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Abstract : The aim of this paper is to study multiple Mellin and Laplace trans-
forms involving multidimensional analogues of a general class of polynomials to-
gether with multivariable I-function. In this regard, we have proved five theorems,
corollaries have also been recorded. Similar results obtain by other authors follows
as special cases of our findings.
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1 Introduction

Recently, the multivariable I-function which is a generalization of the multi-
variable H-function [1], was introduced and studied by Prasad [2] and Prasad and
Yadav [3]. Moreover Prasad and Singh [4] studied the Mellin and Laplace trans-
form of the multivariable I-function. They observed that the Mellin transform of
the I-function of r variables reduces to the I-function of (r — 1) variables. Saxena
and Singh [5] discussed the derivatives of the multivariable I-function. In the re-
cent paper of Chaurasia and Kumar[6], Singh and Yadav [7] studied some fractional
integrals of a general polynomials, H-functions and multivariable I-functions.

Since the multivariable I-function is of a general nature, its multiple Mellin and
Laplace transforms reduce to many simpler special functions as particular cases.
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The main objective of this paper is to study multiple Mellin and Laplace transforms
of the multidimensional analogue of general class of polynomials together with the
multivariable I-functions.

2 Preliminaries

In this section, we shall first recall some definitions and fundamental facts of
integral transforms and special functions.

2.1 Basic Definition of Integral Transform

Definition 2.1. The multidimensional Mellin transform is defined for the function
o(t1,...,t.) as follows [§]

= [ e
<[ [ @)
0 0
where t1,...,t, > 0.

The multiple Mellin convolution for the two function g and h will be defined
and represented as follows

(g*--- h)(ul,..
/ /Hti1g(%,...,?>h(tl,...7tr)dt1---dtr, (2.2)
1 1 r

provided that the integral in (2.2) converges absolutely.

Definition 2.2. The multidimensional Laplace transform is defined for the func-
tion f(z1,...,z,) as follows [8]

(L1)(s) : = &{f(@1,...,mr)is1,. .. 80}

A B E O

=1

where R(s;) >0,i=1,...,r
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2.2 Basic Definition of Special Function

Definition 2.3. The multivariable I-function is represented [2] as

21
{0,mi}, {(m(b) (.))}1 Tl AB

Iz1,...,27) 1 = P
(21,2 {(pisgity, {0 ,q)}" | C:D
Zr
e A I GHRNO) | CIGE S TSI CE)
i=1
where w = +/—1,
T n k %
[T [T T = oy + S0 af) )]
(G G) = —
Hk 2 [Hg —nj+1 [ag; — > i 1 O Cz)}
X — ! (Z) (2.5)
Hk:2|: Jj=1 (1_bkﬂ+zz 16 ):|
m® i i n® i i
I v - 806)| [y - o+l
¢i(Gi) =7 GRNG o) 5T (26)
[HJ n@ 41 ( - Cz)} [Hk —m () 41 r( — b, + By, Ci)}
Vie{l,...,r}. Also,
{Oani}zr = 0;”2 Lo OvnTa
{piraits, =Pp2,q2 Dry Gy
RSO G —(m® DY e ()
m' n =(m ) s (im0,
. . 1,r
(pu),q(z))} =W, qM) o (p™), ¢,
2,r
A= (aZJ7a£;)aaa§]))1p} (G’QJaQéJ aaéi))l ;027(a’3j7agi)aagj)vaé?))l,paa

1) ol

...,(aTj;am-,... rj )17;0“
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B= {(a;), g)) p(z)} ::(ag' )’a; ))1710(1)""’(“; ),a; ))14)(”’
)\ 2" 1) 42 1 42 43
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such that nl,pl, qi,mD 0@ p@ ¢ are non-negative integers and all a;j, by, cvij,

Bij,a JZ), b;), , ﬁj(-i) are complex numbers and the empty product denotes unity.

The contour integral (2.4) converges, if

1
| arg z| <§Ui7r, U >0,i=1,...,r, (2.7)
where
n(® o
Ui=>_af Z a”Zf‘“ > A+ Za > ol
7j=1 j=n() 41 j=m) 41 j=n2+1
SRR SN0 S (
PO DI S Rl DI +fom (2:8)
j=1 j=net1 j=1
and I[z1,...,2:] = O(z1]*, ..., |z|*"), max{|z1|,...,|2r|]} — 0, where a; =

ming <, (i) §]‘E(b(Z /5 l)) and ﬂl = Max; <) 8?(( (.l) — 1)/a ) 1=1,.

For the conditions of convergence and analyticity of the multivariable I-function
we refer to [2, 3].

Special case:

1. When n; =0; ¢ =2,...,r — 1 the I-function defined in (2.4) reduces to the
multivariable H-function [1].

2. When a§ ),bgl ,Q ﬁ ’s are real numbers and n; = 0; i = 2,...,r, the
multivariable I- functlon defined in (2.4) breaks up into a product of r H-
functions.

Definition 2.4. The multidimensional analogue of a general class of polynomials
S (x) is defined by [1]

miki+-4mek.<n

S’TTI ..... " (.Il, e 7x7ﬂ) = Z (_n)mlkl-i-"'-‘rmrkr
K1y kr=0
k1 k
M Il .. ITT
x A(n; ki, ..., k) o ol (2.9)
where mq, ..., m, are arbitrary positive integers, n = 0,1, 2, ... and the coefficients

A(n;kl,...7k,~), kiZO;izl,...,r

are arbitrary constants, real or complex.
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The order of the highest degree of the variables z1, ..., z, of the multivariable
polynomial (2.9) can be written as [9]

O(Sy = (an, .y wp)) = O (™, al/mel ) (2.10)
where [z] denotes the greatest integer < x.

Special case:

1. For m; = 1,5 =1,...,r and A(n;k1,..., k) = 1+ a1 +n)g, (1 + a2 +
N2)ky -+ (1 + @y + 1)k, the multivariable polynomial reduces to a multi-
variable Bessel polynomial [10].

2. For m; = 2,0, =1i=1,...,7, A(n;k1,...,k-) = 1 and replacing tz; —
2(151%)2, tr; — z(ii—i)% 7 = 2,...,r the multivariable polynomial reduces to
a multivariable Hermite polynomial [11].

3. For the case r = 1 of the multivariable polynomial (2.9) would give rise to
the general class polynomials S introduce by Srivastava [12].

3 Main Results

In this section, we have evaluated certain multiple integrals involving the prod-
uct of the multidimensional analogue of a general class of polynomials with the
multivariable I-function.

Theorem 3.1. Suppose the conditions (2.7) to be satisfied. The Multiple Mellin
transform of the multidimensional analogue of a general class of polynomials (2.9)
with the I-function of r variables (2.4) is defined as follows

o] oco T
/ / [t s @t ot It et ]dy - - - dt,
0 0 ;=1

miki+-4mek.<n

= Z (_n)m1k1+---+mrkr A(”, kl, ey kr)
k1,....,kr=0
T akig e
X H{ lkl; ¢i (_wi)}w(_wla"'a_wr) (31)
i=1 -

where p; > 0,0, >0,n >0, w; = —Si‘*;Ziki,

b 1—al?
Rsi+pi min (2= p>0, R s; +o5[n/mi] +p; min | —=L | <0,
1<jEm \ g1Y) 1<j<n® \ - al?

Y(t1, ... t) and ¢(t;), i =1,...,r are given in (2.5) and (2.6) respectively.
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Proof. For the sake of convenience, take the left side of (3.1) as €2, using the
Definition 2.4 and changing the orders of integrations and summations, we get

miki+-4mekr<n

(_n)mlkl"t‘""'rmTkT A(TL, LI kr)

9] co T ki
/ H {%tfiﬁ-mki—l}l[zltﬁ“,.,.,ZrtﬁfT]dtl <o dty. (32)

0 0 ;=1

Now express the formula (3.2) in terms of the multiple Mellin-Barnes contour
integrals defined by Definition 2.3. We finally arrive at the right side of (3.1) after
changing the orders of integrations and evaluating the integrals by the Mellin
inversion theorem [13]. O

Corollary 3.2. For x; = 0,4 = 1,...,r, the formula (2.4) coincides with the
result of [14].

Corollary 3.3. Forxz; =0,i=1,....,7r andn; =p;, =¢;, =0,1=2,...,r —1,
the formula (2.4) coincides with the result of [1].

Theorem 3.4. Suppose the conditions (2.7) to be satisfied. The Multiple Laplace

transform of the multidimensional analogue of a general class of polynomials (2.9)
with the I-function of r variables (2.4) is defined as follows

') ') T T
/ / exp <_Zsiti> Htfi718f1 """ M (gt  aetl)
0 0 i=1

i=1

miki+-4mekr<n

= (_n)mlkl.k..._,_m”% A(n, kl; ey kr)
ki,..., k,.=0
—H1
zZ18
r ki ;—oiki—pi R . 1
B B L B e Wil R
1 k;! {pi)ql'}zy/r;{(p(i)+17q(i))}1,’7‘ : Cc.D
= ZTS;NI

(3.3)

)
where p; > 0,R(s;) >0 and R {pi + oi[n/m;] + pi ming <<, (%)} >0,i=

. N\ 1,7
AE{(arjaafé)a70452))?:;1}7 B {(1 — Pi _Uikiaui)LTv (agl)ao‘y)) )} )

1,pC
(@) <i>) b
{ (bj ) /BJ 17q(i) } .

C

1 T)\2,r
{(brj;ﬁij)7""67(“j))1;%}’ D
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Proof. For the sake of convenience, take the left hand side of (3.3) as A, then use
Definition 2.4 and change the orders of integrations and summations to get

miki+-4mekr<n

A= Z (_n)m1k1+"'+mr’€rA(n;kljl” 7kT)/0 /O P <_ZSiti>
i=1

Kk1,....kp=0

T xki
1 {w*} Tt ozttt - diy. (3.4
i=1 v

Now express Formula (3.4) in terms of multiple Mellin-Barnes contour integrals
in Definition 2.3 by changing the orders of integration, which is permissible under
the stated conditions and an appeal to Euler’s integral of the first kind.

miki+-+mk-<n r .’L'kl
A= > (1) by oo, Ak, k) T { 5 }

k..., ky =1

k,-=0
1 : Dok + i + ps)
(27w)" /Ll' o LTQ/J(CI, - 1_]1: {¢1(<1)Zlc goikitniCitps }dC1 S dG

1=

(3.5)

Using Definition 2.3 and a little rearrangement we finally at arrive at the right
hand side of (3.3). O

Corollary 3.5. For x; = 0,i = 1,...,r, the Formula (3.3) coincides with the
result of [14].

Theorem 3.6. Suppose the conditions (2.7) to be satisfied. The Multiple Laplace
transform of the multidimensional analogue of a general class of polynomials (2.9)
with the I-function of r variables (2.4) is defined as follows

o) o0 T T
/ / exp<_25i“>ﬂff“sﬁl ----- (gt )

0 0 1=1 =1
X Tzt Moo zpt P dty - - - dty
miki+-+mekr<n
- Z (_n)mlkl"t‘""ﬁ‘mrkT A(nv k..., kr)
ki,....kr-=0
M1
gk — s ) ) 2187
r ZC?SZ— oiki—pi I{07ni}2 T;{(m(l)_i_l)n(l))}l,r . A:B
<] == oot |
, k;! {pisai}y {(P®,qD+1)} . C:D
i=1 2.5k
r<r
(3.6)

(0 _q
where p; > 0,R(s;) > 0 and %{pi—l-ai[n/mi]—I—,LLl-rninlSjSm(i) <(1;T)} >
i
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0,i=1,...,n7

. 1,r
— A (r)y2,r — (&) (9)
A:{(aTj7arj7”',aTj )17;01'}’ B:{(aj 1% )l,p(i)}7

C= {( i B BT ,ql} D ={(b§i),6§-”)l’r (i +Uiki7#z‘)1’r}-

1,¢®
Proof. The proof of this theorem as the same as Theorem 3.4. O

Corollary 3.7. For x; = 0,1 = 1,...,r, the Formula (3.6) coincides with the
result of [14].

Theorem 3.8. Suppose the conditions (2.7) to be satisfied. The Multiple Mellin
transform of the multidimensional analogue of a general class of polynomials (2.9)
with the I-function of r variables (2.4) is defined as follows

/ / Htsl Lomasme (g 494 x,t9)

X Tzt oo zptBr U [ty o et dty - - - dty

miki+-4+m.k-<n r :Ckinfwi
_ . i 'l
- 3 (1) ey, Al 1, ) N
k1,...,kp=0 i=1 v
B
D

I{O O}y, {(m( ION /(i)_,_n(i))}l”” ) A:
{;DHrql ;Dﬂrql}z . { p(1)+ql(i)1pl(i)+q(i))}1,r C

sitoiki

vi

o b.®
R {Sz +oi[n/m;] + 135%12(“ <B(l)> + v 1<JH<1£/(1) <5 /() )} > 0,

1- ag-i) ) 1- a;(i)
R< s; +oi[n/m;] — p;  min —2 | —v; min — <0,
1<5<n(® a(,l) 1<j<n’ () o (Z)

J

where w; = ,ni =0=n},0; >0,v; >0,u; >0.

i=1,...,r and

_ 1 T 27 (k ,UJl Kr ' (r
A= (arj;agj),...,aij)) Zw ﬂr ), B, ,...,U—Tﬁr(j ,

1 pl ,
1,q;
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2,r
_ r ’(1) Hr 7(r)
C= (rw ”7'”75”),% (1—@ Zwa Q. ,..,V—Tam- ,
1,p]
@ () 20 o B w)
1 1 1 1 T 1
D= (bJ ,6 ) . (1—a —w;a; ,7%— ) e
1,9 (3 1,p (i)

Proof. For the sake of convenience, take the left hand side of (3.7) as A and express
the first I-function in terms of multiple Mellin-Barnes contour integrals by using
Denition 2.3 and changing the orders of integrations, which is permissible under
the stated conditions. We obtain

Qmj / 1/’@1,...,4}) ¢z Gi)z Cz / / Sl+ui<i_1}

X S (xltl ,...,thfT)I’[mt’l’l,...,nrtZ ]dtl---dtrdcl--' d¢.  (3.8)

Using Theorem 3.1, after a straightforward calculation we finally arrive at formula
(3.7). O

Corollary 3.9. For x; = 0,i = 1,...,r, the Formula (3.7) coincides with the
result of [14].

Theorem 3.10. Suppose the conditions (2.7) to be satisfied. The Multiple Mellin
transform of the product of a general class of polynomials (2.9) with the I-function
of r variables (2.4) is defined as follows

[o%¢) oo T
si—1 gma,..., Mo o o
/ / [t s e, et
0 0 =1

X I[zaty Moozt P T [t - et ]dty - - - di
miki+-4mek.<n

T ki —Ww;q
. Z; 1,
= Z (1) sk A(”’kl""’kr)i_l{ kil }

ki,...,kr-=0
w
. , , I ziny
1{010}2,7‘:{(7”(1)+m/(z)7n/(z)+n(1))} ) ) A:B (3 9)
{pitplai+ai}, { O +p @ ,q/04q)}" : C:D '
, o
Zr 1y

wherewi:L"iki,ni:():ng,ai20,%>0,ui>0.

vi

L) 0
. J : J
R< s; +oi[n/m;] + p;  min ——2— | +v; min — >0,
1<j<n® \ - ol? 1<y<m' @ \ g0

(7) (@)
] b; ] 1—a;
R s; +oi[n/m;] —p; min —v; min — <0,
1<j<m® 5(1 1=’ @\ al?




360 Thai J. Math. 10 (2012)/ B.K. Dutta and L.K. Arora

2,r
— 1 /1 M /
A= (Wj?aij),'-'aax‘) .,<m+2w a, T(J)7 ,,,V—Tar(jra ,
7 7 ka

1,r
)@ o\ (i) <> Hi (i)
B_{(aj 'Y )1,p<z‘> ( twi ’yiaj ) rei }’

1,p}

1,p (4)
o 2,r
= M\~ (k). 1 Hr o (r
C: (brj767«]a"'aﬁrj)1 < +Zw ﬁr 7_7«3 a"'ay_ﬁrj> )
»q T l,q,f
(i) 400 S NP CAN
p={(s0.57).7, (0 4w ) b
Lq’
Proof. The proof of this theorem as the same as Theorem 3.8. O

Corollary 3.11. For x; = 0,9 =1,...,r then Formula (3.9) coincides with the
result of [14].

Corollary 3.12. By putting x; = 0,7 = 1,...,7r and n; = p; = ¢ = 0,1 =
2,...,7 —1 in the Formula (3.9), we get the integral established by Garg [15].

4 Application

In this section we establish the multiple Mellin convolution of the I-function
transform. For the Mellin convolution, we shall first required the following special
case-

On putting z; =s;, =0, u; =v; =n; = 1,9 =1,...,r in the Formula (3.9) we
get

// Ht;ll[zltfl,-.-7Zrt;1]_[/[t1,...7tr]dt1...dtr
0 0

_ [100%, {m 4 g} 'la:s
{pitriai+a}t, {EO+p@.g@+q)}" | 2 C:D
Zr
=1[z1,...,2], (say), (4.1)

the A, B, C, D and the validity conditions easily establish from formula (3.9).
The multidimensional I-function transform will be defined and represented in
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the following manner

Z{f(tlv"'atT);Slv---vsr}

{0,0}, T;{(m(i))n(i)}l,r;A:B
=1 , ; NEE R4
{pisgits, {0 .a)} "D

:/ / [t Ilsate, o osete] f (s sty )dty -ty (4.2)
0 0 =1

{f(tl,...,tT);sl,...,sr}

provided that the integral (4.2) is absolutely convergent.

Theorem 4.1. Suppose that the multidimensional Mellin transform of Z, Il, 7’
and (g*---xh) exists

I{g(tl,...,tT);sl,...,sr}*---*I, {h(t1, - ,tr); 81,550}
=T {(g%--xh)(ts,... . ty);s1,...,s,},  (4.3)

where Z, T, T are the multidimensional I-function transforms defined in (4.2).

To prove the result (4.3), we have to take the multiple Mellin transform (2.1)
on the left side and required the special case (4.1). A similar proof is already
described in Srivastava and Buschman [16] and Garg [15]. We therefore omit the
details.

5 Conclusion

The I-function of r variables defined by (2.4) in terms of the Mellin-Barnes
type of basic integrals is most general in character and involves a number of special
functions including the G-function and the H-function. These extended results
may provide better multiple Mellin and Laplace transforms of a general class of
polynomials together with certain special functions.

Acknowledgement : Authors would like to thank the referee(s) for his/her
thoughtful comments and suggestions.
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