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Abstract : In this paper, a generalized Shannon-McMillan theorem for the non-
homogeneous Markov chains indexed by an infinite tree which has a uniformly
bounded degree is discussed by constructing a nonnegative martingale and analyt-
ical methods. As corollaries, some Shannon-Mcmillan theorems for the nonhomo-
geneous Markov chains indexed by a homogeneous tree and the nonhomogeneous
Markov chain are obtained. Two results which have been obtained are extended.
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1 Introduction

A tree is a graph G = {T, E} which is connected and contains no circuits.
Given any two vertices a # 3 € T, let a8 be the unique path connecting o and
. Define the graph distance d(a, 3) to be the number of edges contained in o.

In this paper, we mainly consider an infinite tree which has uniformly bounded
degree, that is, the numbers of neighbors of any vertices in this tree are uniformly
bounded. When the context permit, this type of trees are all denoted simply by
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T'. For a better explanation of the tree T, we take Cayley tree T¢ n for example.
It’s a special case of the tree T', the root o of Cayley tree has IV neighbors and all
the other vertices of it have N + 1 neighbors each (see Fig. 1).

Let T be an infinite tree with a root o, the set of all vertices with the distance
n from the root is called the n-th generation of T', which is denoted by L,. In
other words, L,, represents the set of all vertices on the level n. We denote by 7'
the union of the first n generations of 7. Denote by ¢ the ¢-th vertex from the
root to the upper part, from the left side to the right side on the tree. For each
vertex t, there is a unique path from o to ¢, and |¢| for the number of the edges on
this path. We denote the first predecessor of ¢ by 1;, the second predecessor of ¢
by 2¢, and denote by n; the n-th predecessor of t. For any two vertices s and t of
the tree T', write s < t if s is on the unique path from the root o to t. We denote
s At the vertex nearest from o satisfying sAt < s and sAt < t. X4 = {X:,t € A}
and |A| denote by the number of the vertices of A.

level 3 t
level 2 1;
level 1
24
level 0 root o

Fig. 1: An infinite tree T¢ .

Definition 1.1 (see [1]). Let T be an infinite tree, S = {so, s1, $2,...,SN—1} a
finite state space, {X;,t € T'} be a collection of S-valued random variables defined
on the probability space {2, F,P}. Let

p={p(z),z € S} (1.1)
be a distribution on S, and
P, = (P(y|x)), z,yesS, teT. (1.2)
be a series of strictly positive stochastic matrices on S2. If for any vertex ¢,

P(X: =y| Xy, =2, and X, for tAs< 1) =P(X; =y|Xy1, =2) (1.3)
= P(y|z) Vz,y €S,
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and
P(Xp=1z) =p(x), Yz eS. (1.4)

{Xi,t € T} will be called S—valued Markov chains indexed by an infinite tree
defined as before with the initial distribution (1.1) and transition matrices (1.2).

The above definition is an extension of the definitions of Markov chain fields
on trees (see [2]).

Two special finite tree-indexed Markov chains are introduced in Kemeny et
al. [1], Spitzer [3], and there the finite transition matrix is assumed to be positive
and reversible to its stationary distribution, and this tree-indexed Markov chains
ensure that the cylinder probabilities are independent of the direction we travel
along a path. In this paper, we have no such assumption.

It is easy to see that when {X,,t € T'} is a T-indexed Markov chain,

P (xT“”) —p (XT“” - xT(")) —P(Xo=w) [[ Plaz,). (15
teT(™\ {0}

Let T be a tree, {X;,t € T} be a stochastic process indexed by the tree T'
with the state space S. Denote

P (a:T(")) —p (XT“” - xT(")) . (1.6)
Let )
fn(w) = —WlogP (XT(")) . (1.7)

frn(w) will be called the entropy density of X T(n), where log is the natural loga-
rithm. If {Xy,¢t € T} is a T-indexed Markov chain with the state space S defined
by Definition 1, we have by (1.5)

fn(w):_Luogp(Xo)Jr > log Pi(Xy|Xy,)]. (1.8)

(n)
7t teT(™\{o}

The convergence of f,(w) in a sense (L; convergence, convergence in probabil-
ity, or almost sure convergence) is called the Shannon-McMillan theorem or the as-
ymptotic equipartition property (AEP) in information theory. Shannon-McMillan
theorems on the Markov chain have been studied extensively (see [4-7]). In the
recent years, with the development of the information theory scholars get to study
the Shannon-McMillan theorems for stochastic processes on the tree graph (see
[8]). The tree models have recently drawn increasing interest from specialists in
physics, probability and information theory. Berger and Ye (see [9]) have stud-
ied the existence of entropy rate for G-invariant random fields. Recently, Ye and
Berger (see [10]) have also studied the ergodic property and Shannon-McMillan
theorem for PPG-invariant random fields on trees. But their results only relate
to convergence in probability. Liu and Yang (see [11]) have recently studied a.s.
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convergence of Shannon-McMillan theorem for Markov chains indexed by a homo-
geneous tree and the generalized Cayley tree. Huang (see [12]) have discussed some
strong laws of large numbers for Markov chains indexed by an infinite tree with
uniformly bounded degree. Yang and Ye (see [13]) have studied the asymptotic
equipartition property for nonhomogeneous Markov chains indexed by the homo-
geneous tree. Wang (see [7, 14-22]) have also studied the asymptotic equipartition
property for mth-order nonhomogeneous Markov chains and some limit properties
for nonhomogeneous Markov chains and Markov chains field.

In this paper, we study the generalized Shannon-McMillan theorems for nonho-
mogeneous Markov chains indexed by an infinite tree with the uniformly bounded
degree by using the tools of the consistent distribution functions and a nonnegative
super-martingale. As corollaries, some Shannon-McMillan theorems for Markov
chains indexed by a homogeneous tree and the general nonhomogeneous Markov
chain are obtained. Liu and Yang’s (see [4, 13]) results are extended.

2 Main Results and Its Proof

Theorem 2.1. Let T be an infinite tree with a uniformly bounded degree. Let
X = {Xy,t € T} be a T-indexed Markov chain with the state space S defined as
before, {a;,t € T} an arbitrary nonnegative increasing stochastic sequence. Denote
by Hi(w) the random conditional entropy of X; relative to X1,, that is

Hy(w) == > Py(z:|X1,)log Py(w:|X1,), t€T™\{o}. (2.1)
Tt €S
If
1
nlirrgo Z 3 <00 as. (2.2)
teTm\{o} ¢
Hhen log Pi(X¢| X1,) + H.
lim Z og P(Xt X1,) + Hi(w) < 00. a.s. (2.3)
n—oo a
teT(\{o}
1
lim > llog P(Xy|X1,) + Hy(w)] = 0, a.s. (2.4)

n—00 a‘T(n)| tET(")\{o}
where |T(”)| represents the number of all the vertices from level 0 to level n.

Proof. On the probability space (2, F,P), let A =1 or A = —1. Denote

p(z0) 11 Py(z|71,) exp { A(log Pt(thxtlt)JrHt (@) }
teT(m\ {o}

[I U ’

teT(™\{o}

(n)
poNa™) =
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where

Uhz) = E {exp { Allog Pi(X¢|X1,) + Hi(w)) } X, = xlt} (2.6)

a

_ Z eXp{A(lOgPt(Ith?lt) +Ht(w))} . Pt(xt|x1t)- te T(n)\{o}

a
Tt €S t

By (2.5) and (2.6), when n > 1,

Z 1o ()\;IT(H))

zlneShn

p(zo) [ Pi(ze|lzr,)exp { Aog Pr(welos, )+ He(w) }

at

— Z teT(\{o}
: elnestn HteT<n)\{o} Ue(\; )

[T Pi(zi|a1,)exp { Allog Pt(ztflt)JrHt(w))}
= HQ (/\;xT("”)) wLn€Stn t€Ln .

HteLn Ue(\; )
> Pi(mi|z1,) exp { A(log Pt(It‘(lmlt)+Ht (@) }
o () s t
HteLn Ur(\; )

el U(X;x¢) (n—1)
= /\;xT( V) teln DT Xzt . a.s. 2.7
pa ) ey, Uz 1 ( ) @7)

Define po(A; 27" ) = p(x), then

> g (A;xT(O)) =Y plao) =1.

zoES zoE€ES

T(”))

Therefore pg(A; x ,n=0,1,2,... are a family of consistent distribution func-

tions on ST™. Let

(n)

_ M XTT)
Th(A\w) = TP(XT™) (2.8)

By (1.5), (2.5) and (2.8), we have
exp { Z A(log Py (X \;flt)'f‘Ht(w)) }
teT(m\ {0} '
T.(\w) = , n>0. 2.9
) [T UNXy) (29)
teT(™\{o}

It is easy to see that T),(\,w) is a nonnegative sup-martingale from Doob’s mar-
tingale convergence theorem (see [23]). Therefore, we obtain by (2.8)

lim T,(\,w) =T\, w) < 00. a.s. we D(w) (2.10)

n—oo
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Denote Pi(x¢|X1,) by P, in brief, by (2.1) we have

Z /\[10g Pt(xt|X1t) + Ht((.())] ) Pt(:pt|X1t) _ /\[Ht(w) — Ht((.())]

Q¢ Q¢

=0. (2.11)
T €S

By (2.6), (2.11) and the inequality 0 < e¢* — 1 — 2 < (1/2)z2el®!, the entropy
density inequality Hy(w) < log N, noticing that A = +1, we have

0< U\ X)) — 1
¥ {exp { Alog P; + Ht(w))} _,_ Alog P+ Hy(w)) } »

oy g g
1 log P, + H:(w
< ohs 3 (log Pyt Hu(w)?exp {M} P
t T ES t
1 —log P; + log N
< Ta% ZS (log P; +Ht(w))2 exp{a—t P;. a.s. (2.12)
TtE

It is easy to see a; — 00, t — 00 (as n — o0) from (2.2), there exists a positive
integer m such that a; > 2 as t > m. Hence as t > m, by (2.12) and the entropy
density inequality, we obtain

1 —log P, +log N
< g7 2 (s + Ho) exp { TN Ly
1
<55 > (10g P+ Hy(w))? explog(N/P)'/?} P,
2at €S
N 2 51/2
< %2 IZGS (log P + Hy(w))" P
N
< 503 2 l10g P’ P* 4 2H,(w) - P*log P, + (Hy(w))?]
t €S
N
<5 3" [(og P)?P)"* —210g N - P}*log P, + (log N)?]. as.  (2.13)
ai
€S

It is easy to calculate

max{z'/?(logz)?, 0 <z <1} = 16e"%;

max{—z'?logz, 0 <z <1} =27
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By (2.2) and (2.13), we have

Z (Ut()\;Xt) - 1)

teT™\{o}

N 1/2 1/2
< Y 5m > llogP)’R? —210g N - P/ log P, + (log N)?|
teTN\{o} ~ ¢ z.€8

N
Z Z W[16672 +2(log N)2e™* + (log N)?]
teT(m\{o} z€S ~ ¢

IN

N2
= Z F[IGe_2 +4(log N)e ' + (log N)?] < 00, a.5. w€ D(w).
teTen {0} <%

(2.14)
By the convergence theorem of infinite production, (2.14) implies that
lim H Ui(\; X)) converges a.s. w € D(w). (2.15)
T T\ {0}

By (2.9), (2.10) and (2.15), we obtain

Alog Py(X4|X1,) + Hy(w
Z(g(l)())

a

lim exp

n—oo

= a finite number a.s. w € D(w).
teT(™\{o}
(2.16)

Letting A =1 and A = —1 in (2.16), respectively, we have

log Py (X | X H
lim exp Z og P (X X1,) + Hi(w)

= a finite number a.s. w € D(w).
n—oo at

teT™\ {0}
(2.17)
Z —(log Py (X¢|X1,) + Hi(w))

Q¢

lim exp
n—oo

= ¢ finite number a.s. w € D(w).
teTM\ {0}
(2.18)

(2.17) and (2.18) imply that

lim Z IOgPt(Xt|X1t) —|—Ht(w)

converges a.s. w € D(w). (2.19)
n— a

teT(\{o}

Hence (2.3) holds. By (2.19) and Kronecker’s lemma, we have

1
lim Z log P.(X¢|X1,) + H(w)] =0 a.s. we Dw). (2.20)
n—oo CLIT(n)| tET(")\{o}

O
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3 Some Shannon-McMillan Theorems for
Nonhomogeneous Markov Chains on the
Homogeneous Tree

Corollary 3.1. Let X = {X,,t € T} be a nonhomogeneous Markov chain indezed
by a homogeneous tree, fn(w) and Hy(w) be defined as (1.8) and (2.1). Then

lim E [log Pi(X+] X1,) + Hi(w)] <00, a.s. (3.1)
n—00 t
teT\ {0}
1
nlggo[f"(w) T g Hy(w)]=0. a.s. (3.2)
teT M\ {o}

Proof. Let T be a homogeneous tree, that is on the tree each vertex has M neigh-

boring vertices. Let a; =t, t € T™), then lim > a% < 00 holds obviously,
n—oo teT(m\ {0} t

we obtain a|pm)| = |T™|, by (1.8), (2.4) we get

. 1
lim_ > g (X Xy,) + Hy(w))]
TN e ren (o)
. 1
= —JLII;OW Z [_ IOgPt(thXln) _Ht(w)]
teT™\{o}
1
= — lim [fo(w) ~ ] > HW)]=0, as.  (33)
teT™\{o}
(3.1), (3.2) follow from (2.3), (2.4) directly. O

Remark 3.2. Equation (3.2) is a result of Yang and Ye (see [13]).

Corollary 3.3. Let X = {X,,t € T} be a T-indexed Markov chain with the state
space S, Hi(w) defined as before. Denote p > 1/2, then

. log P, (X¢|X1,) + Hi(w)
nh_}rrgo Z 172 (log )7 <00,  a.s. (3.4)
teTM\{o}
1
lim > flog P(Xy|X1,) + Hi(w)] = 0. a.s. (3.5)

n—oo (n)|1/2 (n)
T log Ty | 2=

Proof. Let a; = t'/2(logt)?, t € T, then lim, 2 oteT(\ {o} W < o0
holds obviously. we obtain (3.4), (3.5) from (2.3), (2.4), respectively. O

When the successor of each vertex on the infinite tree with the uniformly
bounded degree has only one vertex, the nonhomogeneous Markov chain on the
tree degenerates into the general nonhomogeneous Markov chain.
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Corollary 3.4. Let {X,,n > 0} be a nonhomogeneous Markov chain with the
initial distribution and the transition probabilities as follows:

p(i) >0, ieS.

P(jli)>0, i,jeS, t=1,2,.. (3.6)
Set
folw) = o1 log P(Xo) + glog Pt(Xt|Xt_1)] ) (3.7)
Ht(w) = — Z Pt(ZCtht_l)IOgPt(JJt|Xt_1). (38)
€S
Then -
Z log Py (Xy|X1-1) + Hi(w) <00, a.s. (3.9)
t=1 t
1 n
nlLH;O [fn(w) e ;Ht(w)] =0. a.s. (3.10)

Proof. At this time the nonhomogeneous Markov chain X = {X,,t € T'} indexed
by the infinite tree is changed into the general nonhomogeneous Markov chain
{X,,n > 0}, we obtain Py(X;|X1,) = P(X;|X;1), |T™| =n+1. (3.7)-(3.10)
follow from (1.8), (2.1), (3.1) and (3.2), respectively. O

Remark 3.5. FEquation (3.10) is just Theorem 2 of Liu and Yang (see [4]).
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