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Abstract : Graph algebras establish a connection between directed graphs with-
out multiple edges and special universal algebras of type (2,0). We say that a
graph G satisfies a term equation s =2 ¢ if the corresponding graph algebra A(G)
satisfies s = t. A class of graph algebras V is called a graph variety if V = Mody>
where ¥ is a subset of T(X) x T(X). A graph variety V' = Mod,Y." is called an
(z(yz))z graph variety if &' is a set of (2(yz))z term equations.

In this paper we characterize all graphs which satisfy an equation s & ¢t where
s, t are (z(yz))z terms.
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1 Introduction

Graph algebras have been invented in [1] to obtain examples of nonfinitely
based finite algebras. To recall this concept, let G = (V, E) be a (directed) graph
with the vertex set V' and the set of edges E C V x V. Define the graph algebra
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A(G) corresponding to G with the underlying set V' U {oo}, where oo is a symbol
outside V', and with two basic operations, namely a nullary operation pointing to
oo and a binary one denoted by juxtaposition, given for u,v € VU {oco} by

uU:{ u, if (u,v)€E,

0, otherwise.

In [2], Thongmoon and Poomsa-ard characterized all triregular leftmost with-
out loop and reverse arc graph varieties. In [3], Anantpinitwatna and Poomsa-ard
characterized all (z(yz))z with loop graph varieties.

We say that a graph variety V' = M ong, is called a (z(yz))z graph variety if
¥ is a set of (z(yz))z term equations. In this paper we characterize all (x(yz))z
graph varieties which ¥’ is a set of one (z(yz))z term equation.

2 Terms and Graph Varieties

In [4], Poschel introduced terms for graph algebras, the underlying formal
language has to contain a binary operation symbol (juxtaposition) and a symbol
for the constant oo.

Definition 2.1. A term over the alphabet
X = {Il,{EQ,.Ig, }

is defined inductively as follows:
(i) every variable x;,4 = 1,2,3, ..., and co are terms;
(ii) if ¢1 and ¢y are terms, then ¢1t5 is a term.

T(X) is the set of all terms which can be obtained from (i) and (ii) in finitely
many steps. Terms built up from the two-element set Xo = {21, 22} of variables
are thus binary terms. We denote the set of all binary terms by T'(Xs). The
leftmost variable of a term ¢ is denoted by L(¢). A term, in which the symbol co
occurs is called a trivial term.

Definition 2.2. For each non-trivial term ¢ of type 7 = (2,0) one can define
a directed graph G(t) = (V(t), E(t)), where the vertex set V(¢) is the set of all
variables occurring in ¢t and the edge set E(t) is defined inductively by

E(t) = ¢ if t is a variable and E(t1t2) = E(t1) U E(t2) U {(L(t1), L(t2))}

where t = t1t5 is a compound term.

L(t) is called the root of the graph G(t), and the pair (G(t), L(t)) is the rooted
graph corresponding to ¢t. Formally, we assign the empty graph ¢ to every trivial
term ¢.
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Definition 2.3. A non-trivial term ¢ of type 7 = (2,0) is called an (z(yz))z term
if and only if V() = {xz,y,2} and (z,y), (y,2),(z,2) € E(t). A term equation
s &~ t of type 7 = (2,0) is called (z(yz))z term equation if and only if s, ¢ are
(2(yz))z terms.

Definition 2.4. We say that a graph G = (V, E) satisfies a term equation s ~ t
if the corresponding graph algebra A(G) satisfies s = t (i.e., we have s = ¢ for
every assignment V(s) UV (t) — V U{oo}), and in this case, we write G |= s ~ t.
Given a class G of graphs and a set ¥ of term equations (i.e., ¥ C T(X) x T'(X))
we introduce the following notation:

GEYXifGEs~tforallsmteX, GEs~tifGEs~tforal Geg,
GEXIfGEYforal Geg,

IdG = {s~t]|steT(X), G=s~t}, Mod, ¥ ={G | G is a graph and
G E X}, Vy(G) = ModyIdG.

Vy(G) is called the graph variety generated by G and G is called graph variety if
Vy(G) = G. G is called equational if there exists a set 3’ of term equations such
that G = Mod,>’. Obviously V,(G) = G if and only if G is an equational class.

In [4], Poschel showed that any non-trivial term ¢ over the class of graph
algebras has a uniquely determined normal form term NF(¢) and there is an
algorithm to construct the normal form term to a given term ¢. Without difficulties
one shows G(NF(t)) = G(t), L(NF(t)) = L(¢t).

Definition 2.5. Let G = (V,E) and G = (V', E') be graphs. A homomorphism
h from G into G’ is a mapping h : V — V' carrying edges to edges ,that is, for
which (u,v) € E implies (h(u), h(v)) € E .

In [5], the following proposition was proved:

Proposition 2.6. Let G = (V,E) be a graph and let h : X U {o0} — V U {o0}
be an evaluation of the variables such that h(co) = oco. Consider the canonical
extension of h to the set of all terms. Then there holds: if t is a trivial term
then h(t) = co. Otherwise, if h : G(t) — G is a homomorphism of graphs, then
h(t) = h(L(t)), and if h is not a homomorphism of graphs, then h(t) = co.

Further in [6] the following proposition was proved:
Proposition 2.7. Let G = (V, E) be a graph s and t be non-trivial terms. Then
GlEs=tifand only if Gl= NF(s) = NF(t).
3 (z(yz))z Graph Varieties

By Proposition 2.7, we see that if ¥ C T(X) x T(X) and ¥’ is the set of term
equations NF(s) ~ NF(t) where s = t € ¥, then Mod,¥ and Mody¥' are the
same graph variety. Hence, if we want to find all (x(yz))z graph varieties, then it
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is enough to find all graph varieties M ong, such that ¥ is any subset of 7" x T,
where T" is the set of all normal form terms of (z(yz))z terms. Since there are 64
normal form terms of z(yz))z terms (i.e. add loop or reverse arc), there are 4096
(2(yz))z term equations. So, there are 4096 (x(yz))z graph varieties of the form
Modg{s ~ t} but some of them may be the same graph variety (i.e. there are some
(x(yz))z term equations s ~ t and s’ &~ t' such that Mod,{s ~ t} = Mod,{s' =~
t'}). In this study we want to find all different (2(yz))z graph varieties of the form
Modg{s ~ t}. Clearly, for each s € T', Ko = Modg,{s ~ s} is the set of all graph
algebras.

The following proposition was proved in [5].

Proposition 3.1. Let s and t be non-trivial terms from T(X) with variables
V(s) =V(t) ={xo,x1,...,xn} and L(s) = L(t). Then a graph G = (V, E) satisfies
s &t if and only if the graph algebra A(G) has the following property:

A mapping h : V(s) — V is a homomorphism from G(s) into G if and only
if it is a homomorphism from G(t) into G.

Proposition 3.1 gives a method to check whether a graph G = (V, E) satisfies
the term equation s &~ t. The following are all graphs with at most three vertices
which satisfy at least one term equation s ~ ¢, s,t € T’ and s # t.

. LLL

Gi G2 Gz Gy Gs Gg¢ Gr Gg Gy G1o

[ LLLLLLLL,
LI
LEEELELLL
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Gao G Gao Gas G Gas G Gar Gas
G Gso Gs1 G2 Gss3 G54 Gss Gse Gs7
Gss G Geo Ge1 G2 Ge3 G Ges Ges
Ger Ges G Go G G2 Gr3
G Gr7 Grs G Gso Gs1 Ggo

Gss3 Gsa

Gss G Gsr Giss G Goo Go1 Go2 Gos3
Goa Gos

Next, we will use these graphs to find all different x(yz))z graph varieties and
characterize the properties of those graph varieties in the following way:

Since (z,y), (v, 2), (z,2z) belong to the graph G(s) for every (x(yz))z term
s, for any graph G = (V, E) which there are no vertices a,b,c € V such that
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(a,b),(b,c),(a,c) € E, we have the function h : V(s) — V is not a homomor-
phism from G(s) into G for all h and for all (z(yz))z terms s. By Proposi-
tion 3.1, we get G belongs to every (x(yz))z graph variety. In the same way,
for any complete graph G’ = (V’, E’) we have the function b’ : V(s) — V'
is a homomorphism from G(s) into G’ for all A’ and for all (z(yz))z terms s.
Hence, G’ belongs to every (x(yz))z graph variety. Let G = (V, E) with at most
three vertices a,b,c € V such that (a,b), (b, c),(a,c) € E but G is not a com-
plete graph and let s* = ((xz)(((yx)y)(((2x)y)z)))z. We will partition the edges
of G(s*) with respect to G in the following way. Let Ag be the set of edges
(u,v) € E(s*) such that (h(u),h(v)) € E for all onto functions h : V(s*) — V
which (h(z), h(y)), (h(y), h(2)), (h(z),h(z)) € E, Bg be the set of edges (u,v) €
E(s*) such that (h(u),h(v)) € E for some onto functions h : V(s*) — V which
(h(z), h(y)), (h(y), h(2)), (h(x),h(z)) € E and (h(u), h(v)) ¢ E for some onto func-
tions h : V(s*) — V which (h(x),h(y)), (h(y), h(2)), (h(z),h(z)) € E, Cg be
the set of edges (u,v) € E(s*) such that (h(u),h(v)) ¢ E for all onto functions
h : V(s*) — V which (h(x),h(y)), (h(y),h(2)), (h(x),h(z)) € E. We see that
(x,v), (y,2), (z,z) € Ag for all G. Then, we have the following lemma.

Lemma 3.2. Let G = (V, E) with at most three vertices a,b,c € V such that
(a,b),(b,c),(a,c) € E but G is not a complete graph and Mods{s ~ t} be an
(x(yz))z graph variety. Then, G ¢ Mody{s ~ t} if and only if (i) E(s) contains
only element of Ag and E(t) contains some elements of BgUCg or vise versa or
(i1) E(s) contains only element of AU Bg, E(t) contains some elements of Bg U
Cq and there exists a function h : V(s) — V such that (h(z), h(y)), (h(y), h(z)),
(h(z),h(z)) € E which is a homomorphism from G(s) into G but it is not a
homomorphism from G(t) into G or vise versa

Proof. Suppose that G ¢ Mod,{s ~ t}. If E(s) and E(t) contain only element of
Ag, then the function h : V(s) — V which (h(x), h(y)), (h(y), h(2)), (h(z), h(2)) €
E is a homomorphism from both G(s) and G(t) into G. Hence, the function b’ :
V(s) — V is a homomorphism from G(s) into G if and only if it is a homomorphism
from G(t) into G. By Proposition 3.1, we get G € Mod,{s ~ t}. If both of
E(s) and E(t) contain element of Cg, then the function h : V(s) — V which
(h(z), h(y)), (h(y), h(2)), (h(x), h(2)) € E is not a homomorphism from both G(s)
and G(t) into G. Hence, the function A’ : V(s) — V is not a homomorphism
from both G(s) and G(t) into G. By Proposition 3.1, we get G € Mod,{s ~
t}. Suppose that E(s) contains only element of Ag U Bg, E(t) contains some
elements of Bg U Cg and there exists no a function h : V(s) — V such that
(h(z),h(y)), (h(y), h(2)), (h(x),h(2)) € E which is a homomorphism from G(s)
into G but it is not a homomorphism from G(¢) into G. Hence, the function A’ :
V(s) — V is a homomorphism from G(s) into G if and only if it is a homomorphism
from G(t) into G. By Proposition 3.1, we get G € Mody{s ~ t}.

Conversely, suppose s and ¢ satisfying (i) or (i7). Suppose that E(s) contains
only element of Ag and E(t) contains some elements of Bg U Cqg. Let (u,v) €
Bg UCg and (u,v) € E(t). We have there exists a function h : V(¢) — V which
(h(z),h(y)), (h(y), h(2)), (h(z),h(2)) € E such that (h(u),h(v)) ¢ E. Hence, h
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is not a homomorphism G(t) into G. By assumption, we get (h(u'),h(v")) € E
for all (uv/,v") € E(s). Hence, h is a homomorphism from G(s) into G. By
Proposition 3.1, we get G ¢ Mody{s ~ t}. Suppose that E(s) contains only
element of Ag U Bg, E(t) contains some elements of Bg U Ci and there exists a
function h : V(s) — V such that (h(z),h(y)), (h(y), h(2)), (h(x), h(z)) € E which
is a homomorphism from G(s) into G but it is not a homomorphism from G(t)
into G. By Proposition 3.1, we get G ¢ Modg{s ~ t}. O

From Lemma 3.1, we have some remarks.
Remark 3.3. Let K = Mod,{s ~ t}. Then, we have
(i) G4 € K if and only if E(s) C Ag,, E(t) C Ag, or E(s) N Cq, # ¢,

E(t) N CG4 # ¢7

(ii)) Gs € K if and only if E(s) C Ag,, E(t) C Ag, or E(s) N Cq, # ¢,
E(t) N CG5 # ¢7

(iii) Ge € K if and only if E(s) N (Bgs U Cqy) = E(t) N (Bgs U Cgy) or both of
E(s) and E(t) contain either (z,z) or (y,z),(2,y),

(iv) Gs € K if and only if E(s) N Bgy = E(t) N Bg,.

Consider the graph at most two vertices, G1, Go, Gs, G4, G5, G¢, G7, Gs,
Gg. We see that the graphs G1, Ga, Gs, G7, Gy belong to every (z(yz))z graph
variety. For convenience to classify the (z(yz))z graph varieties, we will partition
the set of all (z(yz))z graph varieties in to at most sixteen sets which generated by
G4, G5, Gg and Gg i.e. the set of graph varieties which do not contain all of Gy,
G5, Gg and Gg, the set of graph varieties which contain only Gy, the set of graph
varieties which contain only Gs, the set of graph varieties which contain only G,
the set of graph varieties which contain only Gg, the set of graph varieties which
contain only G4 and G5, and so on until the set of graph varieties which contain
all of G4, G5, Gg and Gg. We will denote these classes by G;, i = 1,2,3,...,16
respectively. By Lemma 3.1 and Remark 3.1, we have G11,G14, G15 are empty sets,
since if Gg, Gg belong to graph variety K, then G4, G5 belong to graph variety /C.

Next we will use Lemma 3.1 to classify graph varieties in each G;, 1 = 1,2, 3, ...,
16. In this case we need the Ag, Bg and Cg of any graph which consider. We see
that (x,y), (y, 2), (z,2) € Ag for every G. We collect these properties of graphs
which we need to consider as the following;:

AG4 = {(y7y>a (Zay)v (sz)}vBG4 =9¢,Cq, = {(‘Tvx)v (va)a (Z,:E)}
¥

Ag, ={(z,2),(y,2), (¥, 9)}, Bas = ¢, Cas = {(z,2), (2,1), (2, 2)}.
Age ={(2,2), (y,9), (2,2)}, Ba, = {(y,2), (2,9)}, Cas = {(z,2)}.
Acy ={(y,2), (2,2), (2,9)}, Bas, = {(z,2), (y,9), (2, 2)}, Cgs = ¢.
AGs, = ¢, Bas, = ¢, Cas, = {(2,2), (y,9), (2, 2), (y,2), (2,2), (2,9) }-
Ace = {(2,9)}, Baoo = ¢, Cago = {(2,2), (,9), (2, 2), (y,2), (2, 2) }.
AGr = {(2,2)}, Bary = ¢, Cary = {(2,2), (v, ), (2, 2), (y,2), (2,9) }-
AGrs = {(y,2)}, Bars = ¢, Cars = {(2,2), (¥, ), (2, 2), (2,2), (2,9) }.
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AGS4 =9, Bgg, = {(y,I), (Z,I), (Z’y)}7CG84 = {(x,x), (yay)v (sz)}
Acg, = {(y,x), (va)v (Zuy)}vBGezz = ¢,Cgy, = {(.’L‘,CL‘), (y,y), (272)}

Since G, is the set of all graph varieties which do not contain all of G4, G5, Gg,
(g, we see that each element of G; contain at most these graphs G, G2, G3, G7,
Gy, Gio, Gis, Ga4, G30, G3s, Gag, Gs1, Gs2, Geo, Ges, Gro, Grs, Gga, Goz, Gos.
We have Gl, GQ, Gg, G7, Gg, G107 Glﬁ, G24, Ggo, Ggg, G46, G51, G667 G95 belong
to all graph varieties in G;. Hence, the graph varieties in G; generated by Gso,
Geo, Gro, Grs, Gsa, Ggo are given as the following theorem:

Theorem 3.4. There are only seven graph varieties in Gy .

Proof. Since elements of G; generated by Gs2, Geo, Gro, G1s, Gsa, Go2, We see
that G; has at most sixty four graph varieties. From the properties of G4, G5, Gg,
Gs, Gs2, Geo, Gro, Grs, Gsa, Go2, by Lemma 3.1 and the properties of G, we
have the following:

Consider for Gs2, by Lemma 3.1 we see that G52 ¢ K = Modg{s =t} if s =
(x(y2))z, E¢)NCq, # ¢, E(t)NCq, # ¢, E(t)N(Bg, UCq,) # ¢, E(t)NBgs # ¢
and E(t)NCg,, # ¢. Since E(t)N Bg, # ¢, we have K does not contain all of Gs2
Geo, G170, G7s, Gsa, Go2. Hence, the graph variety in G; which does not contain all
of G52, Gﬁo, G70, G78, G84, Ggg is ’Cl = Modg{(x(yz))z ~ ((a:x)(y(zx)))z}

For Ggo, we see that Ggg ¢ K = Mod,{s ~ t} different from K; if s =
(x(y(zy)))z, E(t) NCq, # ¢, E(t) C Ags, E(t) N Bgy # ¢ and E(t) N Cayo # ¢
which there is one graph variety. The graph variety in G; which does not contain
only Geo, Gsa, Goz is Ky = Modg{(z(y(2y)))z = ((xz)(yz))z}.

For Grp, we see that G7g ¢ K = Mody{s ~ t} different from Ky, Ky if
§= (x(y(zx)))z, E(t) C Acy, E(t) C Ags, E(t) N Bgy # ¢ and E(t) NCqqr # ¢
which there is one graph variety. The graph variety in G; which does not contain
only Gro, Gsa, Goz is K3 = Mod,{(z(y(zx)))z ~ (z((yy)z))z}.

For Grg, we see that Gr7s ¢ K = Mody{s =~ t} different from K1, Ko, K3 if
s = (z((yr)2))z, E(t) C Ag,, E(t)NCq, # ¢, E(t)NBg, # ¢ and E(t)NCa.y # ¢
which there is one graph variety. The graph variety in G; which does not contain
only Grs, Gsa, Gz is Ky = Mody{(z((yz)2))z ~ (z(y(z22)))z}.

For Gs4, we see that Ggg ¢ K = Mody{s ~ t} different from K1, K2, K3, K4
if s = (z((yx)(2y)))z or s = (x((yx)(22)))z or s = (z(y((z2)y)))z, E(t) C Aq,,
E(t) C Ag, and E(t) N Cg,, # ¢ which there is one graph variety. The graph
variety in G; which does not contain only Gsa, G2 is K5 = Modg{(z((yz)(2y)))z ~
(2((yy)2))=).

For Gy, we see that Ggo ¢ K = Mod,{s = t} different from 1, K2, K3, K4,
Ks if s = (z((yx)((22)y)))z), E(t) C Ag,, E(t) C Ag, and E(t)NCq,, # ¢ which
there is one graph variety. The graph variety in G; which does not contain only
Gz i Ko = Mody{ (v((y)((z2))))= ~ (0((yy)2))2}.

The graph variety which contains all Gse, Ggo, Gro, G7s, Gsga, Ggo is K7 =
Mody{((z2)((y2)2))z ~ (((4y)(zy)))=}. By the proerties of G, Gs, G, G,
G52, Geo, Gro, G7s, Gsa, Gg2, by Lemma 3.1 and the properties of Gy, we have
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there are no other graph varieties in G;. Hence, there are only seven graph varieties
in gl . O

Next, we will use the Proposition 3.1 to characterize the properties of the
graphs in each graph variety in G;.

Theorem 3.5. Let G = (V, E) be a graph and K1 = Mody{(z(yz))z = ((zz)(y(zz)
))z}. Then, G € K if and only if for any a,b,c € V if (a b), (b,¢c), (a,c) € E, then
(a,a),(c,a) € E.

Proof. Let G = (V, E) be a graph. Suppose that G € K; and for any a,b,c € V,
(a,b),(b,c),(a,c) € E. Let s = (z(yz2))z, t = ((zz)(y(2x)))z and let h : V(s) —
V be a function such that h(z) = a, h(y) = b and h(z) = ¢. We see that
h is a homomorphism from G(s) into G. By Proposition 3.1, we have h is a
homomorphism from G(t) into G. Since (z,z) € E(t) and (z,z) € E(t), we have
(h(z),h(z)) = (a,a) € E and (h(z),h(z)) = (¢,a) € E.

Conversely, suppose that G = (V, E) is a graph which has property that, for
any a,b,c € V if (a,b),(b,¢), (a,c) € E, then (a,a),(c,a) € E. Let s = (z(yz))z,
t = ((zz)(y(zx)))z and let h : V(s) — V be a function. Suppose that h is
a homomorphism from G(s) into G. Since (z,y), (v, 2), (z,2) € E(s), we have
(h(z),h(y)), (h(y), h(2)), (h(x),h(z)) € E. By assumption, we get (h(x), h(z)), (h(z
),h(z)) € E. Hence, h is a homomorphism from G(t)) into G. Clearly, if h is a
homomorphism from G(t) into G, then it is a homomorphism from G(s) into G.
Then, by Proposition 3.1 we get A(G) satisfies s ~ t. O

Theorem 3.6. Let G = (V,E) be a graph and Ky = Mod,{(z(y(zy)))z =~
((zz)(yz))z}. Then, G € Ko if and only if for any a,b,c € V if (a,b), (b, ¢), (a,c) €
E, then (¢,b) € E if and only if (a,a) € E.

Proof. Let G = (V, E) be a graph. Suppose that G € Ky and for any a,b,c € V
suppose that (a,b), (b, ¢c), (a,c),(c,b) € E. Let s = (x(y(zy)))z, t = ((xz)(yz))z}
and let h : V(s) — V be a function such that h(z) = a, h(y) = band h(z) = c. We
see that h is a homomorphism from G(s) into G. By Proposition 3.1, we have h
is a homomorphism from G(t) into G. Since (z,z) € E(t), we have (h(z), h(z)) =
(a,a) € E. For any a,b,c € V suppose that (a,b), (,¢), (a,c),(a,a) € E. Let
s = (x(y(2y)))z, t = ((xz)(yz))z} and let h : V(s) — V be a function such that
h(z) = a, h(y) = b and h(z) = c. We see that h is a homomorphism from G()
into G. By Proposition 3.1, we have h is a homomorphism from G(s) into G. Since
(z,y) € E(t), we have (h(z),h(y)) = (¢,b) € E.

Conversely, suppose that G = (V| E) is a graph which has property that, for
any a,b,c € Vif (a,b), (b,¢), (a,c) € E, then (¢,b) € E if and only if (a,a) € E. Let
s = (z(y(zy)))z, t = ((zx)(yz))z and let h : V(s) — V be a function. Suppose that
h is a homomorphism from G(s) into G. Since (z,y), (v, 2), (z,2), (z,y) € E(s),
we have (h(x),h(y)), (h(y), h(z)), (h(z), h(2)), (h(2),h(y)) € E. By assumption,
we get (h(x),h(z)) € E. Hence, h is a homomorphism from G(t)) into G. In the
same way, we can prove that if 4 is a homomorphism from G(¢) into G, then it is a
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homomorphism from G(s) into G. Then, by Proposition 3.1 we get A(G) satisfies
s~ t. O

Q

Theorem 3.7. Let G = (V,E) be a graph and K3 = Mod,{(z(y(zx)))z

(z((yy)2))z}. Then G € K3 if and only if for any a,b,c € V if (a,b), (b, c), (a,c) €
E, then (c,a) € E if and only if (b,b) € E.
Proof. The proof is similar to the proof of Theorem 3.6. o

Theorem 3.8. Let G = (V,E) be a graph and Ky = Mod,{(z((yx)z))z =~
(x(y(22)))z}. Then G € Ky if and only if for any a,b,c € V if (a,b), (b,¢), (a,c) €
E, then (b,a) € E if and only if (c,c) € E.

Proof. The proof is similar to the proof of Theorem 3.6. O

Theorem 3.9. Let G = (V,E) be a graph and Ks = Mod,{(x((yz)(zy)))z ~
(x((yy)2))z}. Then G € K5 if and only if for any a,b,c € V if (a,b), (b, ¢), (a,c) €
E, then (b,a),(c,b) € E if and only if (b,b) € E.

Proof. Let G = (V, E) be a graph. Suppose that G € K5. For any a,b,c € V|
suppose that (a,b), (b,¢), (a,c),(b,a),(c,b) € E. Let s = (x((yx)(zy)))z, t =
(x((yy)z))z and let h: V(s) — V be a function such that h(xz) = a, h(y) = b and
h(z) = c¢. We see that h is a homomorphism from G(s) into G. By Propo-
sition 3.1, we have h is a homomorphism from G(t) into G. Since (y,y) €
E(t), we have (h(y),h(y)) = (b,b) € E. In the same way, we can prove that
if (a,b), (b,¢), (a,c), (b,b) € E, then (b,a), (¢,b) € E.

Conversely, suppose that G = (V, E) be a graph which has property that,
for any a,b,c € V if (a,b),(b,c),(a,c) € E, then (b,a),(c,b) € E if and only
if (b,b) € E. Let s = (z((yz)(zy)))z, t = (x((yy)z))z and let h : V(s) — V
be a function. Suppose that h is a homomorphism from G(s) into G. Since
(59, (42), (2 2), (5,2), (5,) € E(s), we have (h(z), h(y)), (h(y), h(2)), (h(z),
h(z)), (h(y), h(x)), (h(2),h(y)) € E. By assumption, we get (h(y),h(y)) € E.
Hence, h is a homomorphism from G(t)) into G. In the same way, we can prove
that if h is a homomorphism from G(t) into G, then it is a homomorphism from
G(s) into G. Then, by Proposition 3.1 we get A(G) satisfies s ~ t.

O

Theorem 3.10. Let G = (V, E) be a graph and K¢ = Modga{(x((y )((zx)y))) ~
(z((yy)2))z}. Then G € K¢ if and only if for any a,b,c € V if (a,b), (b, c), (a,
E, then (b,a),(c,a),(c,b) € E if and only if (b, b)EE

Proof. The proof is similar to the proof of Theorem 3.9. O
Theorem 3.11. Let G = (V, E) be a graph and K7 = Mody{((zz)((yz)z))z ~
(x((yy)(2y)))z}. Then G € K7 if and only if for any a,b,c € V if (a,b), (b, c), (a,c)
€ E, then (a,a), (b,a) € E if and only if (b,b), (c,b) € E.

Proof. The proof is similar to that of Theorem 3.9. O
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Consider the same as Gy, we have the graph varieties in Gy are generated by
G52, G55, Geo, Gro, Grs, Gso, Gsa, Gg2. The graph varieties in G3 are generated
by Gs2, Gs4, Geo, Gez2, G0, Grs, Gs2, Gsa, Go2. The graph varieties in G4 are
generated by G52, G59, Gﬁo, G65, G70, G77, G78, G83, G84, Ggl, Ggg. The graph
varieties in g5 are generated by G52, Gﬁo, G70, G7g, Gg4, Gg5, Ggg, Ggg, G94. The
graph varieties in Gg are generated by Gs3, Gs4, Gss, Geo, Ge2, Ges, Gro, Gro,
G5, G718, Ggo, Gsa2, Gsa, Gg2. The graph varieties in G7 are generated by Gsa,
Gss, Gs7, Gse, Geo, Gea, Ges, Gro, Gr7, Grs, Gso, Gs3, Gsa, Go1, Go2. The graph
varieties in gg are generated by G52, G55, GGO, Gﬁl, G64, G70, G73, G78, Ggo, G84,
Gss, Gs7, Ggo, Gga, Goz, Ggs. The graph varieties in Gg are generated by Gsa,
Gsa, Gs9, Geo, Ge2, Ges, Gro, Grr, Grs, Gsa, Gz, Gsa, Go1, Gg2. The graph
varieties in Gyg are generated by Gs2, Gs4, Gso, Ge2, G7o0, G171, Grs, G79, Gsa,
Gsa, Gss, Gsg, Gss, Gga, Gz, Gos. The graph varieties in G2 are generated by
Gs2, Gs3, Gs4, Gss, Gse, Gs7, Gss, Gsg, Geo, Ge2, Ges, Ges, Gro, Gra, Grs, Grr,
Grs, Gso, Gso, Ggs, Ggya, Go1, Goz. The graph varieties in Gy3 are generated by
G52, Gs3, Gs4, G5, Geo, Ge1, Ge2, Gea, Gro, Gr1, Gr2, Gr3, Grs, Grs, Gr9, Gso,
Ggg, Gg4, Gg5 GSG, G87, Ggg, Ggg, Ggg, Ggg, G94. The graph varieties in 916 are
generated by Gsa, Gs3, Gs4, Gss, Gse, Gs7, Gss, Gse, Geo, Ge1, Ge2, Ge3, Gea,
Ges,, Gro, Gr1, Gra, Gr3, Gra, G7s, Gre, Grr, Grs, Grg, Ggo, Gs1, Gsa, Gsz, Gsa,
G85, G86, Gg7, Ggg, Ggg, Ggo, Ggl, Ggg, 67'937 G94. By the same method that use
in G1, we get all graph varieties in other classes and the properties of graphs as
the following table:

Table. Other (x(yz))z graph varieties and the properties of graphs.

Graph variety

Properties of graphs, for any a,
b,c e Vif (a,b),(b,c),(a,c) € E,

Ks = Mod,{(x((yz)z))z then (b,a) € E iff
~ (2((yy)(zy))) 2} (b,b),(c,b) € E.
Ko = Mody{(x(y(zy)))= then (c,b) € E iff
~ (z((yy)2))z} (b,b) € E.
Kio = Mody{(z(y(zx)))= then (c,a) € E iff
~ ((zz)(y2))z} (a,a) € E.
K11 = Mody{(z((yz)z))= then (b,a) € E iff
~ ((zz)(y(22)))z} (a,a),(c,a) € E.
K12 = Mody{(z((yz)(22)))z then (b,a), (¢,c) € E iff
~ ((zx)(y2))z} (a,a) € E.
Ks = Mody () (co))e | (hoa), (@ D) € Bt
~ ((zz)(y2))z} (a,a) € E.
Kors = Mody (e (s) GOz | (h,0), @l (D € B
~ ((zx)(yz))z} iff (a,a) €
Kis = Mody{((xx)(y(zy)))= (a,a),(c,b) € E iff

)
~ (2(((yz)y)2))z}
K16 = Mody{(x(yz

~ ((zz)((y2)2)) 2}
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Table. (continue).

Graph variety Properties of graphs, for any a,
b,c e Vif (a,b),(b,c),(a,c) € E,
K17 = Mody{(z(y(zy)))= then (c,b) € E iff
~ (2(y((z2)2)))2} (¢,a),(¢,¢) € E.
Kis = Mody{((zz)(y(zy)))= then (a,a), (c,b) € E iff
~ (2(y(22)z} (c,c) € E.
K9 = Mody{(z(y(2x)))= then (c,a) € E iff
RS (a:(y(zz)))z} (c,c) € E.
Koo = Mody{(z((yx)z))z then (b,a) € E iff
~ (z((yy)z))z} (b,b) € E.
Ko1 = Mody{(z((yz)(zy)))= then (b,a), (¢,b) € E iff
~ (2(y(z2)z} (c,c) € E.
Koo = Mod, {(((y) (GO | then (.a), (@ a), () € B
~ (z(y(22)))z} iff (¢,c) € E.
Koz = Mody{(z((yz)(22)))z then (b,a), (¢,c) € E iff
~ (2((yy)(z2)))z} (b,b),(c,a) € E.
Kas = Mody{(x(yz))z then (a,a), (¢,c) € E.
~ ((a2)(y(z2))z)
Kas = Mody{((zz)(yz))= then (a,a) € E iff
~ (2((yy) ()2} (b,0),(c,c) € E.
Kas = Mody{(z(yz))z then (c,a) € E.
~ (a(y(2)))}
Ko7 = Mody{(x(yz))z then (b, a), (¢,b) € E.
~ (a((y)(z9))2}
Kas = Mody{(z(y(zy)))z then (c,b) € E iff
~ (z((yz)2))z} (ba) € E.
Kag = Modg{(z((yy)z))z and (b,b) € E, then
~ (a((yy)(22) ) (ca) € E.
Kso = Mod,{((zz)(yz))= then (a,a) € E iff
~ (2((yz)2)) (ba) € E
Ks1 = Mody{((zz)(yz))= then (a,a) € E iff
~ (2(((yz)y)2))2} (b,a), (b,b) € E.
K32 = Mody{(z(y(22))z then (c,c) € E iff
~ (2(y(=9)z} (c,b) € E.
K33 = Mody{(z(y(22))z then (c,c) € E iff
~ (2((yy) (=)} (b,b),(c,b) € E
Ksqs = Mody{(x(y(zy))z then (c,b) € E iff
~ (2((yy)(22)))7} (b,0),(c,c) € E.
Kss = Mody{((xx)(y(zy)))= then (a,a), (¢,b) € E iff
~ (z(y(zz))z} (c,a) € E.
Kss = Mody{((zz)(y(2y))= then (a,a), (c,b) € E
~ (a((yy)(z2))2) iff (b,0), (c,a) € E.
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Table. (continue).

Graph variety Properties of graphs, for any a,
b,c e Vif (a,b),(b,c),(a,c) € E,
Ks7 = Mod,{((zz)(y(zy))= then (a, a), (c, b) € E iff
~ (a((ya)(22)))2} (b,a), (¢,c) €
Kss = Mody{((zz)(y(2y))= then (a,a), (c, b) € Eiff
~ (2(y(:2)2))2) (¢,a),(c,0) €
Ko = Mot T hon (o) (e 5 EF R
~ (a{(ya) (22))2) (b,a),(c,a) € E.
Ko = Mod,{((zz)(y(zy))= and (¢,b) € E, then
~ (o((y2) (z2)y)z} (a,0) € E iff (b, a), (¢,a) € E.
K = Mody{(z(y(zx))z then (c,a) € E iff
~ (a((ya)(22)))2} (b,a), (¢,c) € E.
Ko = Mody{(x(y(zz))z} then (c,a) € E iff
~ ((z2)(y(2y)))z} (a,a),(c,b) € E
Kz = Mody{(z(y(zx)))z} then (c,a) € E iff
~ ((zz)(y(22)))z} (a,a), (c;c) € E.
Kaa = Mody{(z((yy)(z2)))= then (b,b), (c,a) € E iff
~ (a((ya)(22)))2} (b,a), (¢,c) € E.
Kas = Mody{(z((yy)(zx)))= then (b,b), (c,a) € E iff
~ ((zz)(y(22))) 7} (a,0), (c;¢c) € E.
K = Mody{((zz)(y(22)))z then (a,a), (c,c) € E iff
~ (a((y2) (z5)2) (b,a), (c,b) € E
K7z = Mody{((xx)(y(22)))z and (¢, c¢) € E, then
~ (z((yz)(22))z} (a,a) € Eiff (b,a) € E.
Kas = Mody{(z(y((z2)2)))z then (c,a) € E iff
~ ((z2)(y(zy))z} (a,a), (c,b) € E.
K9 = Mody{(z((yx)z))= then (b,a) € E iff
~ ((z2)((yy)2))z} (a,a), (b,;b) € E
Kso = Mody{(z((yz)(22)))z and (b,a) € E, then
~ (z((yz)(zy)))z (¢,c) e Eiff (¢,b) € E
Ks1 = Mody{(z((yz)(22)))z then (b,a), (¢,c) € E iff
~ ((zz)(y((22)y))) 2} (a,a), (c,a),(c,b) € E.
Ks2 = Mody{(z((yz)(22)))z and (b,a) € E, then
~ (z((yz)((z2)y))) 2} (c,c) € Eiff (¢,a),(c,b) € E.
Kss = Mody{(z((yx)(2y))= then (b,a), (¢,b) € E iff
~ ((z2)((yy)(22)))z} (a,a), (b,b), (c,c) € E.
Kss = Mody{(x((yz)((22)y))z | then (b,a), (¢, a),(c,b) € E iff
~ ((z2)((yy)(22))) 2} (a,a), (b,b), (c,c) € E.
Kos = Mody {(2(((y2)) (=) | then (b,a), (b,0), (e,0) € B I
~ ((z2)(y((2y)2)))z (a,a), (¢;b), (¢, )6 E.
Kse = Mody{(z(yz))z then (¢,c) € E
~ (x(y(22)))z}
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Table. (continue).

Graph variety

Properties of graphs, for any a,
b,c e V if (a,b), (b, c), (a,c) € E,

Ks7 = Mody{(x(yz))z then (b,0), (¢,c) € E.
~ (z((yy)(22)))z}

Kss = Mody{(x(y(22)))z then (c,c) € E iff
~ (z((yy)z))z} (b;b) € E.

Ks9 = Mod,{(z((yz)z)))z and (b,a) € E, then
~ (2((yr)(22)))z} (c,c) € E.

Keo = Mody{(z((yz)2)))= and (b,a) € E, then
~ (2(((yz)y)(22)))z} (b:b), (¢,c) € E.

Ke1 = Mody{(z((yz)(22))))z and (b,a) € E, then
~ ((zx)((yx)z))2} (c,c) € Eiff (a,a) € E.

Koz = Mody{(z(yz))= then (c,b) € E.
~ (x(y(zy)))z}

Koz = Mody{(x(y(zx))z then (c,a) € E iff
~ (z((yx)z))z (b,a) € E.

Kes = Mody{(z((yz)z)z and (b,a) € E, then
~ (z((yz)(2y)))z} (c,b) € E.

Kes = Mody{((zz)((yz)z)z and (a,a) € E, then

~ ((xx)(y(zy)))z} (b,a) € Eiff (¢,b) € E.
Kes = Mody{(z((yy)(zx))))z and (b,b) € E, then

~ (z(((yr)y)2)))z} (c,a) € Eiff (bya) € E.
Ker = Mody{(z((yy)(z2))))z and (b,b) € E, then

~ (2(((y)y)z)))z} (c,a) € Eiff (ba) € E.
Kes = Mody{((zz)((yz)(22))))z | and (a,a) € E, then

~ ((z2)(y((2y)2))))2} (b;a), (c,c) € Eiff (¢,b) € E.
Koo = Mody{(z(yz))= then (a,a) € E.

~ ((zz)(yz))z}
K0 = Mody{(z(yz))z then (a,a), (b,b) € E.

~ ((z2)((yy)2))z}
K1 = Mody{((zz)(yz))= then (a,a) € E iff

~ (z((yy)z))z} (b;b) € E.
Ko = Mody{(z(y(2y)))z and (¢,b) € E, then

~ ((zz)(y(2y)))z} (a,0) € E.
K73 = Mody{(z(y(zy)))z and (¢,b) € E, then

~ ((z2)(y((29)2)))z} (a,0),(c,c) € E.
Kr4 = Mody{((xx)(y(zy)))= and (c,b) € E, then

~ (z(y((zy)2)))z} (a,a) € Eiff (¢,c) € E.
K5 = Mody{(x(yz))z then (b,a) € E.

then (c,b) € E iff
(c,a) € E.
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Table. (continue).

Graph variety Properties of graphs, for any a,
b,c € V if (a,b), (b, c), (a,c) € E,

Kz = Mody{(z(y(zy)))z and (c,b) € E, then
~ (z((yz)(2y))z} (b,a) € E.
Krs = Mody{(x(y(22)))z and (c,c) € E, then
~ (x((yz)(22))7} (b,a) € E.
K9 = Mody{(z((yy)z))z and (b,b) € E, then
~ (2((yy)(zy)) 2} (c,b) € E.
Kso = Mody{(x(yz))z then (b,b) € E.
~ (x((yy)z))z}
Ks1 = Mody{((zz)(yz))= and (a,a) € E, then
~ ((z2)((yy)z))z} (b;b) € E.
Ks2 = Mody{(x(y(22)))z and (¢, c) € E, then
~ (2((yy)(22))) 2} (b,b) € E.
Kss = Mod,{((xz)(y(22)))z | and (a,a),(c,c) € E, then
~ ((zz)((yy)(22)))z} | (b,]) € E.
Ksas = Mody{(z(y(zy)))z and (c,b) € E, then
~ (z((yy)(2y)))z} (b,b) € E.
Kss = Modg{((zx)(y(zy)))z | and (a,a), (¢,b) € E, then
~ ((z2)((yy)(zy)))z} | (b,b) € E.
Kss = Modg{(x(y(zx)))z and (c,a) € E, then
~ ((zz)(y(22)))z} (a,0) € E.
Ks7 = Mod,{(x(y(z2)))= and (c,a) € E, then
~ (2((yy)(z2)))zp | (b,b) € E.
Kss = Mody{(x(y(z2)))= and (c,a) € E, then
~ ((zz)((yy)(22)))2} | (a,a),(b,]) € E.
Ksg = Mody{(x(y(zx)))= then (c,a) € E iff
~ (x((yr)(zy)))z} (b,a), (¢;b) € E.
Koo = Mody{(z((yy)(zx)))z | and (¢,a) € E, then
~ ((xz)(y(zx)))z (b,b) € E iff (a,a) € E.
Ko1 = Mod,{(z((yy)(zx)))z | and (b,b), (c,a) € E, then
~ ((z2)((yy)(z2)))z} | (a,a) € E.
Koo = Mody{(x((yy)(zx)))z | then (b,b),(c,a) € E iff
~ ((z2)((yr)(2y))2} | (a,a), (b, a), (c,b) € E.
Kos = Mody{(x((yy)(zx)))z | then (b,b),(c,a) € E iff
~ (2((y)(2y)))z} (b,a), (¢;b) € E.
Kos = Mody{((x gy(zx )z | and (a,a), (c,a) € E, then

)
)z} | (b,b) € E.
Kos = Mod,{((zz)(y(zz)))z | then (a,a),(c,a) € E iff
~ (z((yz)(2y)))z} (b,a), (c,b) € E.
(y(zx)))z | then (a,a),(c,a) € E iff
~ (@(((yr)y)(zy)))z} | (b,a), (b,b),(c,b) € E.
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Table. (continue).

Graph variety

Properties of graphs, for any a,

b,c e V if (a,b), (b, c), (a,c) € E,
Ko7 = Mody{((zz)((yy)(zx)))z | then (a,a), (b,b),(c,a) € E iff
~ (2((yz)(zy)))z (b,a), (c,b) € E.
Kos = Mody{((zz)((yy)(zx)))z | then (a,a),(b,b),(c,a) € E iff
~ (2((yr)((2y)2)))2} (b, a), (¢,b),(¢,c) € E.
Kog = Mody{(z((yx)z))z and (b,a) € E, then
~ ((zz)((yx)z))z} (a,0) € E.
K100 = Mody{(z((yz)(22)))z and (b,a), (c,c) € E, then
~ ((zz)((yx)(22))) 2} (a,0) € E.
K101 = Mody{(z((yz)(zy)))= and (b,a), (c,b) € E, then
~ ((z2)((yz)(2y))) 2} (a,0) € E.
K102 = Mody{(z((yz)(2y)))z then (b, a), (¢,b) € E iff
~ ((zz)(y(27)))z} (a.0). (c,a) € E.
K103 = Mody{((zz)((yz)(zz)))z | and (b,a) € E, then (a,a), (c,a)
~ (@) (9)2)z) | € Bl (b.b),(c.b). (c.c) € E.
K104 —MOdq{( (yz)((22)y)))z | and (b,a), (¢, a), (c,b) € E,
~ (zz)((y2)((22)y))z} | then (a,a) € E.
Kios = Mody{((zz)(yz))z and (a,a) € E, then
~ ((zz)((y2)2)) 2} (b,a) € E.
Kios = Mody{(x(y(22)))z and (c¢,c) € E, then
~ (2(y((29)2)))2} (¢b) e E
Kio7r = Modq{((xac) y(zy)))z and (a,a) € E, then
~ () (y(22))) 2} (c;b) € Eiff (¢,a) € E.
Kios = Modq{(( z)(y(zy)))z and (a,a) € E, then
~ ((z2)((yz)(22)))=} (c,b) € Eiff (b,a),(c,a) € E.
K109 = Mody{((zz)(y(zy)))= and (a,a), (c,b) € E, then
~ ((z2)((y)(2y)))z} (ba) € E
K110 = Mody{(z(y((22)z)))= then (¢, c¢) € E, then
~ (2((y2)(22)))7} (c,a) € Eiff (b,a) € B
K111 = Mody{((zz)(y((22)z)))z | and (a,a), (c,c) € E, then
~ ((xz)((yx)(22)))z} (c,a) € Eiff (b,a) € E.
Kii2 = Modg{(( x)(y((22)2)))z | and (a,a),(c,c) € E, then
~ ((z2)(y((2y)2)))2} (c,a) € Eiff (¢,b) € E.
Kz = Modg{( x((yz)(22)))z and (c¢,c) € E, then
~ (2(y(((z2)y)2)))z} (ba) € Eiff (¢,a),(c,b) € E
K114 = Mody{(z((yz)(22)))z and (b,a), (c,c) € E, then
~ (2((yr)((22)2))) 2} (c,a) € E.
K115 = Mody{((zz)((yy)(2x)))z | and (a,a), (b,b) € E, then
~ ((z2)((yy)(2y)))z} (c,a) € Eiff (¢,b) € E.
K16 = Mody{((zz)(y((zy)z)))z | and (a,a), (c,c) € E, then
~ ((zz)((yr)(22)))2} (c,b) e Eiff (b,a) € E
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Graph variety

Properties of graphs, for any a,

b,c € V if (a,b), (b, c), (a,c) € E,
K117 = Mody{((zz)(y((2x)z)))z and (a,a), (c,c) € E, then
~ ((a2)(y((20)2)))2) (c,a) € Eiff (¢,b) € E.
Ki1s = Mody{(z(y(zx)))z then (c,a) € E iff
~ (o((ya) (z9)2} (b,a), (c,b) € E.
K119 = Modg{((zz)(y(2x)))= and (a,a) € E, then
~ ((zz)((yr)(2y))) 2} (c,a) € Eiff (b,a),(c,b) € B
K120 = Mody{(z((yy)(zx)))z and (b,b) € E, then
~ (o(((y2)y) (:1)=) (c,a) € Eiff (b,a),(c,b) € E.
K121 = Modg{(z(y((22)z)))= and (¢, c) € E, then
~ (o((y2)(z)2)2) (c,a) € Eiff (b,a),(c,b) € E.
K122 = Modg{((zz)((yy)(zx))= and (a,a), (b,b) € E, then

~ ((z2)(((yz)y) (2y)) 2}

(c,a) € Eiff (b,a),(c,b) € E

K12z = Mody{((zz)(y((2x)z)))z and (a,a), (c,c) € E, then

~ ((z2)((yr)((29)2))) 2} (¢,a) € Eiff (b,a),(c,b) € B
K124 = Mody{(x((yy)((2x)z2)))z and (b,b), (¢,c) € E, then

~ (2(((y2)y)(29)2)))2} (c,a) € Eiff (b,a),(c,b) € E.
Ki2s = Modg{((zz)((yy)((zx)z)))z | and (a,a), (b,b),(c,c) € E, then

~ ((@2)(y2)y)((z9)2)} | () € Bt (b.a),(cb) € E.
K126 = Modg{(z((yz)(zy)))z and (¢,b) € E, then

RS (x(y((z:c)y )z} (b,a) € Eiff (¢c,a) € E.
Ko7 = Modg{(x(( z)y)(zy)))z and (b,a), (b,b) € E,

(
~ (z(((yz)y)(zx))z} then (¢, b) € E iff (c,a) € E.
Ki2s = Modg{(z((yz)((zy)z))z and (¢, b), (c,c) € E,
~ (z(y(((22)y)2)))z} then (b,a) € E iff (c,a) € E.
K129 = Modg{(z((yz)((zy)z)))z and (¢, b), (c,c) € E,
~ (z(y(((z2)y)2)))z} then (b,a) € E iff (c,a) € E.
Kiz0 = MOdq{((x‘r)((yx)(zy)))Z and (aa a)? (ba a) €F,
~ ((xz)((yx)(27)))2} then (c,b) € E iff (c,a) € E.
K131 = Mody{((zz)((yx)(zy)))z and (a,a),(c,b) € E,
~ ((xz)(y((zx)y)))z} then (b,a) € Eiff (c,a) € E
Kis2 = Modg{(z(((yx)y)(zx)))z and (b,a), (b,b) € E,
R~ (:v(((yx)y)(zy)))z} then (c,a) € E iff (¢,b) € E.
Kss = Mody {@((y)(Go)g))z | and (0,0), (c,5) € B
~ (z (((yz)y)(zy)) z} then (c,a) € E iff (b,a) € E.
Kizs = Mody{(x((yz)((22)z)))z and (b,a), (c,c) € E,
~ (x((y:v)((zy)z)) z} then (c,a) € E iff (¢,b) € E.
Kiss = Mody{((zz)(((yx)y)(2y)))z | and (a,a), (b,a), (b,b) € E,
~ ((x:v)(((yx)y)(zx)))z} then (¢, b) € E iff (c,a) € E.
Krso = Mod,{ () (y(((z2)9)2)))% | and (@,0), (¢, ), (. ) € F,
((xa:)((yx)((z:c)z)))z} then (c,b) € E iff (b,a) € E

399



400

Table. (continue).
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Graph variety Properties of graphs, for any a,
b,c e V if (a,b), (b, c), (a,c) € E,
Kis7 = Mody{((zz)(y(((zx)y)2)))= and (a,a), (¢, b), (¢c,c) € E,
~ ((xz)((yx)((2y)z)))z} then (c,a) € E iff (b,a) € E.
Kiss = Mody () (y2) (z0)2)))z | and (@,0), (5, ), (¢, 0) € F,
~ ((xz)((yx)((2y)z)))z} then (c,a) € E iff (¢,b) € E.
i = Mody (G 007 | and (00) (o o) € B
~ ((xz)(y(((2x)y)2)))z} then (b,a) € E iff (c, b)
Ko = Mody{((z) (y9) (z0)g)))z | and (@,0), (5,0), (e, ) €
~ ((z2)(((yz)y)(2y))) 2} then (c,a) € Eiff (b ,a)
Kiar = Mody{((zx)((yy)(((27)y)2)))z | and (a,a), (b,b), (¢, a), (c, )6 E,
~ ((xz)(((yx)y)((z2)2)))z} then (c,b) € E iff (b,a) € E.
Let Ko = Mody{(z(yz))z =~ (z(yz))z}. We see that there are 142 (z(yz))z
graph varieties of the form Mody{s =~ t}
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