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Abstract : In this paper, we study three-step iterative algorithm with errors for
four nonexpansive mappings in uniformly convex Banach spaces. Also we have
proved strong convergence theorem for above said algorithm and mappings by
using condition (GA) which is a generalization of condition (A) [1] and a weak
convergence theorem by using Opial’s condition [2]. The results presented in this
paper improve and extend the corresponding results of Khan and Fukhar-ud-din
[3], Takahashi and Tamura [4], Boonchari and Saejung [5] and many others.
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1 Introduction

Let E be a normed space and K be a nonempty subset of E. A mapping
T: K — K is said to be nonexpansive if |Tax — Ty|| < ||z —y] for all z,y € K.
Nonexpansive mappings have been widely and extensively studied by many authors
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in many aspects. One is to approximate a fixed point or a common fixed point of
nonexpansive mappings by means of an iteratively constructed sequence.

Let R,S,T,U: K — K be four mappings. Xu [6] introduced the following
iterative scheme,

(a) The sequence {z,} defined by

r1 € K,
Tpt1 = ATy + b, Ty + cpuy, n>1 (1.1)
where {a, }, {bn}, {cn} are sequences in [0, 1] such that a,, + b, +¢, = 1 and {u,}
is a bounded sequence in K, is known as Mann iterative scheme with errors. This
scheme reduces to Mann iterative scheme [7] if ¢, =0, i.e.,
1 € K,
Tyl = nZn + (1 —apn)Txp, n>1 (1.2)
where {a,} is a sequence in [0, 1].
(b) The sequence {z,} defined by

T € K,
Yn = aL Ty, + 0, Ty + v,
Tng1 = AnTn + 0pTYn + Cpn, n>1 (1.3)
where {an}, {bn}, {cn}, {a,}, {b}, {c,,} are sequences in [0, 1] satisfying a, +
bp+c, =1=al +b),+c, and {u,}, {v,} are bounded sequence in K, is called the

Ishikawa iterative scheme with errors. This scheme reduces to Ishikawa iterative
scheme [8] if ¢, =0=¢), i.e.,

1 € K,
Yn = aLxn + (1 —a, )Ty,
Tpn+1 = ApnTn + (1 - an)Tynv n Z 1 (14)

where {a,}, {al,} are sequences in [0, 1].
A generalization of Mann and Ishikawa iterative schemes was given by Das and
Debate [9] and Takahashi and Tamura [4]. This scheme dealt with two mappings:
T € K,
Yn = aLxy + (1 —al) Ty,
Tyl = %y + (1 —apn)Syn, n>1 (1.5)
where {a,}, {al,} are sequences in [0, 1].

(¢) The sequence {z,,} defined by

T € K,
Yn = ahxy + 0, Txp + chvp,
Tn+1 = Andn + bnSyn + Chlin, N > 1 (16)
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where {an}, {bn}, {en}, {al}, {b}, {c,,} are sequences in [0, 1] satisfying a,, +
bp+cn, =1=al, +b, +c, and {u,}, {v,} are bounded sequences in K, is studied
by Khan and Fukhar-ud-din [3].

Recently, Boonchari and Saejung [5] generalized the scheme (1.6) to three
nonexpansive mappings with errors as follows:

(d) The sequence {z,} defined by

1 € K,
Yn = a, Rx, + b, Tx, + ¢ op,
Tn4+1 = anRCCn + bnsyn + Cnln, N Z 1 (17)

where {an}, {bn}, {en}, {al}, {b}, {c,,} are sequences in [0, 1] satisfying a,, +
bp+c, =1=al, +b,+c, and {u,}, {v,} are bounded sequences in K. Also they
have proved weak and strong convergence theorems for said scheme in uniformly
convex Banach spaces.

Inspired by [3, 5, 10], we extend the scheme (1.7) to the three-step iteration
scheme for four nonexpansive mappings with errors. The scheme is as follows:

(e) The sequence {zy} defined by

T € K,
zn = an Rxy, + 0 Uzy, + chwy,
Yn = aL, Ray, + b, Tz, + ¢l op,
Tna1l = @ RTp + bpSYn + Cpty, n>1 (1.8)

where {an}, {bn}, {cn}, {al}, {0}, {c,}, {al'}, {0}, {c!} are sequences in [0, 1]
satisfying a,, + by, + ¢, = al, + b, + ¢, = all + b + ¢! =1 and {u,}, {vn}, {wn}
are bounded sequences in K.

2 Preliminaries

Let E be a Banach space and let K be a nonempty closed convex subset of F.
When {z,} is a sequence in E, we denote strong convergence of {z,} to x € E by
x, — x and weak convergence by x, — x.

A Banach space E is said to satisfy Opial’s condition [2] if for any sequence
{zp} in E, ,, — z it follows that limsup,,_, ., ||zn — z| < limsup,,_, . ||zn — ¥l
for all y € E with y # x. For every ¢ with 0 < & < 2, we define the modulus dg/(g)
of convexity of E by

. rT+y
si(e) = nt {1 P o < Lyl < 1o - o 2 .

A mapping T: K — F is said to be demiclosed with respect to y € FE if for
each sequence {z,} in K and each z € E, x,, = = and T, — y it follows that
re KandTx =y.

Next, we state the following useful lemmas to prove our main results.
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Lemma 2.1 ([11]). Let E be a uniformly convex Banach space and 0 < « < t,, <
B <1 for all n € N. Suppose further that {x,} and {y,} are sequences of E such
that

limsup [|z,|| < a, limsup ||y,]| < a

n—00 n—o0
and

WILII;O [tnan + (1 = tn)ynl =a
hold for some a > 0, then lim,_, ||z, — yu|| = 0.

Lemma 2.2 ([12, Lemma 1]). Let {an}22, {8n}52 be two sequences of nonney-
ative real numbers satisfying the inequality

ang1 <y + Bn, Yn > 1
If 3200 Bn < 00, then limy,_ oo vy exists.

Lemma 2.3 ([13]). Let E be a uniformly convex Banach space satisfying Opial’s
condition and let K be a nonempty closed convex subset of E. Let T be a non-
expansive mapping of K into itself. Then I — T is demiclosed with respect to
zero.

The purpose of this paper is to study the three-step iteration scheme (1.8) for
four nonexpansive mappings with errors and prove weak and strong convergence
theorems for said scheme. The results presented in this paper extend and improve
the corresponding results of Khan and Fukhar-ud-din [3], Takahashi and Tamura
[4], Boonchari and Saejung [5] and many others.

3 Main Results

In this section, we shall prove weak and strong convergence theorems of the
iteration scheme defined by (1.8) to a common fixed point of the nonexpansive
mappings R, S, T and U. Let F denote the set of all common fixed points of R,
S, T and U.

Lemma 3.1. Let E be a uniformly conver Banach space and K be its nonempty
closed convex subset. Let R, S, T, U: K — K be nonexpansive mappings and
{xn} be the sequence as defined in (1.8) with the restrictions Y ., ¢, < 00,
Yo, <ooand Y e < oco. If F=FR)NEWS)NFT)NFU) # 0,

then limy, o0 [T — p|| exists for allp € F = F(R)YNF(S)NF(T)NF(U).

Proof. Letpe F = F(R)NF(S)NF(T)NF(U). Since R, S, T, U are nonexpansive
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mappings, from (1.8) we have

lzn = pll = llan Rzn + byUzn + chwn — p
< ay [|Rzn — pl| + by [[Uzn — pl| + € [[wn — |
< ap lzn = pll + by, lzn — pll + ¢ [lwa — p
< (ay + ) [lz = pll + 5 [lwn — pl|
=1 =) lzn —pll +c; lwn —p
< lzn = pll + A (3.1)

where A, = ¢ ||w, —p||. Since 07, < oo, it follows that Y7 | A, < oco.
Again from (1.8) and (3.1), we have

g = pll = llaf, R + ¥, T, + v, — p|
< dl, | Rey — pll + 8, T2 — pll + ¢, llon — p]
< dl llz = pll + 8 [z — pll + ¢, 0 = pl
< d, [l = pll + B, [llen = pll + Aa] + ¢, [0, — p]
< (dy +8,) 2 — pll + ¥, Au + ¢, 1o — ]
— (1= &) lfen = pll + A + &, [0 — pl
< 0 — pll + Ba (3.2)

where B,, = b, A, +¢), |v, — pl|. Since Y07, ¢}, <ooand Y .2 | A, < o it follows
that > >° | B, < oo. From (1.8) and (3.2), we have

|Zn+1 = pll = llanRry + bnSyn + cnun — p|
< an [|Ren = pll + bn [[Syn — pll + cn [lun — pl|
< an [|zn = pll + bn |yn — pll + cn |lun — pl|
< an||@n = pll + ba[llzn — pll + Bn] + cn |lun — pll
< (an +by) |20 = pll + bn By + ¢ |lun — pl|
= (1 =) [|wn = pll + bnBn + cn [Jun — pl|
< llzn = pll + Da (3.3)

where D,, = b,B,, + ¢, ||un —pl|. Since Y07 ¢, < co and Y oo B, < o0 it
follows that > | D, < co. Hence by Lemma 2.2, lim,,_.« ||z, — p|| exists. This
completes the proof. O

Lemma 3.2. Let E be a uniformly convex Banach space and K be its nonempty
closed convex subset. Let R, S, T, U: K — K be nonexpansive mappings and
{xn} be the sequence as defined in (1.8) with the restrictions > .., ¢, < 00,
Yo, < oo, > < ooand 0 < a < bbb < 3 <1 for some

ny¥nrYn

a,Be(0,1). fF=FR)NF(S)NFT)NFU)#0 and

[z =Syl < ||[Rz = Sy, Va,y € K, (3.4)
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and

|l — Rz|| < ||Uz — Rx||, Vz € K, (3.5)
then
i [|Rey — ) = lim [|Sw, — 2| = lim ([T, — ]| = lim Uy — ]| =0,

forallpe F=FR)NFS)NF(T)NFU).

Proof. From Lemma 3.1 we get lim,_,o ||z, — p|| exists. Let limy, o0 ||z — p|| =
r. Then if r = 0, we are done. Assume that r > 0. Next, we want to show that
lim;,, o0 ||RZn — Syn| = 0. We note that {u, — Rz, — p} is a bounded sequence,
0 limy, 00 €y ||un, — Ry, — p|| = 0. From (3.2) we have

lyn —pll < llan —pll + Bn, n =1,
where B, = bl, A,, + ¢}, ||[v, — pl|| such that >">7 | B, < occ.

Taking limsup,, .. in both sides, we obtain

limsup ||y, — p|| < limsup ||z, — p|| = lim |z, — p|| = (3.6)
n—oo n—oo n—oo
Note that
lim sup ||Ty,, — p|| < limsup ||y, — p|| = - (3.7)
n—oo n—oo
Also,
limsup || Rz, — p|| < limsup ||z, — p|| = 7. (3.8)
n—oo n—oo

Next, consider
LI |

= nan;o llan Ry + bpSyn + cruyn, — pl|

= nlin;o |(1 = bp)Ray, + by Syn + cpin — cn Ry, — pl|

= tim [[(1~ b)(Rey ) + bu(Syn — p) + enlun — By — )|

= lim [|(1 = by)(Ren = p) + 0n(Syn —p)|- (3:9)
From (3.7), (3.8) and (3.9), using Lemma 2.1 we have

nh_)rrgo |Rz,, — Syx| = 0. (3.10)

Using (3.4), it follows then that

Ry — x| < |Ren — Synll + [|Syn — @n|
< 2||Rzyp — Syn|| — 0 as n — oo, (3.11)
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and hence
[Syn — xnll < ||Syn — Rxy|| + [|RTn — 2n]] — 0 as n — oo.
Again, we observe that for each n > 1,

20 = pll < llzn — Synll + [1Syn — pll
< lzn = Synll + llyn — 2l

using (3.12), we obtain
r= lim [z, —p| <liminf |y, —p||.
This together with (3.6) gives
Jim |y, —p[| = .
Now from (3.1) we have
lzn = pll < 20 = pll + An, n 21,

where A,, = ¢! |wy, — pl| such that > 7 | A, < .
Taking lim sup,,_,., in both sides, we obtain

limsup ||z, — p|| < limsup [z, —p[| = lim_ [z, —p[ =

n—oo n—oo

Also,

limsup ||Tz, — p|| < limsup ||z, — p|| =,
n—oo

n—oo

and

limsup ||Rz,, — p|| < limsup ||z, — p| = r-
n—oo

n—oo

311

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Now from (3.14) and the boundedness of the sequence {v,, — Rz, — p}, we have

r= lim [y, —p|
n—oo

= lim llal, Ry, + bl T2, + chyvn — pl|

lim ||(1—0),)Rx, + b, Tz, + c,vn — ¢, Rz, — D

n—oo

~ lim [[(1 = 8)(Ran — ) + Yu(T20 — p)].
From (3.16), (3.17) and (3.18), using Lemma 2.1 we have

lim ||Rz, — Tz,|| =0.

= lim [|(1 = b;,) (R — p) + 0, (T2n = p) + ¢, (v — R = p)|

(3.18)

(3.19)
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and hence
ITzn — x| < || T2n — Rayn|| + ||R2n — 2n|] — 0 as n — oo. (3.20)

Again note that

limsup ||[Uz,, — p|| < limsup ||z, — p|| =7, (3.21)
n—oo n—oo
and
limsup || Rz, — p|| < limsup ||z, — p|| =, (3.22)
n—oo n—oo
also,

[#n = pll < ll2n = Tzn|| + [ T2n — pl|
< lzn = Tanll + 1z — pll,

using (3.20), we obtain
r= lim |z, —p| <liminf |z, — p] .
This together with (3.15) gives
lim [z, — pl| =1 (3.23)
Now from (3.23) and the boundedness of the sequence {w,, — Rz, — p}, we have
r = Tim ||z - p
= lim |l Rxy, + b Uz, + chw, — p|

= lim |[(1 —0))Rx,, +VUzy, + chwy, — cp Rz — pl|

= lim [[(1 =) (Ren — p) + b, (Uzn — p) + ¢, (wn — Ran — p)|

= lim [|(1 - b;)(Rzn —p) + by (Uzn — )|l (3.24)
From (3.21), (3.22) and (3.24), using Lemma 2.1 we have

lim ||Rz,, — Uzxy| = 0. (3.25)

Using (3.5), it follows then that

[Uzy — 20|l < |Uzn — Ryl + | Rn — 20|
<2||Uzx, — Rzy|| — 0 as n — oc. (3.26)
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Consequently, we have

[#n = Tanl| < [|@n — Taznll + | T2n — Tan|
S lzn = Tanll + l2n — @a|
< ||z — Tzl + |lal Ry, + b Uy + chrwy, — x4]|
< lwn = Tznll + ap |Ry — 2n| + by [Uzyn — 24|
+ c |lwpn — 2| (3.27)

using (3.11), (3.20) and (3.26) in (3.27), we have
lim |x, — Tz,| = 0. (3.28)
And

|20 — Sznll < lzn — Synll + |Syn — Sy ||
<zn = Synll + [[yn — 20l
< lan = Syall + llay Ran + b, T2y + v — x|
<lan = Syall + @, [|Rey — mpl| + 05, [| T2 — 0|
+ ), lvn — (3.29)

using (3.11), (3.12) and (3.20) in (3.29), we have
lim ||Sz, — x,|| = 0. (3.30)

Thus from (3.11), (3.30), (3.28) and (3.26), we have

lim ||Rz, — z,|| = lim ||Sz, —z,| = lim |Tz, — 2,|| = lim ||Uz, — x,| = 0.
n—oo n—o0 n—oo n—oo
This completes the proof. O

We first establish the weak convergence theorem for the iteration scheme (1.8).

Theorem 3.3. Let E be a uniformly convex Banach space satisfies the Opial’s
condition and K, R, S, T, U and {z,} be as in Lemma 3.2. If F = F(R)N
FO)NFT)YNFU)#0,0 < a <b,,b,, b <3<1 for some a,3 € (0,1) and

R, S, U satisfy the conditions (3.4) and (3.5), then {x,} converges weakly to a
common fized point of the mappings R, S, T and U.

Proof. Let p € F = F(R) N F(S) N F(T)N F(U), then as proved in Lemma
3.1, we get lim, o ||zn — p|| exists. Now we prove that {z,} has a unique weak
subsequential limit in F = F(R)N F(S)NF(T)N F(U). To prove this, let ¢; and
q2 be weak limits of the subsequences {x,,} and {z,,} of {z,} respectively. By
Lemma 3.2, lim,,_, ||n — Rzp|| = 0 and I — R is demiclosed with respect to zero
by Lemma 2.3, therefore we obtain Rq; = ¢1. Similarly, S¢1 = q1, Tq1 = ¢1 and
Uqi = ¢1. Again in the same way as above, we can prove that g2 € F(R)NF(S)N
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F(T)N F(U). Next, we prove the uniqueness. For this we suppose that ¢; # ¢a,
then by the Opial’s condition

lim ||z, —qi = lim [|z,, —aq
n—oo 11— 00
< lim ||xn1 - q2||
11— 00
= lim ||z, — ¢||
n—oo

= lim [, — o
—00

J
< lim ||z, — 1]

J—

= lim |[[zn —q].
n—oo

This is a contradiction. Hence {z,} converges weakly to a common fixed point in
F=FR)NF(S)NF(T)NF(U). This completes the proof. O

Our next aim to prove strong convergence theorems. Recall that the following;:
A mapping T: K — K where K is a subset of E, is said to satisfy condition (A)
[1] if there exists a nondecreasing function f: [0,00) — [0,00) with f(0) = 0,
f(r) > 0 for all » € (0,00) such that ||z —Tz| > f(d(z,F(T))) for all x € K
where d(z, F(T)) = inf{||Jx — 2*|| : * € F(T)} and F(T) denote the set of all
fixed points of T'.

Senter and Dotson [1] approximated fixed points of nonexpansive mapping T
by Mann iterates. Later on, Maiti and Ghosh [14] and Tan and Xu [12] studied the
approximation of fixed points of a nonexpansive mapping 1" by Ishikawa iterates
under the same condition (A) which is weaker than the requirement that T is
demicompact.

We modify the condition (A) for four mappings R, S,T,U: K — K as follows:

Four mappings R, S,T,U: K — K where K is a subset of E, are said to satisfy
condition (GA) if there exists a nondecreasing function f: [0,00) — [0, 00) with
f(0)=0, f(r) > 0 for all r € (0,00) such that

1
7 (lle = Boll + 2 = Sz + | = Tal| + |l = Ua| ) > f(d(x, F)

for all z € K where d(z, F) = inf{|jz —z*|| : a* e F=F(R)NFS)NFT)N

Note that condition (GA) reduces to condition (A) when R =S =T = U.
We shall use condition (GA) instead of the compactness of K to study the strong
convergence of {xz,} defined as in (1.8).

Theorem 3.4. Let E be a uniformly conver Banach space and K, {x,} be as
in Lemma 3.2. Let R,S,T,U: K — K be four nonexpansive mappings satisfying
condition (GA). If F = F(R)NF(S)NF(T)NF(U) # 0,0 < a < b, b, bl <B<1

for some o, B € (0,1) and R, S, U satisfy the conditions (3.4) and (3.5), then {x,}
converges strongly to a common fixed point of the mappings R, S, T and U.
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Proof. By Lemma 3.1, we know that lim, ., ||z, — p|| exists for all p € F. Let
lim,, oo ||&n — p|| = 7 for some r > 0. If r = 0, we are done. Suppose that r > 0.
By Lemma 3.2 we know that

lim ||Rz,, — x| = lim ||Sz, — x| = lim | Tz, — 2| = lim ||Uz, — 2, = 0.
n—oo n—oo n—oo n—oo
Let M = sup,,~{||un — x,|}. Moreover, from (3.3), we have

[zn+1 = pll < llzn — pll + Da
= ||2n = pll + buBp + cn [Jun — pl|
<|l@y = pll + Bn + enlllun — znll + [|2n — pll)
< (I +cn)l|lzn —pll + By +caM
< (I +cen) lzn —pll + (Bn + )M (3.31)

where D,, = b, B,, + ¢, ||un, — p|| with 220:1 B,, < oo and Ezozl D,, < co.
This implies that d(zp41,F) < (1 + ¢p)d(2n, F) + (Bn + ¢n)M and hence
lim,, oo d(zy, F) exists by virtue of Lemma 2.2. By condition (GA), we have

lim f(d(zn,F)) =0.
Since f is a nondecreasing function and f(0) = 0, therefore lim,,—.o d(zn, F) = 0.
Next, we show that {z,} is a Cauchy sequence in E.
Let € > 0. We choose a positive integer N; such that

d(zn,, F) < Z. (3.32)
We next choose p* € F such that
. €
lan, — 2l < = (333)

By limy, o0 ||2n — p|| exists, the sequence {||z, —p||} is bounded. Let M* =
sup,,>1{/[zn — pll, M}. Then from (3.31), we have

lzns1 —pll < |lzn —pll + (Bn +cn) M™. (3.34)

Since Ef;l cnp < 00 and Ef;l B, < oo, there exists a positive integer No such
that

3 o< Z, (3.35)
k=Ns

where 0, = (By, + cx)M*. We take N = max{Ny, Na}. Let n > N and m > 1. Tt
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follows from (3.33), (3.34) and (3.35) that

|Zntm — Zoll < [|Tnem — 2% + [[p" — 24|

n+m—1
< lzn =2 + Z Ok + llp* — @nll
k=n
n+m—1

=2|lzn —p* |+ D 6
k=n

n—1 n+m—1
§2|xN—p*|+2{Zek+ > 9k}

k=N k=n
n+m—1
<2an —p+2 Y 6y
k=N
€ €
<2-42-=c¢.
< 4+ 1 €

Hence {x,} is a Cauchy sequence in E. Since K is closed, x, — = € K. By the
continuities of R, S, T, U and (3.11), (3.30), (3.28), (3.26), we get Rz = Sx =
Tr=Uz =z Soxze€F=FR)NF(S)NF(T)NF(U). This shows that {z,}
converges strongly to a common fixed point of the mappings R, S, T and U. This
completes the proof. O

For our next result, we shall need the following definition.

Definition 3.5. Let K be a nonempty closed subset of a Banach space E. A
mapping T: K — K is said to be semi-compact, if for any bounded sequence {z,, }
in K such that lim,, o |2, — Tz, || = 0, there exists a subsequence {x,,} C {z,}
such that lim, .. Tn; =2 € K.

Theorem 3.6. Let E be a uniformly conver Banach space and K, {x,} be as
i Lemma 8.2. Let R,S,T,U: K — K be four nonexpansive mappings. If F =
F(RYNF(S)NF(T)NF(U) #0,0 < a < by, b, b < B < 1 for some a, 8 € (0,1)
and R, S, U satisfy the conditions (3.4) and (3.5). Suppose one of the mappings
in {R,S,T,U} is semi-compact. Then {x,} converges strongly to a common fized

of the mappings R, S, T and U.
Proof. Suppose R is semi-compact. By Lemma 3.2, we have
lim ||, — Rx,|| = 0.

So there exists a subsequence {x,, } of {x,} such that lim; . ,; = 2* € K. Now
Lemma 3.2 guarantees that limy,; .. Hxnj — Ry, H =0, lim,, - me — S’xnj H

=0, limy,; 00 me — T:vnjH =0, limy,; oo me — anjH = 0andso ||z* — Ra*|| =
0, ||la* = Sz*|| =0, ||lz* — Tz*|| =0, ||«* — Uz*|| = 0. This implies that z* € F =
F(RYNF(S)NF(T)N F(U). Since lim,— o d(zy,F) = 0, it follows, as in the
proof of Theorem 3.4, that {x,} converges strongly to a common fixed point of
the mappings R, S, T and U. This completes the proof. O
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Ifo)! = ¢! =0and R=U = I (the identity map), then (3.4) and (3.5) are
automatically satisfied and we have the following.

Corollary 3.7 ([3, Theorem 1, Theorem 2]). Let E be a uniformly convex Banach
space and K, S, T and {xz,} be as in Theorem 3.4. Suppose F(S) N F(T) # (.
Then

1. If E has the Opial’s condition, then {x,} converges weakly to a common
fized point of the mappings S and T'.

2. If the mappings S and T satisfy condition (A"), then {x,} converges strongly
to a common fized point of the mappings S and T .

Remark 3.8.

(i) Theorem 3.3 and 3.4 extend Theorem 6 and 7 of Boonchari and Saejung [5]
to the case of three-step iteration scheme with errors for four nonexpansive
mappings considered in this paper.

(ii) Theorem 3.3 and 3.4 also extend and improve the corresponding results of
Khan and Fukhar-ud-din [3] in the following ways:

(a) We remove the boundedness of K.

(b) The identity mapping in [3] is replaced by the more general nonexpan-
sive mapping.

(c) The two-step iteration scheme with errors in [3] for two nonexpansive
mappings are extended to the three-step iteration scheme with errors
for four nonexpansive mappings.

(111) Our results also extend and improve the corresponding results of Takahashi
and Tamura [4] to the case of three-step iteration scheme with errors for
four nonexpansive mappings considered in this paper.

The following example shows that our results extend substantially the results
in [3].

Example 3.9 ([10]). Let E be the real line with the usual norm | - | and let
K =[-1,1]. Define R,S,T,U: K — K by

z, ifx€l0,1], —sinz, ifx€[0,1],
R(z) = | S() =

-z, ifxe[-1,0). sinx, ifx € [-1,0).

3. ael01], 5 Wxel01],
T(x) = and U(zx) =

-2, ifxe[-1,0). -3, ifwre[-1,0).

for x € K. Obviously, F(R)NF(S)NF(T)NF{U) = {0}. Now we check that
S is nonexpansive. In fact, if x and y € [0,1] or if x and y € [-1,0), then
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|Sz — Sy| = |sinz — siny| = 2|cos T sin 52| = 2|sin 52| < 2|22 | = |z —y|; if

z €10,1] and y € [-1,0) or x € [-1,0) and y € [0,1], then

I+yCOSx_y

2 2

|Sz — Sy| = |sinx + siny| = 2|sin <l|lz4yl < |z -yl
That is, S is nonexpansive. Similarly, we can verify that R, T and U are nonezx-

pansive. Moreover, it is not difficult to see that nonexpansive mappings R, S, T
and U satisfy condition (GA).
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