THAI JOURNAL OF MATHEMATICS
VOLUME 10 (2012) NUMBER 2 : 275-287

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

A Study on Approximation of Conjugate
of Functions Belonging to Lipschitz Class
and Generalized Lipschitz Class by
Product Summability Means of
Conjugate Series of Fourier Series

Hare Krishna Nigam

Department of Mathematics, Faculty of Engineering and Technology
Mody Institute of Technology and Science (Deemed University)
Laxmangarh, Sikar (Rajasthan), India
e-mail : harekrishnan@yahoo.com

Abstract : In this paper, two new theorems on degree of approximation of a
function f, conjugate to a 27 periodic function f, belonging to Lipa class and
W(L,,&(t) class by (C,1)(F,1) product summability means of conugate Fourier
series have been established.

Keywords : Degree of approximation; Lipa class; W (L, £ (t)) class of func-
tions; (C, 1) summability; (E,1) summability; (C,1)(E,1) product summability;
Conjugate Fourier series; Lebesgue integral.

2010 Mathematics Subject Classification : 42B05; 42B08.

1 Introduction

Let f be a 2m—periodic function and Lebesgue integrable. The Fourier series
associated with f at a point x is defined by

fx) ~ %ao—i—i(ancosnx—i—bnsinnx) = iAn (x) (1.1)
n=1

n=1
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with n'" partial sums s, (f; ). The conjugate series of the Fourier series (1.1) is
given by

Z (an sinnz — by, cosnz) = Z B, (z) (1.2)
n=1 n=1

with n'" partial sums 3, (f;x). We call (1.2) as conjugate Fourier series of function
f throughout this paper.
Loo— norm of a function f: R — R is defined by

[flloe = sup{[f (z)| : 2 € R}

L,— norm is defined by

2 [
i1, = | [1r@ras) et (13)
0
The degree of approximation of a function f : R — R by a trigonometric
polynomial ¢, of degree n under sup norm || ||o is defined by
[tn = flloo = sup{ |tn (x) = f (2)| : © € R} (Zygmund [1]) (1.4)

and the degree of approximation E,,(f) of a function f € L, is given by

En(f) = min ||t = £l (1.5)

This method of approximation is called trigonometric Fourier approximation (TFA).
A function f € Lipa if

fla+t)—f@)=0([t|") for0<a<1 (1.6)

f € Lip(a,r), for 0 <z <27 if

1
=

2
/ Fla+t)—f@de] =0 ,0<a<l, andr>1  (L7)
0

(Definition 5.38 of Mc Fadden [2])

Given a positive increasing function ¢ (¢) and an integer r > 1, f (z) € Lip (£ (t), )
if

[s

/Lﬂx+w—fmwm: —0(() (18)
0
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and that f(z) € W (L., (¢)), if

T

/|f(a:+t) —f(@)|"sin’Tzdz | =0(@), >0, r>1. (1.9)
0

If 8 =0, our newly defined class W (L,, € (t)) reduces to the class Lip (€ (t),r), if
&(t) =t then Lip(£(t),r) class reduces to the class Lip(a,r) and if 7 — oo then
Lip(a,r) class reduces to the class Lipa. We observe that

Lipa C Lip (o, ) C Lip (& (t) ,7) S W (L, &(t)) for0<a <1, r>1.

Let Y07 ,u, be a given infinite series with the sequence of its nt" partial sums
{sn}. The (C,1) transform is defined as the n*" partial sum of (C,1) summability
and is given by

S0+ s1+ 82+ + 85,

ty =
n+1
1 n
= o kZ,OSk_)S as n — oo (1.10)

then the series > > u, is summable to the definite number s by (C, 1) method.
If

n

1
(E,1)=E,11:2—nZ(Z>sk—>s as n — oo, (1.11)
k=0

then the infinite series Y u, is said to be summable (E,1) to a definite num-
ber s ([3]). The (C,1) transform of (E, 1) transform defines (C,1)(E, 1) product
transform and we denote it by (CE)L. Thus if

n

1
(CE). = ZE,%—MS, as n — oo
n—l—lk:O
1 &1 &k
k=0 v=0

where E} denotes the (E,1) transform of s,, and C} denotes (C,1) transform of
Sp. Then the series Y7 u, is said to be summable by (C,1)(E,1) means or
summable (C,1)(E, 1) to a definite number s.

We use the following notations:

Y(t)=f+t)+f(z—1),
1 k k COS(I/—I—%)t
[ﬁz( v ) sin (£/2)

1 1
T = [ﬂ , where 7 denotes the greatest integer not greater than I

)
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2 Main Theorems

A good amount of work has been done on degree of approximation of functions
belonging to Lipa, Lip (a,r), Lip (€ (t),r) and W (L,,& (t)) classes using Cesaro,
Norlund and generalized Norlund single summability methods by a number of
researchers like Alexits [4], Sahney and Goel [5], Qureshi and Neha [6], Quershi
[7, 8], Chandra [9], Khan [10], Leindler [11] and Rhoades [12]. But till now nothing
seems to have been done so far in the direction of present work. Therefore, in
present paper, two theorems on degree of approximation of conjugate of functions
f € Lipa class and f € W (L,,&(t)) class using (C,1)(E, 1) product summability
means of conjugate Fourier series have been established in the following form:

Theorem 2.1. If a function f(x), conjugate to a 27- periodic function f(x)
belonging to the class Lipa, then its degree of approzimation by (C,1)(E,1) product
means of conjugate Fourier series is given by

H O W) fO'I"O <a<l
< o —log((sill))m) fora=1
(2.1)

sw [CE; - T (@)| = [CB; - T (@)

0<z<2m

where (CE)L denotes the (C,1)(E,1) means of series (1.2) and
f(z)= —i/ww(t)cotltdt
o 2r 2
0

provided

n

27> @) " =0m+1). (2.2)

k=t

Theorem 2.2. If a function f(x), conjugate to a 2m- periodic function f(x) be-
longing to class W (L, & (1)), > 1, then its degree of approzimation by (C,1)(E, 1)
product means of conjugate Fourier series is given by

~0 {(n +1)Pr g ((ni 1))] (2.3)

[CE -7 (@)

T

provided that & (t) satisfies the condition (2.2),
t
(y) 1S mon-increasing in t, (2.4)

[s

Ty el —o( 1)) o5
0
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and
]<%‘i)(t)|>rdt :0{(n+1)5}, (2.6)

where & is an arbitrary positive number such that s (1 —§)—1> 0, %—i—% =1, 1<
r < oo, conditions (2.5) and (2.6) hold uniformly in x, (CE)L is (C,1)(E, 1) means
of the series (1.2) and

_ 1 1
F(2) = —— [ 4 (t)cot =t dt. 2.7)
2T 0/ 2

3 Lemmas

For the proof of our theorems, following lemmas are required.

Lemma 3.1.

— 1 1
= el < < .
K, (t) O(t) for O_t_—n—l-l
Proof. For 0 <t < %H,sin (t/2) > (t/7) and |cosnt| < 1
Z ii k \ cos (1/—|— %) t
2k v sin (t/2)

Yol
|sin (¢/2)]

[Kn ()] =

k=0 v=0
1 n
= 1
2t (n+1) kzzo
1
= O —
t

Lemma 3.2. For0<a<b< oo, 0<t <7 and any n, we have

2

K,t)=0 (m) +0 <m2T;2—k> .
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Proof. For 0 < 7#1 <t <m, sin(t/2) > (t/m)

K ()] = 5 (nl = kz_% [2_1@: < ¢ ) C";ff(j/f)”
= 2t(n1+ 1) kz: _%Re{;< ]Z > ei(”é)t}H
2t(n1+ 1) ,é) _21kRe{;)< ]Z ) em}: ’67
2t(n1+ 1) g :21kRe{UZ_;< ]Z ) em}:
2 (n1+ 1) ;:: _%Re{yz:( l; ) em}_
o o fp i ()] e

Now considering first term of (3.1)

T—1

1 1 b k vt 1 =1 k it
men s P50 ] smmelEEs ()
1 T—1 1 k k
2t(n—|—1)kzol2_kuz_o( 1/)1
1 T—1
2t(n+1)]§1
T 2(nt1)
-2
(w5m)- 32

Now considering second term of (3.1) and using Abel’s Lemma
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1 2 [ "k
wt
2t (n + 1) ; 2’€Re{;<u)e H
1 . 1 % k wi
2 (n—i—l)kz:;?’C 0< m< k ,/z—;)< 1/>e
1 G|
2 (n+1)2 kz:;z_k
)2722—] (3.3)
k=T

(|
4 Proof of Theorems.
Proof of Theorem 2.1. Let 5, (f;z) denotes the n'® partial sum of the series
(1.2), then, following Lal [13], we have

T

cos (N 1
Sl T = o [win 0By
0 2

Therefore using (1.2), the (E, 1) transform E} of 5, (f;z) is given by

—f(z)= 27T12n ﬂsiﬁfg/)?) {é( A >cos <k+%> t}dt.

Now denoting (C,1)(E, 1) transform of 5,, by ((CE)}l), we write

@ -70 = 3 | () {5 (4 ) ee (o 5) e} o]
(t) dt

v=0

= 0/ _/ t) =111+ I 2 (say).

(4.1)
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We consider,

=T
hal< [ 1@ K. o]
0
Using Lemma 3.1,
1 1
n+1 tO¢| n+1 ta n;ﬂ
11| = / |—dt: / o bt = {—]
2] @l
0 0
O{ ! }fo 0<ax<l (4.2)
= —_— r @ . .
(n+1)
Using Lemma 3.2, we have
Bzl [ 0] [Fa )]
_1
n+1
r 1 [ o7 "
=0 ———dt 0] —_— —dt
/ CES R / nt1) tl—a;%
T T -
=TI191+ 122 (say). (4.3)
Now we consider,
n 1
1 Olnm Q) ,0<a<1
Li21=0 |- / 2t | = 1(0;7}()"“) . (49
? O 7(n+1) )70421
n+1
Using (2.2), we have
Iiaa=0 /#Hdt _0{#}. (4.5)
"

Combining (4.1) to (4.5) and writing loge = 1,

0] Wr%)a) for0<a<1

0] W) fora=1

|CEE 7| =sup{ [CEE 7| : 2 €027} =

This completes the proof of Theorem 2.1. O
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Proof of Theorem 2.2. Following the proof of Theorem 2.1,

(CE)L — f(x) = + Y (t) Ky (t) dt = oy + 22 (say). (4.6)
[+

Now considering,
st
Bl [ 1@ K. (0] de.
0
Using Holder’s inequality and the fact that ¢ € W (L., & (t)),

i t|¢(t)lsinﬁt}T T "_“{w) |m(t>}}s S
[I2.1] < {7 dt - dt
0/ £(t) 0/ t sint

N T em R0
_O<n—+1) {W} dt| by (2.5).

Since sint > (%) and using Lemma 3.1,

|H

o

(1| Trem
=0 () | [ {s)
0

Since £(t) is a positive increasing function and using second mean value theorem
for integrals,

1 i d 1
t
§<n+1> / <t(2+—ﬁ)s) fOI‘SOHleO<€<n—+1

£

J
| [aaa
J

1 1
)} since —+ - =1, 1 <r < oc. (4.7)
ros
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Now we take,

|hﬂs/NmeFMmﬁ.

n+1

Now using Lemma 3.2,

T t T t "1
|Io2] = O /%dt +0 / W(HTZ—dt

=0 (l221)+0 (12,2,2) (say). (4.8)

Using Holder’s inequality, [sint| < 1, sint > (2¢/m), conditions (2.4) and (2.6)
and using second mean value theorem for integral,

LN T et ewse® L T e )
[I3.21] < (n——l-1> 1/ {—5 0 } dt 1/ {7t—5+251n5t} dt

ol

oo | ] {78 [] (55|
=o{m+1’ n+1{ yigf_)g }? g

3
+
—

5— 1 dy 1
=0<¢(n+1) 1§< ) /m} forsome;ﬁnﬁn-l-l
n

1

ntl dy s 1
_— for some — <1<n+1
1 Yy ™

0—2—-3)+2

ys(2+5-8)-1 nt17%
{8@+ﬁ—®—1h
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Similarly using (2.2), conditions (2.4) and (2.

285

6), |sint| < 1, sint > (2t/7) and

second mean value theorem for integrals,

1

1

| [ {2l | ] (St i)
of fretey [ sy
—o{m+1’} ] {tf(zﬁ}sdt :
=o{m+1’} ] {;@25}% g
o o)} [ et }]m
_O{(n+155<nil)}[ 516)+2rforsome%§1§n+1
ol weve ()} e
:o{ (n+1)‘5§(n}r1>} [(n+1)5+1 5“]
ol ()
_o{(n+1)ﬁ+r5 il)} since = + = =1 (4.10)
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This completes the proof of Theorem 2.2. O

5 Applications
Following corollaries can be derived from our main Theorem 2.2:

Corollary 5.1. If£(t) =t%, 0 < a <1, then the weighted class W (L,,§ (t)),r >
1, reduces to the class Lip (a,7) and the degree of approzimation of a function
f (x), conjugate to a 2w - periodic function f € Lip(a,r), % < a <1, is given by

__ 1
| (CE), — f(z)[=0 <ﬁ> :
(n+1)" "
Proof. The result follows by setting 8 = 0 in (2.3). O

Corollary 5.2. If £(t) = t* for 0 < a < 1 and r = oo in corollary 1, then
f € Lipa and we have

o700 =0 ()

Remark 5.3. An independent proof of above Corollary 5.1 can be obtained along
the same lines of our Theorem 2.2.
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