", and is a C'-function with respect to (t1,...,t,) € R" for
every z in [0, 1] and satisfies the condition

Z |Gy, (2, b1, ooy b)) < hs() (3.2)
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for all s > 0 and some hs € L([0, 1] with G(.,0,...,0) € L'([0,1]), and F}; and G,
denote the partial derivative of F' and G with respect to t, respectively.
Put

1
k= max{ﬁpi_l, 1=1,...,n}. (3.3)

Lemma 3.1. Assume that there exist two positive constants ¢ and d with

n o (32d)P
Doict T {;Clpi such that

(B1) F(x,t1,....tn) =0 for each (z,t1,....t,) € [0,3]U]3,1] x [0,d] x -+ x [0,d],
(B2)

n Pi 1
Z Qkpz /0 sup F(x,ty,....,t,)dx

i=1 (CRZP n)EK(n? lm)

¢ i
< = F(z,d,...,d)dz,
Hi:l Di /—

where k is given as in (3.3) and K( ) = {(ts, ., tn)| 2oiy Ll <
m}(see (24)).

Then, there existr > 0 and w = (w1, ...,wyp) € X such that Y,
and

/1 sup F(x,t1,...,t,)dr < ( ﬁ ) F(z,wi(z), ..., wn(v))dx
0 (x,t1, b »

otn)EK (kr) ZZ 1 HJ 1y P fo |w// J? Pzd:,;

fo |wi (z)|Pidx

r
Pi >

where K (kr) = {(t1, ... tn)| >y pl "< k).

Proof. We put w(z) = (wy(), ..., w,(z)) such that for 1 <i <n,

- Lz —1p? if = 3
wi(l'):{zll 16d(3 — | — 30) é x;[oa%]U]yl]

1
47
and r = )

. It is easy to see that w = (wy,...,w,) € X and, in particular,

1 )
, 32d)P:

I_/ pld :(
| i@ s = S0

then, taking into account that » ;" ; (322;2,1)1. > Hn , one has

kH"
one has for 1 < z < n,

|p¢ dx

Zfo : > 7.

Since 0 < w;(x) < d for each z € (0,1) for 1 < i < n, the condition (B;) ensures
hat

1 1
/ F(:zc,wl(:zc),...,wn(gc))dgc—i—[g F(z,wi(x),...,w,(x))dz > 0.
0 1
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Moreover, owing to our assumptions, we have

/1 c[iF(x,d, ... d)ds
sup F(x,ty, .. ty)de < — —
0 (zt1,....tn)EK (kr) D (322152; (ITi=1 po)
- fol F(x,wi(x),...,ws(z))dx

Pidy

EE?:l H;L 1,0 Pi fo |wi'( )
_ (Tﬁp) fo (x, w1 (), ..., wp (x))d

Zz 1 Hg 1 e p] fo |’w// |p1d$

where K(kr) = {(t1,....tn)| >oiry % < kr}. So, the proof is complete. O
Now we state the main result of this section.

Theorem 3.2. Let F : [0,1] x R®™ — R be a function such that F(.,t1,....t)

is continuous in [0,1] for all (t1,....t,) € R, F(z,.,...,.) is C* in R™ for every

x € [0,1] and F(x,0,...,0) = 0 for every x € [0,1]. Assume that there exist

two positive constants ¢ and d such that Y, (322;2%1 > an o and Assumptions
i L pi

(B1) and (Baz) in Lemma 8.1 hold. Furthermore, assume that there exist n positive
constants s; for 1 <i <n with s; < p; and a positive function o € L' such that

(B3) F(x,t1,....tn) < alx)(1+ Y1, [t:|%) for almost every x € [0,1] and for all
t; € R, 1< <n.

Then, there exist a non-empty open interval A C [0, 4+o00[ and a positive real number
q with the following property: for every A\ € A and an arbitrary function G :
[0,1] x R™ — R measurable in [0,1] for all (t1,...,t,) € R® and C* in R™ for every
x € [0,1] satisfying (3.2), there is a 6 > 0 such that, for each p € [0,0] the system
(3.1) admits at least three weak solutions in W2P1([0,1]) N Wy P ([0,1]) x --- x
W2pn([0,1]) N Wy P ([0,1]) whose norms are less than q.

Proof. Take X = W2P1([0,1]) N Wy ([0,1]) x --- x WP ([0,1]) 0 WyP"(]0,1])
equipped with the norm

n 1 1/pi
1 (o) | = 3 (/ |u;-'<x>|md:c) .
=1

u! (2)|Pi da !
0= 3 B ) [ 0

Set

and

1
—/ G(z,u1(x), ..., up(z))dz
0
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for each v = (u1, ..., u,) € X. Since the critical points of the functional ®+AJ+puW¥
are exactly the weak solutions of the system (3.1), to obtain our assertion it is
enough to apply Theorem 2.1. To this end, we observe that, it is easy to verify the
regularity assumptions on ®, J and ¥, as requested in Theorem 2.1. Moreover, as
standard computations show, the condition (B3) implies that ® + A\J is coercive.
Now, we claim that there exist » > 0 and w € X such that
sup J(u) < er).
wed—1(]—co,r]) (w)

Moreover, since for 1 <1i < n,

sup [ui(x

Pz < k/ |’U,N
z€[0,1]

for each u = (u1,...,u,) € X (see [14], Lemma 2), we have

sup Z' </€Z‘f0|u

z€[0,1] ;4

x)|Pida

for each u = (uq, ..., u,) € X, and so for each r > 0
(] =00, 7)) = {u= (u1,us,...,u,) € X; ®(u) <r}

pzd
:{uz(ul,ug,..., € X; ZMST}
DPi

Q{ueX Z' <kr foreachxe[ab]}

which follows that

1
sup J(u) = sup / F(z,u1(z), ..., up(z))dx
u€d—1(]—oo,r]) w @i Jo

i=1 I

1
< / sup F(x,ty,...,t,)dx,
0 (t1,...tn)EK (kr)

where K (kr) = {(t1, ... t)| iy 2 <k}
Now, thanks to Lemma 3.1, there exist 7 > 0 and w € X such that

1 . ‘T w - Wp T dx
/ sup F(z,ty,...,t,)dz < ( le> 1(2), - /E )
0 (t1,...,tn)EK (kr) Zl 11—[] e fo ! (2)Peda

Tfol F(x,wi(z), ..., wn(x))dx
Zn fol |w! (x)|Pidx

i=1 Di
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So

J(w)
sup J(u) < r———=.
wed—1(]—co,r]) P (w)

Hence, our claim is proved. Fix p such that

sup Juw)<p<r ,
wed—1(]—o0,r]) o(w)

from Proposition 2.2, with o = 0 and x1 = w we obtain

sup inf (®(u) + AU (u) + pA) < inf sup(P(u) + AV (u) + pA).
A>0 ueX ueX A>0

Now, all the assumptions of Theorem 2.1, are satisfied. Hence, applying Theorem
2.1, we have the conclusion. O

We now want to point out a simple consequence of Theorem 3.2 in the case
p; = 2 for 1 <4 < n. Taking into account that, in this situation, k = %, we have
the following result:

Theorem 3.3. Let F : [0,1] x R®™ — R be a function such that F(-,t1,...,tp)
is continuous in [0,1] for all (ty,...,t,) € R", F(x,-,...,-) is C* in R™ for every

€ [0,1] and F(z,0,...,0) = 0 for every x € [0,1]. Assume that there exist n + 2
positive constants ¢, d and s; for 1 < i < n with n(32d)2 > 27@% and s; < 2
and a positive function o € L* such that Assumption (B1) in Lemma 8.1 and
Assumption (B3) in Theorem 3.2 hold. Furthermore, suppose that

where K (%) = {(t1, o ta)] Sy 2 < €3 (sce (2.4)).

Then, there exist a non-empty open interval A C [0, +00[ and a positive real number
q with the following property: for every A\ € A and an arbitrary function G :
[0,1] x R™ — R measurable in [0,1] for all (t1,...,t,) € R® and C* in R™ for every
x € [0, 1] satisfying (3.2), there is a & > 0 such that, for each u € [0, 8] the systems

u§4) = AFy, (2, ug, ooy Un) + G, (T, U1, ooy Uy, (3.4)
u;(0) = ui(1) = v (0) = (1) =0 '

for 1 <i < n, admits at least three weak solutions in W>2([0,1]) N Wy *([0,1]) x
o x W22([0,1]) N W, 2([0,1]) whose norms are less than q.

Proof. The conclusion follows directly from Theorem 3.2 taking into account that
from Assumption (B’2) one arrives at Assumption (B2). O

If n =1, from Theorem 3.3 we have the following result.

Theorem 3.4. Let f: R — R be a continuous function. Assume that there exist
four positive constants c, d, u and s with ¢ < 4(32d)? and s < 2 such that
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(BY) f(t) >0 for each t € [—c,max{c, d}];

c d
(Bg) 1024f0 fif)dﬁ < %fo fd(zf)dﬁ;

(BY) [y f(€)dE < p(1+ |t]*) for all t € R.

Then, there exist a non-empty open interval A C [0, +o0[ and a positive real number
q with the following property: for every X € A and an arbitrary L'-Carathéodory
function g : [0,1] x R — R, there is a § > 0 such that, for each p € [0,0] the
systems
{ u® = )‘f(u) + Mg($, u)? (3 5)
u(0) =u(l) =u"(0) =u"(1) =0 '

admits at least three weak solutions in W22([0,1]) N Wy*([0,1]) whose norms are
less than q.

We end this paper by giving the following example to illustrate Theorem 3.4.

Example 3.5. Let d be a positive constant such that 8192e=1 < d'* (for instance,
d=4). Put f(t) = (t")"e " (12 — t+) where t+ = max{t,0}, one has

¢ 0 for all t <0,
/0 F(&)ds = { t'2e7t  for all t > 0.
It is easy to verify that with ¢ = 1, p sufficiently large and s < 2 the assumptions
of Theorem 3.4 are satisfied, so there exist a non-empty open interval A C [0, +o00[
and a positive real number q with the following property: for every A € A and
an arbitrary L'-Carathéodory function g : [0,1] x R — R, there is a § > 0 such
that, for each p € [0,0] the system (3.5), in this case, admits at least three weak
solutions in W22([0,1]) N W, *([0,1]) whose norms are less than q.
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