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Abstract : Let D = {z € C : |z|] < 1} and dA(z) be the normalized area
measure on D. For a > —1, let d\,(z) = % where dAq(z) = (a+ 1)(1 —
|2|2)*d A(z). In this paper we have shown that if the Toeplitz operator Ty defined
on the weighted Bergman space LZ(dA,) belongs to the Schatten class S,,1 <
p < oo, then 5 € LP(D,d\,) where q~5 is the Berezin transform of ¢. Further, if
¢ € LP(D,d\y) then ¢ € LP(D,d\,) and T, € S,. Also, we find conditions on
bounded linear operator C' defined from L2(dA,) into itself such that C € S,
by comparing with or involving Toeplitz operators on weighted Bergman spaces.
Applications of these results are also discussed.
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1 Introduction

Let dA(z) denote the Lebesgue area measure on the open unit disk D, normal-
ized so that the measure of the disk D equals 1. For o > —1, the weighted Bergman
space L2(dA,) is the Hilbert space consisting of analytic functions on D that are
also in L?(D,dA,) with respect to the measure dA, = (a + 1)(1 — |2]?)*dA(2).
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The reproducing kernel in L2?(dA,) is given by

1

Ko(z) = 1 —wz)za

for z,w € D. If (,), denotes the inner product in L?*(D,dA,) then (h, K), =
h(w), for every h € L?(dA,) and w € D. Using the reproducing property of K&
we have

1

KQQZKaKaa:Ka _ ,
H wHa < w? w> w(w) (1_ |w|2)2+°‘

thus the normalized reproducing kernel
(1 - Jwl?) *5*
(1 —wz)2te ’

ko (2) =

for z,w € D. The sequence {€2(z)}.—, = { %

o0
z"} forms an orthonor-
n=0

mal basis for the weighted Bergman space L2 (dA,). The ortﬁogonal projection P,
of L?(D,dA,) onto L?(dA,) is given by

(Pag)(w) = (g, K2)o = / dA,(2),

1
ID)9(2)(

1 —zw)?te
for g € L*(D,dA,) and w € D. Given ¢ € L*°(D), the Toeplitz operator T} is
defined on L2(dA,) by

Tyh = Py (oh).

Thus we have

(Th)(w) = /D %d/la(z), for h € L2(dA,) and w € D.

We define the Berezin transform of a bounded linear operator S on L2(dA,) to be
the function S defined on D by
S(w) = (Sk&, k), for w e D.

w? tw

Let ¢(w) = (Tpk®, k%), for w € D. That is, ¢ = Ty. Let dAq(2) = K%(2)dAq(2) =

w? Tt w
%, the Mobius invariant measure on D. Let H>(D) be the space of

bounded analytic functions on D. Let L2(D) be the subspace of L?(D,dA) con-
sisting of analytic functions. The space L2(D) is called the Bergman space.
The reproducing kernel of L2(D) is given by K(z,w) = K.(w) = ﬁ Let

k. (w) = ((lljlz’zljz These functions k, are called the normalized reproducing ker-
nels of LZ(D). Let ¢ : D — D be analytic. Define the composition operator
Cy from LZ(D) into itself by Cyf = fo¢p. The operator Cy is a bounded linear

operator on L2(D). The little Hankel operator Sy : L2(D) — L2(D) is defined
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by Sef = PJ(¢f) for ¢ € L>(D) where J : L*(D,dA) — L?*(D,dA) is de-
fined as Jf(z) = f(z) and P is the orthogonal projection from L?(D,dA) onto
L2(D). Similarly one can also define little Hankel operators on L2(D,dA,). For
¢ € L>=(D), the little Hankel operator S, on L2(dA,) with symbol ¢ is the opera-
tor defined by Sy f = PyJo(of) where J, : L?(D,dA,) — L*(D,dA,) is defined
as Jof(z) = f(Z). We can define for each a € D, an automorphism ¢, in Aut(D)
such that

(i) (da 0 ¢a)(z) = 2;
(ll) ¢a(0) =a, (ba(a) =0;
(iii) ¢, has a unique fixed point in D.

In fact, ¢,(2) = =% for all @ and z in D. Given w € D, and h any measurable

function on D, we define

USh = (hoow) k.
Using the identity

]2
1- (bw(z)w = 11 _|;}1L
we have )
K (6(2) = Ty

Since ¢y,09y,(2) = 2, we see that
(Ua(Ugh))(2) = h(z)

for all z € D and h € LZ(dA,). Thus (U2)™! = US and hence U2 is unitary on
L2(dA,). Furthermore
Ts04, Uy = Uy Ty

Recall the following : Suppose A is a positive operator on a Hilbert space H and
x is a unit vector in H. Then

(i) (APz,z) > (Az,z)P for all p > 1;
(il) (APz,x) < (Az,z)P for all 0 < p < 1.

For proof see [1]. If T is a compact operator on a separable Hilbert space H,
then there exist orthonormal sets {u,}>2, and {0,}52, in H such that Tz =
Yool o An{T, un)opn; @ € H where A, is the nth singular value of T. Given 0 < p <
00, we define the Schatten p-class of H, denoted by S,(H) or simply S,, to be
the space of all compact operators T on H with its singular value sequence {\,}
belonging to [P (the p-summable sequence space). We will be mainly concerned

with the range 1 < p < oo. In this case, S, is a Banach space with the norm
T, = Don |/\n|p]% . The class Sp is also called the trace class of H and Sy is

usually called the Hilbert-Schmidt class. It is not difficult to verify that if T is a
compact operator on H and p > 1, then T € S,, if and only if |T|? = (T*T)% € S
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and | T2 = ||T|[|5 = ||T["||:. Let £(LZ(dAq4)) be the set of all bounded linear
operators from L2(dA,) into itself. Throughout we assume p > 1 and S, is the
Schatten p-ideal of £(L2(dA,)). In this paper we characterize bounded linear
operators on L2(dA,) that belong to the class S,,1 < p < co. In section 2, we
find conditions on ¢ such that the Toeplitz operators T defined on the weighted
Bergman spaces belong to the Schatten class Sp,1 < p < oco. In section 3, we find
conditions on C € L£(L%(dA,)) such that C € S,, the Schatten p-class,1 <p < o
by comparing with positive Toeplitz operators defined on the weighted Bergman
spaces L2(dA,) and applications of the result are also obtained. In section 4,
we find necessary and sufficient conditions on ¢ € L?(D,dA) such that the little
Hankel operator Sy defined on L2(D) belong to the class Sp,2 < p < co. In
section 5, using the p — C* summing conditions, we obtain a characterization
for bounded linear operators to belong to the class S,. In fact, we have shown
that if A € £(L2(dA,)) then T5ATy € S, if ¢ € H™(D) and [¢]* € LP(D,d)a).
Also using the concept of m-Berezin transform, we find conditions on ¢ such
that the composition operators defined on L2?(D) belong to the Schatten class
Sp,1 < p < oo.

2 Schatten Class Toeplitz Operators

In this section, we find conditions on ¢ such that the Toeplitz operators Ty
defined on the weighted Bergman spaces belong to the Schatten class S,,1 < p <
oo. Let

BT = {f € L'(D,dA) : || fllBr :stelg[ﬂ(z) < oo}.

The space L is properly contained in BT (see [2]) and if ¢ € BT then T}y is
bounded on L2(dA,) and there is a constant C such that ||Ty|| < C||¢|| s

Theorem 2.1. Suppose 1 < p < 0o and d\,(z) = %,a > —1 Then the
following hold: (1) If Ty € Sy, then ¢ € LP(D,d\y). (2) If ¢ € LP(D,dAs) then
¢ € LP(D,d),) and Ty € Sp.

Proof. Suppose Ty € S,. Then
[Tk k), dhaw) < o
D

Hence, [; <(T$T¢)%ko‘ ko‘> do(w) < 00. If 2 < p < oo, then

w? T w

<(T;T¢)%ka k"‘>a Ao (w) < oo.

w Tw

[ mprans k)i v < |
D

D
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It follows therefore that
[ 1Patotn)dnaw) = [ IPLUE @R 2N w)
— [ IoaTang o)
D
= [ Iz w)
D
:/D<T;T¢k$,k$> D (w) < 00,

Now

|Pa(¢0¢w)(0)| = Pa(¢0¢w)a 1>0¢|

(
<U“(T¢k$)v Dal
(T

Thus
/D [P (6062) (0)PdAa(w) < o0

That is, [ |6(w)[PdAg(w) < 0o and ¢ € LP(D, d),). Suppose 1 < p < 2. Then by
Heinz inequality [3], it follows that
0> [Pk K )adhaw) = [ (76515 Kot )
D

T. kS k& 2
> [ ATADE ()
<|T*|2 -9 k%=k1%>

d)\a w
AT
- / )P oot 1)

2
O'fﬁ ¢|f' [Pa(6060)0) A ()

O .
‘/DCWHB [B)dra(w)
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since
T* 2—pko¢, ka _ 2 &= 7]{:()z
o) w w wr Mw o
<T¢|2kf:,kf;> -
(T Tk, ke T
= || T5kg 1277
= | Pa(dogu) |27
Hence

/ |B(w) [P da (w) < o0
D

and therefore [ [¢(w)[PdAa(w) < co. Thus ¢ € LP(D, d\,).
Now suppose ¢ € L*(D,d\,). Then

/|¢ J|dAa /|¢ |w|( ))2+a
< [(f s 'ZL@(iZZ)dAm) at)

- [ 1otz |/|1 _|4+2a A4, (2)

:/|¢(z)|<K§‘,K?>adAa(z)

- [ eI )lm

the change of the order of mtegratlon being justified by the positivity of the in-
tegrand. Hence ¢ € L*(D,d)\,). Similarly if ¢ € L°(D) then ¢ € L>®(D) as
[o(w)| = {oks, ki)al < kG203 ]2 < [@llocllER I3 = [|6]lo. By Marcinkiewicz
interpolation theorem it follows that if ¢ € LP(D,d)\,) then ¢ € LP(D,d\,) for
1 < p < oo. Now suppose ¢ € LP(D,dN,),1 < p < co. We shall prove Ty, € Sp.
The case p = 400 is trivial. By interpolation we need only to prove the result for

p = 1. Suppose ¢ € L}(D,d)\,) and {e?} = {, / %z”} is the standard
orthonormal basis for L2(dA,). Now (Tyel, e2)a = [, ]ea(2)]? (;5( )dAq(z) and

S (Tyed, e2)al < / S e (=) Plo(2) [dAa )
n=0 Dn:O
< / K2(2)[6(2)|dAa(2)

- / 16(2)dAa(2)
D

Thus Ty € S1 and [|Ty|ls, < [} |#(2)|dAa(2). This proves the claim. O
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3 Bounded Linear Operators on Weighted

Bergman Spaces
In this section, we find conditions on C € L£(L2(dA,)) such that C € S,
the Schatten p-class, 1 < p < oo by comparing with positive Toeplitz operators

defined on the weighted Bergman spaces L2(dA,) and applications of the result
are also obtained.

Theorem 3.1. Let ¢ € LP(D,d)\,),v € LY(D,d)\,) where 1 < p,q < oo. Let
C € L(L2(dA,)) is such that

(OKG Kal? < (T 5 K)o T K2, K2, (3.1)
Jor all z,y € D. Then C € Sy, and ||C||5, < [|T)4llpITiy|llq where % + % =1

Proof. First we show that (3.1) implies

|<Cfa g>0¢|2 < <T'\¢\fa f>oc<T'\1ll\gvg>oc

for all f,g € L3(dAs). Let f =327 | ¢; Ky where ¢; are constants, y; € D for
j=12,..,nandg= 3", d;K$ where d; are constants, z; € D fori = 1,2, ..., m.
Then

Cf,9).] = <C > oK ,Zdz‘K?i>
1=1

j=1 N
= Y od(cKg, K2
i=1,j=1 @
< 3 ol [{exg ke |
i=1,j=1 *
<« « « % (07 (67 l
< Y leilldl (TioKg, K5, ) (T K2, K2)2
i=1,j=1 @
—<T¢ D oKy, ,chK;;> <Tw (ZdiK;>,ZdiK:i>
j=1 j=1 o i=1 i=1 «

= (Tt 1) (Thu199)

Since the set of vectors {d ¢; K2,z € D,j = 1,2,..,n} is dense in L2(dA,),
hence

KCf.g)al> < (T f a(Tle19: 9a
for all f,g € L2(dAy). If ¢ € LP(D,d),), then Tjy| € S, and

1
ITiolly = (traceT ¥ < .
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Similarly since ¢ € LY(D, d\,) then
1
[Ty llq = (traceT}y,) < oco.

Let {u,}5°, and {0, }°, be two orthonormal sequences in L2(dA,). Then using
Holder’s inequality, we obtain that

Z |<Cunu Un>o¢|2r S Z<11|¢|unu un>g<1—‘\¢\0’n7 0n>g
n=0

n=0

: <Z<ﬂ¢|“m“n>ﬁ> (Z<m|an,an>g>
n=0 n—=0
S (ZO<11|;ZB|U’”’U”>O‘> (ZO<11|31’|0-"’0-">0‘>

r

p\7 q )4
< (traceT‘d)‘) (traceT‘w‘)

1 1 1
=T oI T Iz if ===+~ .
Tl Tl 3 5 =~

Thus . L
[1Cll2r < I Tigill5 Ty llg -
O
Corollary 3.2. If ¢,% € LP(D,d)\,) and C € L(L2(dA,)) is such that
HCKS Kd)al? < (Tig K K o(Tjp K, Ko
for all z,y € D then [|C|13 < | Tjgllpl|Tju lp-
Proof. The proof follows from the Theorem 3.1 if we assume p = q. o

Corollary 3.3. If A, B are two positive operators in L(L2(dA,)) and A € S,, B €
Sy, 1 <p,qg< oo and C € L(L2(dA,)) is such that

(e} a 2 a a a a
|<0KyaKm>0¢| S <AKy aKy>Ot<BKm7Kz>Oé

for all z,y € D then [|C|3, < [|Alp|IBllg if 5 + ¢ = 7- If p = q, then |C[} <
A1l Bllp-

Proof. Proceeding similarly as in Theorem 3.1 and Corollary 3.2 by replacing T},
by A and T}, by B, the corollary follows. O

Corollary 3.4. If A,B € L(L%(dA,)),0 < A€ S,,1 <p < 0o and (3.1) holds
for z,y € D, then
IC13, < IAlllIBI-
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Proof. Let {u,}3, and {0,}5, be two orthonormal bases for L2(dA,), then

|<C’U/nuan>o¢|2 < <Aun7un>a<Ban70n>a
< (Atn, un)al|Bl|-

Then [(Cup, 0p)a|? < ||B||P(Au,, u,)?. Hence

Z {Cn,n)al? < ||BJIP Z<Aun, Un)f,
n=0 n=0
and [|C[|3, < [|BI[[|All,- O

If ¢ € LP(D,d)\,) then Ty € S,. Hence |Ty| € S,. Thusif B € L(L2(dA,)),C €
L(L%(dAy)) are such that (CKS, K)al? < (|Ty|KS, K a(BKS, K)o for all
z,y €D then C € Sy, and [|C3, < | B[ Z4]]l, -

Corollary 3.5. Let ¢ € LP(D,d)\,),1 < p < oo and ¢ = ¢ where ¢T(2) =

®(Z). Then there exists an operator S € L(L2(dAy)) such that Ty S = ST|g and
| Ti4Slp < 7(S)|T)g)llp where v(S) is the spectral radius of S.

Proof. Since ¢ € LP(D,d\,) and ¢* = ¢, hence T4 and S, are self- adjoint
operators, T|4 € S, and Sy € S,. For details see [1]. Let U be the group of
unitary operators on L2(D). Let Uy = {UAU* : U € U}, the unitary orbit of an
operator A € L(L2(D)).

Define f(X) = ||T}g) — X||, for all X € S,. Then f attains its minimum at
some S € S, on Us, = {US,U* : U € U} and T}y S = STjg|. This follows from
[4]. The operator S is self-adjoint. To prove the corollary we have to show that
for any two orthonormal sequences {u,,}>° ; and {0, }°, in L2(dA,),

S Tjo1 St aa)al” < (S T 5

n=0

Notice that since T}4S = ST|4 and S = S* we obtain

(Tig1Stun, Ondal? = [(Tg)(Stn), On)al?
< (T14/(Stn), Sun)a(Ti¢|0n, on)a
= (5™ T4 Stn, un)a (T15Tns Tn)er
= (T1¢1S*un, un)a{Tig|On; On)a

Repeating this process we obtain

_ (|<T‘¢,‘Sun,an>a|2m)2

m m— m_112
= [<TI¢IS2 s o (Tt wn)2 —H(T]gj0m, 0n)? }

m-+1

|<TI¢|SUnaUn>a|2

m

IN

<T'\¢\S2 un782 un>a<ﬂ¢\un7un>a<ﬂ¢\un7un>z 72<T’|¢|0n;0n>2

[e3%
2

= <S* 11|¢|S2munu un>a<11|¢|unu un)im_l <T‘\¢\0’n7 O'n>(2lm
m41 m_ m
= <T‘\¢\Sz unuun>a<11|¢|unuun>(21 1<11|¢|0'n70n>(21 .
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Thus

m—1 -1 m—1

(TigSun, an)al® < TS Illunl®(Tigjun, un)a (Tig|om; on)q

and

1

B

1 mo 1 2 1_
(D16 Sun, ondal < gl =™ 17 127 [lun || 2™ (Tigjtun, un)d
Letting m — oo, we obtain
|<T\¢\5unv 0n>a|2 < [T(S)]2<T|¢Ium un>a<T|¢|Unu Un>0t

Hence proceeding as in Theorem 3.1 and Corollary 3.2, one can show that ||} S|, <
(S Tigillp-

4 Schatten Class Little Hankel Operators

In this section, we find necessary and sufficient conditions on ¢ € L*(D,dA)
such that the little Hankel operator Sy defined on L2 (D) belong to the class S, 2 <

p < oo. For ¢ € L*(D,dA), define

Vo) =30~ P2 [ 2 aaw),

1—zw)*

Under the complex integral paring with respect to dA, we have V = PJ, where

Pyf(z) = 3 [, (11 |ZJJ})4 w)dA(w) is a projection from L*(D,dA) onto Ll(D).
These operators V play crucial role in obtaining the Schatten class characterization
for S7.

¢

The little Hankel operator Sy can also be defined for ¢ € L*(D,dA) as Sy f =
PJ(¢f) for f € LZ(D). Notice that if ¢ € L*(D,dA), then S5 = Spz in the
sense that S;g = Spgg for all g € H*(D) (which is dense in L2(D)), where P
is the Bergman prOJectlon The operator V has the following property: VP=V,
PV=P and V? =V on L*(D,dA). We verify now that if ¢ € L*(D,dA), then S
is bounded if and only if V¢(z) is bounded in D. Since each k, is a unit vector in
L?(D,dA), we have

[Vo(2)| = 3[(Sgh=, k=)| < 3[1Sgk- |-

Hence |[V¢[ls < 3|[S5l[- On the other hand, S5 = Sp; = Spyg = Sy Thus

Ve
V¢ € L>(D,dA) implies that S5 is bounded with [|Sz{| < |V ¢|c.

Theorem 4.1. Suppose 2 < p < co. Then S5 € S if and only if V¢ € LP(D,dN),
where d\(z) = da(z)

(I-1z[?)*
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Proof. Suppose 2 < p < oo and S5 € Sp. Then

[verarae < [ isghrae)
=3P /D (Sgk=, Sgk=) 2 dA(2)
=3r /D (S5S5k=, k2) 2dA(2)
< [(5359) ke k)arz)
- 3”/D<|S$|pkz,kz>d)\(z) <0

Hence V¢ € LP(D, d\).

Conversely, suppose V¢ € LP(D,d)). We shall show that 55 € Sp. Since
S5 = Syg, it suffices to show that S7 is in S, whenever ¢ € LP(D,dA). In the
following we prove that if ¢ € LP(DD,d\) then S5 € Sp,1 < p < oo. From Heinz
inequality [3], it follows that

(IS51k=, k:) (1S5 ko, Ko)
((S555) 2 ks, k) ((S555) Koy K
(S555)ks, k=) 2 ((S5S5) ks, )
155 el S5+ kuollz

= |PJ(@k:)|2| PTG )2

< [6k:2l6" kol

- ¢ (w) | |k= (u)[*dA(u) : 16" ()2 kw (v)[PdA(v) :
L ) >

< d{Tiyikz, k) (Tip+ | kw, k) for some constant d > 0.

|<S$km kw>|

IN

Thus
|<S$Ku Kw>|2 < d<T\¢>\Km KZ><TI¢+|Kwa Kw>-

Now ¢ € LP(ID,d)) implies |¢l,|¢*| € LP(D,d\). Hence T}y, T|4+| € Sp. Hence by
Theorem 3.1, Sg € Sp. O

5 p—C*" Summing Operators and m-Berezin
Transform

In this section, using the p— C* summing conditions, we obtain a characteriza-
tion for bounded linear operators to belong to the class S;,. In fact, we have shown
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that if A € £(L?(dA,)) then T;AT, € Sy if ¢ € H*(D) and |p]? € LP(D, d)\,).
Also using the concept of m-Berezin transform, we find conditions on ¢ such
that the composition operators defined on L2?(D) belong to the Schatten class
Sp,1 < p < oo.

A linear map T from a C* algebra A into a Banach space X is p— C* summing
(we assume p > 1) if there is a constant C such that, for any finite sequence
{wi}¥, c A" = {w € A: w* = w}, the following condition holds:

N % N
1
(zmw) <O1S
=1 =1
1
2

where |w| = (w*w)2. The least constant C for which this condition is satisfied is
denoted by Cp,(T). It is shown in [5] that T is p-C* summing if and only if there is a
constant C and state ¢ on A such that, for all z in A", | Tx|| < O¢(|x|p)% . The least
of these constants is equal to C,(T'). For example, £(L2(dA,)) is a C*- algebra with
the unit I. Define 7 : £(L2(dAs)) — L(L2(dAs)) by Tp(A) = BAB*. If A >0
then Tg(A) > 0. If A=I and BB* € Sp,p > 1, then Tg(I) = Tg(A) = BB* € S,
In [5] , Nowak has shown that 7p is p — C* summing and C,,(7g) < ||75(Z)||, and
T5(L(L2(dA,))) C S, and Tp is bounded as the map from £(L2(dA,)) into S,
with the norm || 75 (I)||,-

Theorem 5.1. Let p > 1. Let ¢ € H*®(D) be such that |¢|*> € LP(D,d)\,). Then
TSAT, € S, for all A € £(L2(dA,)).

Proof. Let ¢ € H*(D) be such that |¢|? € LP(D,d\,) for some p € [1,00). Then
from [1], it follows that

T$T¢ = T$T¢ = T‘qb‘z (S Sp.

Define 7 : L(L2(dAa)) — L(LZ(dAn)) as T(A) = T,AT; = TyATg. Then
T(A) > 0if A >0 and since T;T, € S, we have T(I) = T,T; € S,. Hence T is
p— C* summing and 7 (A) = T4 AT} € S, for all A € L(L2(dA,)). O

Lemma 5.2. Let p>1,T € L(L2(dA,)) and T,, € S, for alln € N. If T,, — T in
weak operator topology and ||T,|l, < C < 0o for all n € N and for some constant
C>0thenT €S, and |T|, < C.

Proof. For each n € N, define
Cn(K) =tr(T,K).

Then ¢, € S; where %—I—% = 1 and |G|l = [|[Thllp < C < oo. By Banach-
Alaoglu’s theorem [6], there exists a subsequence {(,, } such that ¢,, — ¢ in
w*-topology and ¢ € Sj. Therefore tr(T,, K) = G, (K) — ((K), for all K € 5,
and [((K)| < M| K|, for some constant M > 0. On the other hand, since
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T, — T in weak operator topology, tr(T,K) — tr(TK) for all operators K of
finite rank. The lemma follows since

1T, = sup{|tr(TK)| : rank(K) < co and | K|, <1} < 0.
O

Theorem 5.3. Let T € L(L2(dA,)) and let T = V|T| be the polar decomposition
of T. If T' € S, then V € Sp, if 1 <p < o0.

Proof. Let T,, = T(|T| + )~!. We shall first prove that T, — V strongly as
n — oo. Let {E\} be the spectral family for |T|. Then T,, strongly converges
to I — Ey as n — oo. The reason is as follows: Notice that |T'| = [;* AdE\
is the spectral decomposition of |T'|. Let S, = |T|(|T| 4+ +)~!. Then S,Eof =
(IT|+ L)"HT|Eof =0 for f € L2(dA,) and

180 f = (I = Eo)fII* = |(Sn — I)(I — Eo) fI?

00 A 2
-,

d||Ex(I — Ep) f]?
pun |E( ~ Eo)f|

2
d|| Ex(I — Eo) f]*.

From Lebesgue’s dominated convergence theorem, it follows that S, strongly con-
verges to I — Fy as n — oo. Thus we have T,, — V(I — Ey) strongly as n — oo.
Since Ej is the projection onto the eigenspace {f € L2(dA,) : Tf = 0}, we get
VEy = 0. Consequently, T,, — V strongly as n — oo. Now suppose T € S,.
Then T, € Sy, || Thllp < C < oo for some constant C' > 0 and T,, — V strongly
as n — o0o. By Lemma 5.2,V € 5, . O

If m is a nonnegative integer and z € D, the function KS”) (w) = W, w e
D is the reproducing kernel of z in the weighted Bergman space L2(dA,,), where

dA,, (w) = (m +1)(1 — |w|?)™dA(w).
The m-Berezin transform of an operator S € £(L2(D)) is defined as
(BuS)(2) = (m+ 1)1~ |27 S (1) (<17 (Sl K™ wi k™Y,

7=0
It is clear that B,,S € L>°(D) for every S € £(L?(D)). Using the fact that

(N wf = (1= )™,

=0
we see that if S =Ty with ¢ € L*°(D), then

(Bud)(2) = (BuTy)(2) ) 2
= (m+1)(1- |Z|2)2+m;(7 / |1_w||12v(|2+m dA(w)

3
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|Z| )2+m _ 2\m
| olw (m + 1)1 = [w]")"dA(w)

|1 |1 = zw[2@+m)

- / 6(6:(0)) (m + 1)(1 = p2)™dA(p),

D
where the last equality comes from the change of variables w = ¢.(p). Notice
that ||Bm(@)|leec < |||l for all ¢ € L°(D). The 0-Berezin transform of an

operator is the usual Berezin transform. The m-Berezin transforms of functions
(not necessarily bounded) were introduced by Berezin in [7]. It is not difficult to
verify that for S € £(L2(D)) and m > 0;

(m +2)(1 = |2|*)Bm (S — TSTw) (2) = (M + 1) Bing1 (T1—0:5T1—wz) (2)
for every z € D and || B;S|loo < (m + 2)2™S].
Corollary 5.4. Let ¢ : D — D be analytic. Suppose there is p > 3 such that

sup 1T(B,nCy)op.lp < C and Sup 1T(B,.cy)o0s. Llp < C (5.1)

where C' > 0 is independent of m and B,Cy € LP(D,d)) for all nonnegative
integer m. If further | T, c,|l, < K for some constant K > 0 independent of m
then Cy € Sp.

Proof. Let Cy € L(L%(D)) and satisfies the condition (5.1). It follows from [8]
that Tp,,c, — Cy in L(L2(D)) norm as m — oo. Hence Tg,,c, — Cg. By
Lemma 5.2 and Theorem 2.1, Cy € S, as B,,Cy € LP(D, dN). O
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