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1 Introduction

Let C be a closed convex subset of a real Hilbert space H with the inner
product (-, -) and the norm || - ||. Let F' be a bifunction of C' x C' into R, where R
is the set of a real numbers, A : C' — H a mapping and ¢ : C' — R a real-valued
function. The generalized mized equilibrium problem is for finding x € C such that

Flz,y) + (Az,y — ) + ¢(y) — (z) =2 0, vy € C. (1.1)
The set of solutions of (1.1) is denoted by GMEP(F, ¢, A), that is,

GMEP(F,p,A) ={zx € C: F(z,y)+(Az,y — x)+o(y)—p(x) >0, Yy € C}. (1.2)
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If F =0, the problem (1.1) is reduced into the mized variational inequality of
Browder type [1], for finding x € C such that

(Az,y —z) + p(y) — p(z) >0, Vy € C. (1.3)

The set of solutions of (1.3) is denoted by MVI(C, ¢, A).
If A=0 and ¢ = 0, the problem (1.1) is reduced into the equilibrium problem
[2] for finding = € C such that

F(z,y) >0, Vy € C. (1.4)

The set of solutions of (1.4) is denoted by EP(F'). This problem contains fixed
point problems and includes as special cases numerous problems in physics,
optimization, and economics. Some methods have been proposed to solve the
equilibrium problem; see [3-5].

If F = 0and ¢ = 0, the problem (1.1) is reduced into the Harmann-Stampacchia
variational inequility [6] for finding € C such that

(Az,y —x) >0, Vy € C. (1.5)

The set of solutions of (1.5) is denoted by VI(C, A). The variational inequality
has been extensively studied in the literature [7].

If F=0and A =0, the problem (1.1) is reduced into the minimize problem
for finding x € C such that

o(y) —p(x) >0, Yy € C. (1.6)

The set of solutions of (1.6) is denoted by Arg min(p).
Recall that a mapping A : C — H is called monotone if

(Az — Ay, z —y) > 0, Y,y € C. (1.7

A mapping A of C into H is called a-inverse strongly monotone, see [8-10], if
there exists a positive real number « such that

(x —y, Az — Ay) > a|| Az — Ay|?, Vz,y € C. (1.8)

It is obvious that any a-inverse strongly monotone mapping A is monotone and
Lipschitz continuous.

Let C be a nonempty closed convex subset of a real Hilbert space H, S :
C — C be a mapping. We denote F(S) to be the set of fixed points of S, i.e.
F(S)={z e C:x=Sx}. A mapping S is said to be

(i) nonexpansive, if | Sz — Sy|| < ||z — y|| Va,y € C;

(i) asymptotically nonexpansive, if there exist a sequence k, > 1 such that
lim,,— oo ky, = 1 and

|S"x — S™y|| < knllz —yl|, Vx,y € C, n > 1, (1.9)
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(i) wniformly L-Lipschitzian, if there exist a constant L > 0 such that
[|1S"x — S™y|| < L||z — yl|, Vz,y € C, n >1; (1.10)

In 2003, Nakajo and Takahashi [11] proposed the following modification of the
Mann iteration method for a nonexpansive mapping 7" in a Hilbert space H:

xp € C chosen arbitrarily,

Yn = OnTnp + (1 - an)T-rn;
Cn ={veC: lyn — vl < [lan — o]}, (1.11)
Qn={vel:{(x,—v,mg—xz,) >0},

Tp41 = PcannUCO,

where P is denoted the metric projection from H onto a closed and convex subset
C of H. They proved that if the sequence {a,} is bounded above from one, then
{xy} is defined by (1.11) converges strongly to Ppr)xo.

Inchan and Plubtieng [12] introduced the modified Ishikawa iteration process
by shrinking hybrid method [13] for two asymototically nonexpansive mappings S
and T, with a closed convex bounded subset C' of a Hilbert space H. For Cy = C
and 1 = Po, 2o, {2, } is defined as follows:

Yn = anZpn + (1 — )T 2y,
Zn = BnTn + (1 - Bn)SnIm
Crt1={ve€Cy: |lyn — U||2 <@y - U||2 +0n}, (1.12)
ZTny1 = Pc, 0, n €N

where 0, = (1 — a,)[(t2 — 1) + (1 — B)t2(s2 — 1)](diamC)? — 0, as n — oo and
0<a,<a<land0<b< g, <c<1forall n e N. They proved that the
sequence {z, } is generated by (1.12) converges strongly to a common fixed point
of two asymptotically nonexpansive mappings S and T.

The purpose of this paper is to introduce the Mann iteration process for finding
a common element of the set of common fixed points of an infinite family of
asymptotically nonexpansive mappings and the set of solutions of a generalized
mixed equilibrium problem under some control conditions. We prove that the

strong convergence theorem which extends and improves the result of many others
[11, 12].

2 Preliminaries

In this section, we present some useful lemmas which will be used in our main
result and we will use the notation:

e — for weak convergence and — for strong convergence.

o wy(xy)={z: x,, — x} denotes the weak w-limit set of {x,,}.
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o d(z,C) =inf,cc ||z — 2|
Let H be a real Hilbert space. Then
lz =yl = ll=1* = ly* = 20 — y,9) ¥ @,y € H. (2.1)
For each x,y € H and A € R, we known that
1Az = (1 = Nyll* = Ml = (1 = Nyl* = A1 = Nl -yl (2.2)

Let C be a nonempty closed convex subset of H and let Po be the metric projection
of H onto C, then

[Pea — Poyl|® < ||z =yl = (I = Pe)z — (I = Pe)yl®, Yo,y € H,  (2.3)
where [ is the identity mapping.

Lemma 2.1 (Opial’s condition [14]). For any sequence {x,} in a Hilbert space H
with x, — x, the inequality

liminf ||z, — z|| < liminf ||z, — y||, (2.4)
holds for every y € H with y # x.

Lemma 2.2 (The Kadec-Klee property [15]). For any sequence {x,} in a Hilbert
space H with x, — x and ||z, || — ||z|| together imply ||z, — x| — 0.

Lemma 2.3 (Demiclosedness Principle [16]). Suppose X is a Banach space satis-
fying the locally uniform Opial’s condition, C' is a nonempty weakly compact convex
subset of X, and T : C — C' is an asymptotically nonexpansive mapping. Then
I —T is demiclosed at zero, i.e. if {x,} is a sequence in C which converge weakly
to x and if the sequence {x, — Tx,} converge strongly to zero, then x — Tx = 0.

Lemma 2.4 ([17]). Let C be a nonempty closed convex subset of H and also give
a real number a € R. The set D = {v € C : ||y —v|* < ||z — v||* + (z,v) + a} is
convex and closed.

Lemma 2.5 ([18]). Assume that {a,} is sequence of nonnegative real numbers
such that
An+41 S (1 - ’Yn)an + 6717 vn Z 17 (25)

where {y,} C (0,1) and {6, } is sequence in R such that
() 52 = o,
(i) limsup,, oo (6n/7n) <0 or D07 1 18,] < oo.

Then lim,,_ o a, = 0.

For solving the generalized mixed equilibrium problem, let us assume that the
bifunction F': C' x C — R, a continuous monotone A : C' — H, and ¢ : C — R
satisfies the following conditions:
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Al
A2

F(z,z) =0 for all x € C;
F is monotone, that is, F(z,y) + F(y,z) < 0 for any z,y € C;

A4) For each fixed z € C, y+— F(z,y) is convex and lower semicontinuous;

(A1)
(A2)
(A3) For each fixed y € C, x — F(x,y) is weakly upper semicontinuous;
(A4)
(B1)

For each z € C and r > 0, there exists a bounded subset D, C C and
Y. € C such that, for any z € C'\ D,,

F(z,y:) + ¢(yz) — p(2) + %<ym — 2,2 —x) <0; (2.6)

(B2) C is a bounded set.

Lemma 2.6 ([19]). Let C be a nonempty closed convex subset of a Hilbert space
H. Let F : C x C — R be a bifunction satisfying (Al) — (A4), and let ¢
C — RJ{+oo} be convex and proper lower semicontinuous function such that
CNdomp # 0. Forr >0 and x € H, define a mapping K, : H — C as follows:

1

K.(z)= {u € C: Flu,y) + o(y) — o(u) + ;(y —u,u—xz)y >0, Vy € C} (2.7)

for all x € H, Assume that either (B1) or (Bz) holds. Then, the following hold:
(i) K, is single valued;
(ii) K, is firmly nonexpansive, that is, | K,z — K,y||*> < (K,x — K,y,x —y) for
any x,y € H;

(iii) F(K,) = MEP(F, );

(iv) MEP(F, ) is closed and convez.
Definition 2.7 ([20]). Let C be a nonempty closed convex subset of a Hilbert space
H, let {Sn} be a family of asymptotically nonexpansive mappings of C into itself,
and let {Bnxk :m,k €N, 1 <k <n} be a real sequence of real numbers such that
0 < Bi; <1 foreveryi,j € Nwithi > j. For any n > 1, define a mapping
Wy : C — C as follows:

U, R ﬁn,nsg + (1 - ﬁn,n)la
Un,nfl = 6n,n71S371Un,n + (1 - 671,77,71)[5

Un,k = 6n,kSgUn,k+1 + (1 - 611,16)]7 (28)

Un,2 = ﬁn,2S£lUn,3 + (1 - ﬁn,?)lu
Wn = Un,1 = ﬁn,lS?Unﬂ + (1 - ﬁn,l)l'

Such a mapping W, is called the modified W -mapping generated by Sy, Sn—1, ..., 51
and ﬁn,nu ﬁn,n—la R 7671,27 ﬁn,l-
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Lemma 2.8 ([21]). Let C be a nonempty closed convex subset of a real Hilbert
space H. Let {S,,} be a family of asymptotically nonexpansive mappings of C
into itself with Lipschitz constants {tm.n}, that is, ||Stz — Syl < tmnllz —
yll, (Vvm,n € N, Vz,y € C) such that F = N2, F(S;) # 0, and let {Bpx : n, k €
N, 1 <k < n} be a sequence of real numbers with 0 < a < 8,1 <1 for alln € N
and 0 < b < fBy; <c <1 for everyn € N andi = 2,...,n for some a,b,c €
(0,1). Let W,, be the modified W-mappings generated by Sp,Sp—1,...,51 and
677,,717 677,,7171; BRI 671,27 677,,1- Let Tn,k = {6n,k(ti7n - 1)+6n,k6n,k+1ti7n(ti+17n - 1)+
o '+ﬁn,kﬁn,k+l s /ann—ltllc,ntiqu,n T ti,ntiqu,n T t721—2,n(t31—1,n - 1)+ﬁn,kﬁn,k+l
o Bt ptiirmta1n(th )} for everyn € N oand k = 1,2,...,n. Then, the
followings hold:

(i) Wypx — 2|2 < (A +rp1)||lz—2|? for alln €N, z € C and z € N"_ F(S;);
(i) if C is bounded and limy,_ oo 1.1 = 0 for every sequence {z,} in C,

lim ||zp+1 — 2o =0, lLm ||z, — Wyz,| =0 imply we(z,) C F; (2.9)

(#5) if imp oo rp1 =0, F =N F(W,) and F is closed convex.

3 Main Results

In this section, we prove a strong convergence for the set of common fixed
points of an infinite family of asymptotically nonexpansive mappings and the set
of solutions of a generalized mixed equilibrium problem in Hilbert space.

Theorem 3.1. Let C be a nonempty bounded closed convex subset of a real
Hilbert space H, let F : C x C — R be a bifunction, A : C — H be an
a—inverse strongly monotone, and ¢ : C — R be a conver and lower semicon-
tinuous function, satisfying the conditions (A1) — (A4), (B1) or (B2), let {Sm}
be a family of asymptotically nonexpansive mappings of C into itself with Lip-
schitz constants {ty n}, that is, ||Stx — Syl < tmnllz —y|, Ym,n €N, Va,y €
C such that F N GMEP # 0, where F = N2, F(S;), and let {Bni : n,k €
N,1 < k < n} be a sequence of real numbers with 0 < a < (1 < 1 for
alln € Nand 0 < b < B, < c <1 foreveryn € Nand 2 < i < n
for some a,b,c € (0,1). Let W,, be the modified W-mapping is generated by
SnySn—1y---,51 and By n, Brn—1,-- -, Pn,2; Bn1. Assume that ry ) = {ﬂnk(tin -
1)+ﬁn,kﬁn,k+lti7n(ti+17n_1)+' : '+ﬁn,kﬁn,k+l te ﬁn,n—lt%)nt%+1)n t t%)nt%+1)n T
t12172,n(t37,71,n - 1) + 6n,k6n,k+1 te 'ﬂn,nti,ntiﬂ,n ce 'tiflﬁn(t%m’)}, Vn € N and
k=1,2,...,n, such that lim,_orn1 = 0. Let {x,} and {u,} be sequences is
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generated by the following algorithm:

x1 € C chosen arbitrarily,

U, € C,
Yn = Qptiy + (1 — apn) Wiy, (3.1)

Cot1={v € Cn : |lyn — [ < llzn —v]* + 6.},
Tn41 :Pcn+1xla HENa
where C1 = C and 0, = (1 — a,)rp1(diamC)? and 0 < a,, <d <1 and 0 < e <
rn < f <2a. Then {z,} and {u,} converge strongly to Pragymep(z1).

Proof. We split the proof into 4 steps.
Step 1. Show that the sequences {z,} and {y,} are well defined.

By Lemma 2.4, we have that (), is closed and convex. Let xz,y € C. Since A
is a—inverse strongly monotone and r, < 2«, V € N, we have

I(I = rnA)z — (I = ra A)yl* = |l — y — ru(Az — Ay)||?
= |z —yl? = 2ru(z — y, Az — Ay) + 7} || Az — Ayl
< o —yl|* = 2am, || Az — Ay||* + 7} || Az — Ay|]?
= ||z = ylI* + ru(rn — 20)]| Az — Ay]|? (32)
< e —yll*.
Thus I — r, A is nonexpansive. Since

1
F(un,y)—i—go(y)—cp(un)—i-(A;vn,y—un>+r—<y—un,un—xn> >0, Yy eC, (3.3)

n

we obtain

F(un ) + 9(0) = ¢(un) + =y =ty — (I = raA)a) 20, Wy € C. (34)

n

It follows from Lemma 2.6 that u,, = K, (x, — r,Az,,), for all n € N.
Let p € FUGMEP, by Lemma 2.6, we have p = K. (p—r, Ap), for all n € N.

Since I — r, A and K, are nonexpansive, we have

lun —pll <Ky, (20 — rnAzn) — Ky (p — rn Ap)|| < llzn —pl|, YR € N (3.5)

By Lemma 2.8 and the convexity of || - ||, we have

[ym = pII* = llom (un — p) + (1 = ) (W, — p)|I?
< anllun —pl* + (1 = an) [Wou, — pl1?
< aplun = pl* + (1 = an) (1 +70,1) [un — pl? (3.6)
= llun = plI? + (1 = an)rn 1 |Jun — pl?
< |lun = plI* + 0
< Jlwn = plI* + O
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So, p € C,, for all n and FUGMEP C C,, for all n. This implies that {z,} is well
defined and by Lemma 2.6, we have that {u,} is also well defined.

Step 2. We show that ||€n41 — xn|| — 0, ||zn —unl — 0, ||unt1 —unl|| — 0, |Jun —
Whuy| — 0. as n — oo. From z,, = Pc, 21, we have that

(x1 — xp,xy —v) >0, foreach ve FNGMEP C C,,, n€N. (3.7)
So, for p € FNGMEP, we have

0 <(x1 —xp, Ty —p) = —(Ty — 1,y — 1) + (T1 — Ty, T1 — P)

< lln = 21l* + llzn — 1]l llz1 — p]l- (3.8)
This implies that
lzn =21 ]? < 2 — 21 [[l21 = pll, (3.9)
and hence
[#n — @1 < [lz1 — pll- (3.10)

Since C' is bounded, then {z,} and {u,} are bounded. From z,, = P, z¢ and

Tny1 = Po, 71 € Cpyq1 C Gy, we have
(x1 — xp, Ty, — Tpy1) >0, YneN. (3.11)
So,
0<(x1—Zn,Tn — Tnt1) = — (T — X1, Ty — T1) + {T1 — T, T1 — Tpt1)
< —llen = 21l* +llzn — 21l le1 — znga ] (3.12)
This implies that
lzn — z1]] < |21 — Tptall, VneN. (3.13)

Hence, {||xn, — x1||} is nondecreasing, it follows that lim, . ||z, — x1|| exists.
From (2.1) and (3.11), we have

[ Zn+1 — anz = [[(#n+1 — 21) — (20 — x1)||2
= [@ni1—a1)|? = [an—a1]? = 2(Tng1—2n, 2n—z1)  (3.14)
<Nangr — 1| = |lzn — 21

Since lim,, oo ||zn — x1|| exists, we have

lim ||z, — Zn41] = 0. (3.15)

n—oo

On the other hand, it follows from z,11 € C),41 that

lyn — Tns1 | < |20 — Tngil|> + 600 — 0, asn — oo. (3.16)
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It follows that
[yn = @all < lyn — Zngarll + @01 — @nl| = 0, as n — oo. (3.17)

Next, we claim that lim, o ||z, — upn]| = 0. Let p € F N GMEP, it follows from
(3.6) that

1yn — plI* < llun — plI* + 0n
= |K,, (I —rpA)x, — K, (I —1,A)p|*+ 0, (3.18)
< lzn —p||2 + 7 (rn — 2a)|| Az, — Ap||2 + 0.
This implies that
e — f)|Azn — Ap|? < |z — plI? = llyn — plI* + b

<|l@n = yull(lzn = pll + [lyn = pl) + On. (3.19)
It follows from (3.17) that
lim ||Az, — Ap|| = 0. (3.20)

From Lemma 2.6, we have
[un = pl* = | K7, (I = 1 A)zn — Ky, (I =1 A)p]?
< ((zn —rpAzy) — (p — T Ap), un — p)
= 2z~ oAz — (0~ ra AP + un —
—|[&n — oAz, — (p = rnAp) — (un — p)|I*}
< %{llfﬂn —plI? + llun = plI* = [l2n — up — 7o (A2, — Ap)||*}

1
= illzn — I+ lun = plI? = 20 — un?
+ 27 (T — Up, Az, — Ap) — 72| Az, — Ap||®}. (3.21)
This implies that
[l _p”2 < lzn — p||2 — [|n — un||2 +2rp Ty — Up, Az, — Ap) — T72z||A33n - Ap||2
< lzn = plI2 = |20 — un||? + 2rn (20 — tn, Azn — Ap) (3.22)
< lzn = pl? = 20 — unll® + 2rpl|zn — unlll| Az, — Apl|.
By (3.21) and (3.22), we obtain
[y = II? < 2w = plI* = llzn — unll® + 20|20 — unll|| Az, — Apl| + 0., (3.23)
which implies that

ln = unll* < llwn = pI* = llyn = plI* + 2rnllwn — un || Azn — Apl| + 6,

< llon = ynll(ln — Il + lyn = pll) + 2rnll2n — unlll|Azn — Ap|| + 65
(3.24)
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This implies by (3.17) and (3.24) that

lim |luy, — x,| = 0. (3.25)
From (3.15) and (3.25), we have

un — wnti1ll < fJun — 2ol + |20 — Toagrl| + |Tn41 — wnt1]] — 0, as n — oo.

(3.26)
Similarly, from (3.17) and (3.25), we have
m — | < llgn — @ll + 0 — wnll = 0, a5 7 o0. (3.27)
Since
(1 = an)llwptn = unll = llyn — unll; (3.28)
it implies by 0 < a,,, < d < 1 that
([Whttr, — unl| = ||3J1n__:nn|| Hyz :Zn” — 0, as n — oo. (3.29)

Step 3. We show that there exists a subsequence {x,,} of {z,} which converge
weakly to z, where z € FNGMEP.

Since {z,} is bounded and C' is closed, there exists a subsequence {x,,} of
{z,,} which converges weakly to z € C. From (3.25), It follows by (3.26), (3.29)
and Lemma 2.8 that z € F. Next, we prove that z € GM EP. Indeed, we observe
that u, = K, (x, — rnAz,) and

1
F(un,y) + () — o(un) + (Axp, y — un) + T,_<y — Up, Up — Tp) >0, Vy € C.
(3.30)
By (4z), we get

oY) — p(un) + (ATp, y — up) + T,i<y = Un,y Un — Tp) > F(y,un). (3.31)

n
Replacing n by n;, we obtain
Un,

I " Ty > Fly,u,). (3.32)

uz

o(y) = p(un,) + (ATn, Yy — up) + (Y — un,,

Put z; =ty + (1 —t)z for all t € (0,1] and y € C. Then, we have z; € C. So, we
have

Uy, — Ty
(2t = Un,, Az) > (20 — un,, Aze) — (ATp, 20 — Up,) — <Zt — Un,, %>
n;

+ F(Ztv unz) - @(zt) + @(um)
= (2t — Up,, Azt — Aup,) + (2t — Un,, Ay, — Axy,) (3.33)

Up, — Tp,;
= (o= s B o) = ) + ()
in
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Since ||tun; — Tn,|| — 0, we have || Au,, — Az, || — 0. Further, from monotonicity
of A, we have (z; — up,, Azt — Aup,;) > 0. So, by (A4) and the weakly lower
semicontinuity of ¢, we have

(2t — 2, Az) = F(z1,2) — p(2t) + ¢(2). (3.34)
It follows by (A1) and (A4) that

0= F(z,2t) — (2e) + ¢(z)
<tF(z,y) + (1 = t)F (zt,

to(y) + (1—t)90(2) — ()

z) +
= t(F(2t,9) + (y) — @(2t)) + (1 = 1) (F (21, 2) + (2) — @(2¢))

< t(F(2,9) +(y) — @(20)) + (1 =) (2 — 2 A2t>

=t(F(zt,y) + (y) — ¢ Zt)) + (1 =ty — 2, Az) (3.35)
and hence

0 < Flz,y) +@y) — plz) + (L= t)(y — 2, Az). (3.36)
Letting t — 0, we have, for each y € C, that

0< F(z,9) +oy) —¢(2) + (y — 2, Az). (3.37)

This implies that z € GM EP.

Step 4. We prove that z, — z, u, — 2, where z = PrrgmEPT1.

Putting 2z’ = Prrgumepr1 and consider the sequence {x1 — x,,}. Then we
have z; — x,, — x1 — 2z and by the weak lower semicontinuity of the norm and
lz1 = Zpt1l] < |Jz1 — 2’| for all n € N which is implied by the fact that z,+1 =

Pg,  ,x1, we have
21 — 2| < [lzn — 2|
< liminf |21 — xp,
n—oo
< limsup ||z1 — 2z, ]| (3.38)
n—oo
< o = 2.
This implies that ||z1 — 2’| = ||z1 — 2||. By the uniqueness of the nearest point

projection of x7 onto F N GM EP that
2y = @, | = 21 = 2] (3.39)

This implies that z,, — 2z’. Since {z,} is an arbitrary sequence of C, we can
conclude that x, — 2. By (3.25), we have that u, — 2’ also. This proof is
completed. [l
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