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Abstract : A graph G is n — partite, n > 1, if it is possible to partition the set
of points V(@) into n subsets Vi, Va,...,V, (called partite sets) such that every
element of the set of lines F(G) joins a point of V; to a point of V;,i # j. For
n = 2, and n = 3 such graphs are called bipartite graph, and tripartite graph
respectively. A complete n— partite graph G is an n-partite graph with the added
property that if v € V; and v € V},i # j, then the line uv € E(G). If |V;| = p;,

For the complete tripartite graph K s ¢ with the number of points p = 3s, let
each line of the graph has either red or blue colour. The smallest number s such
that K, s s always contains K, , with all lines of K, , have one colour (red or
blue) is called tripartite Ramsey number and denoted by r¢ (K, n, Km ). In this
paper, we show that

ri (K24, Ko4)=T.

Keywords : Tripartite Ramsey numbers; Bipartite Ramsey numbers; Ramsey
numbers; Tripartite graphs; Bipartite graphs.
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1 Introduction

A graph G is n — partite, n > 1, if it is possible to partition the set of points
V(G) into n subsets Vi, Va,...,V, (called partite sets) such that every element
of the set of lines E(G) joins a point of V; to a point of Vj,i # j, see [1]. For
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n = 2, such graphs are called bipartite graphs. For n = 3, such graphs are
called tripartite graphs. A complete tripartite graph G is a tripartite graph with
partite sets Vi, V2, V3 having the added property that if u € V; and v € Vj, i # j,
then wv € E(G). When |V;| = p;, we denote the complete n-partite graph by
Kpipaycpn

Consider a complete bipartite graph K, ;s of order p = 2s. Let each line of
K s be coloured by using either red or blue colour. We shall call such a K, s as
2-coloured.

Consider a subgraph K,,, of 2-coloured K, ,. If all lines of K,,, have
red(blue) colour, we shall say that the K s contains a red(blue) K, ,. The small-
est number s of points such that K s always contains red K, , or blue K, is
called bipartite Ramsey number and denoted by 74 (K n, Kimon)-

According to the definition of bipartite Ramsey number in this paper, Longani
[4], has found that ry (K1, K1) =2n—1(n=1,2,3,...), 7p(K2,2, K22) = 5, and
Tb(K2)3, K2)3) =9.

Beineke and Schwenk [2] have also found that r,(K22, K22) =5 and (K3 3,
Ks33)=1T7.

In this paper, instead of considering a complete bipartite graph K ,, we shall
consider a complete tripartite graph K s s of order p = 3s. Let each line of K 5,
be coloured by using either red or blue colour. The smallest number s of points
such that K ¢, always contains red K, ,, or blue K,, ,, is called tripartite Ramsey
number and denoted by r¢ (K ny Kmon)-

In [3], Leamyoo have found that r, (K2 2, K2 2) = 4.

2 The Value of (K24, Ko 4)

We find the value of 7 (K 4, K2 4) by considering a particular 2-coloured K 6.6
and 2-coloured K7 7 7. For a K7 77, consider all ninety eight lines that are adjacent
to all points of a V;. We call such lines as the lines of the V;.

Lemma 2.1. Let K777 be a 2-coloured complete tripartite graph with p = 21 and
each Vi, Va, and V3 be the set of seven non-adjacent points of the K77 7. There
exists at least one V; of which the number of red lines and blue lines of the V; are
not equal.

Proof. Consider the three V;’s. Suppose there are forty nine red lines and forty
nine blue lines of each V;.
Since there are totally forty nine red lines of Vi, consider when there are n
(n > 0) red lines which join points of V3 and V4, and so there are 49 — n red lines
which join points of V7 and V3. Since for V5 there are also exactly forty nine red
lines of V5, therefore there are 49 — n red lines which join points of V5 and V3.
Now we can see that there are (49 — n) 4+ (49 — n) red lines of V3. Since there
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are exactly forty nine red lines of V3, therefore

(49 — n) + (49 — n) = 49
n = 24.5.

This is not possible. Therefore, there exist some V;’s of which the number of red
lines and blue lines of the V;’s are not equal. O

In order to prove Theorem 2.2 we need to represent 2-colored K, , with with
an m X n matrix as follows:

Given a 2-colored Km;n with V3 and V; as its partite sets size m and n,
respectively. Put Vi = {ri,re,...,rn} and Vo = {c1,¢2,...,¢n}. Let B = [by]
be an m x n matrix where b;; = 1 if the line r;c; is red, otherwise b;; = 0. The
following example is to illustrate 2-colored K5 4. As in Figure 2.1 (a), we use the
dark lines to indicate red lines while dash lines for blue lines.

|l 0 1 0 1
ro |0 1 1 1 0
() r3 |1 0 0 0 1
4 [0 1 1 0 0
Figure 2.1.

Theorem 2.2. ry(Ka 4, K24) =1T7.

Proof. Consider the 2-coloured Kg ¢ 6 graph illustrated in Figure 2.2.
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Figure 2.2.

It can be verified that the K ¢ ¢ contains neither red K3 4 nor blue K5 4. Therefore
r1(K2,.4,K24) > 6. That is
ri(Kaa, Koa) > 7. (2.1)

Let K777 be a 2-coloured complete tripartite graph. Consider the set Vi, V5
and V3 of seven non-adjacent points of the K7 7 7:

Vi = {u1,u2, uz, u4, us, ug, ur},
V2 = {v15v25v35v47v57v6;v7};

Vs = {w1, wa, w3, wa, ws, we, wr }.

From Lemma 2.1, we can assume that from V7, the number of red lines are
greater than the number of blue lines, that is the number of red lines are equal to
fifty or greater. We only need to consider the case when the number of red lines
from V; is fifty and show that in such case the K777 always contains red K 4.
For the cases when the number of red lines is greater than fifty, the results follow
immediately.

Let V(G1) = Vi and V(G3) = Vo U V3. For V(Gy), let uy, ua, us, u4, us, ue,
u7 be respectively replaced by r1, 72, 73, 74, 75, 76, 77. Also for V(G2), let vy, va,
Vs, V4, U5, Vg, U7, W1, W2, W3, Wy, W5, We, W7 be respectively replaced by c1, ¢, c3,
C4, Cs5, Cg, C7, C8, C9, C10, C11, C12, C13, C14- That iS,

V(Gy) = {r1,72,73,74,75,76,77},
V(Gg) = {Cl, Coy. .. 7614}.
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By ignoring the lines between V2 and V3 and consider the defined V(G;) and
V(G2) the K7 7.7 is now reduced to 2-coloured K7 14. In order to prove the theorem
we only need to show that this K7 14 always contains red K 4.

We find the value of (K2 4, K2 4) by considering the 2-coloured K7 14.

If there are m,n, s, t,u,v (1 <m,n < 7and 1 < s,t,u,v < 14) such that some

submatrices
bms bmt bmu bmv _ 1 1 1 1
bus bt b bm]_[l 11 1} (2:2)

then the K7 14 contains red Ko 4.

Let dl, dg, dg, d4, d5, dﬁ, d7 be degrees of red lines of r1, T2, T3, T4, I's, Te, T'7
respectively. We can choose r;’s such that dy > do > ds > dqy > ds > dg > dy.
Here we have the conditions that

di+ds +ds+ds+ds+ds +dy =50

and0<d; <14,1=1,2,3,4,5,6, 7.
Next, we consider two main cases.

Case 1. d; +dy > 18.

Here, the possible d; > dy are 9 > 9,10 > 8,10 > 9,10 > 10,11 > 7,11 >
8,11 >9,11 > 10,11 > 11,12 > 7,12 > 8,12 > 9,12 > 10,12 > 11,12 > 12,13 >
7,13 >8,13>9,13 > 10,13 > 11,13 > 12,13 > 13,14 > 7,14 > 8,14 > 9,14 >

10,14 > 11,14 > 12,14 > 13,14 > 14.

It is easy to show that for all of these cases the K7 14 always contains red K 4.
For example, consider cases d; = 9, and ds = 9. For a case in Table 2.1, parts of
the matrix involving 1 and r would be

C1 Co C3 Cq Cs Cg Cr Cg C9
ry | 1 1 1 1 1/1(1|1}1
T 11|11

Ci0 | C11 C12 C13 C14

Table 2.1.

from which submatrix of the form (2.2) appears, that is the K7 77 contains red
K274.

Case 2. d +dy < 18.
With the conditions for d;, there are five subcases to consider.

Subcase 2.1. dl = 10,d2 = 7, dg = 7, d4 = 7,d5 = 7,d6 = 6,d7 = 6.

In this case we consider three points 71, 72,73 of V(G1). When there are four
or more points ¢;’s each of which is joined to both of r; and r by red lines, then
we can see that the K7 14 contains red K> 4.

For other cases, suppose that r; is joined by ten red lines to c1, co, c3, ¢4, c5, Cg,
c7, Cs, Cy, c1o and 79 is joined by seven red lines to cs, cg, 10, €11, C12, C13, C14, W€
consider seven red lines joining to r3. Either at least four of seven red lines are
joined from r3 to some points among cy, co, C3, C4, C5, Cg, C7, cg Or at least four of
these seven red lines are joined to some points among cg, c10, €11, C12, C13, C14. In
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either case, we can see that red K5 4 is contained in the K7 14, see Table 2.2 for
example.

Cl | C2 | C3 | C | C5 | C6 | C7 | C8 | Cg | Clo| C11 | Ci2 | C13 | C14
r | 1 1 1 1 1 1 1 1 1 1
) 1 1 1 1 1 1 1
rg | 1 1 1 1 1 1 1

Table 2.2.

Subcase 2.2. dl = 9, dQ = 8, d3 = 7, d4 = 7, d5 = 7, d6 = 6, d7 = 6.

In this case, as in subcase 2.1, we also need to consider three points r1, 79, r3 of
V(G1). The method in showing that the K7 14 always contain red Ks 4 is almost
exactly the same as in the subcase 2.1 above.

Subcase 2.3. dl = 9, dQ = 7, d3 = 7, d4 = 7, d5 = 7, d6 = 7, d7 = 6.

In this case we consider five points r1, 72,73, 74,75 of V(G1). When there are
four or more points ¢;’s each of which is joined to both of 1 and 72 by red lines,
then we can see that the K7 14 contains red Ko 4.

2.3.1. Two ¢;’s are joined by red lines to both of 1 and 7.

Suppose that 71 is joined by nine red lines to ¢y, co, c3, ¢4, ¢5, Cg, C7, Cs, C9 and
ro is joined by seven red lines to cg, cg, C10, €11, C12, C13, C14-

Consider seven red lines joining to r3. Either at least four of seven red lines
are joined from r3 to some points among ¢y, o, ¢3, ¢4, C5, Cg, C7 Or at least four of
these seven red lines are joined to some points among cg, ¢g, c10, €11, C12, €13, C14-
In either case, we see that red Ks4 is contained in the K7 14, see Table 2.3 for
example.

C1 [ Co | C3 | C4|C5 | C6 | Cr|C8|C|Cio|C11|C12]| 13| Cuq
m|1|1|1}1]1}1|1]1]|1

s 1] 1] 11 T |11

Table 2.3.

2.3.2. Three ¢;’s are joined by red lines to both of r; and .

Suppose that r; is joined by nine red lines to ¢y, co, c3, ¢4, c5, Cg, C7, €8, 9 and
ro is joined by seven red lines to ¢, cs, ¢y, c10, €11, €12, C13-

Consider when ¢14 is not joined to some r;’s (i = 3,4,5,6,7) by red lines.

Suppose c14 is not joined to r3 for example, then either at least four red lines
from r3 are joined to points among c1, c2, 3, €4, C5, Cg, C7 Or at least four red lines
from r3 are joined to points among cs, cg, 19, €11, C12, C13. In either case, we see
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that red K3 4 is contained in K7 14, see Table 2.4 for example.

C1 | Ca| €3 |Cqs|C5 | Cs | CT|C8|Co|Cio]|C11|Ci2]|C13]|cCla
ry | 1 1 1 1 1 1 1 1 1
o 11111 1 1 1 1
sl 11|11 T | 1|1

Table 2.4.

Consider when the point ¢14 is joined to all r;’s (i = 3,4,5,6,7) by red lines.
Here we consider two subcases.

(1) Some r;,i = 3,4,5,6,7 are joined by red lines to some of ¢7, cs, co.

Suppose r3 is joined to c¢7 by red line, for example, then there are five other
red lines joining r3. Either at least three of the red lines are joined to points
among c1, Cz, C3, C4, C5, Cg Or at least three of red lines are joined to points among
cs, €9, C10, C11, C12, C13. In either case, red K5 4 is formed. For example, see Table
2.5.

Similarly, if r3 is joined to cg or cg by red line, we can show that red Kj 4 is
also formed.

€1 | Ca|C3|¢cqa|C5 | Cs|Cr|Cg|Co|Cio]| Cr1 | Cr2| C13 | Cia
ri| 1] 1|11 1 1|1 1
9 1 1 1 1 1 1 1
rs | 1] 11 1 1 1 1
Table 2.5

(2) None of r;,i = 3,4,5,6,7 are joined by red lines to ¢7, cg and ¢g.

Since each of r;,7 = 3,4,5,6,7 is joined by red lines to cy4, there are six other
red lines joining r;. The six red lines from each r3 and r4 will join to points among
c1,C9,C3, C4, C5, Cg, Cl0, C11, C12, C13. Therefore, there are at least two points
among ¢i, Ca, €3, C4, Cs5, Cg, C10, C11, C12, C13 Which join r3 and r4. First, consider
the case when there are at least three points among ¢y, ¢, 3, ¢4, C5, Cg, C10, C11, C12,
c13 which join r3 and r4. Also, since c14 is joined by red lines to r3, 74, we can see
that red K3 4 is contained in the K7 14, see Table 2.6 for example.

C1 | Co | C3 | Cq4 | C5 | C6 | Cr | C8 | Co|Cio | Cl1|C12 | C13 | Clq
m| 1|1 1|11 1}]1]1]1

9 1 1 1 1 1 1 1

rg | 1 1|1 1 1 1 1

T4 1|1 1 1 1 1 1
Table 2.6.

Next, we consider the case when there are two points among cy,co, c3, c4,
s, C6, C10, C11, C12, C13 Which join r3 and r4. Suppose that these two points are ¢
and ci;3. When we consider only 71, 72,73, 74 there are cases when the K7 14 does
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not contain red K 4, see Table 2.7 for example. For such cases, we shall consider
the seven red lines joining rs.

Cl | C2 | C3 | C4 | C5 | Cs | C7T | C8 | Cg | Cilo| C11 | Ci12 | C13 | Ci4
o 1 1 1 1 1 1 1 1 1

T9 1 1 1 1 1 1 1

r3 | 1 1 1 1 1 1 1

T4 1 1 1 1 1 1 1
Table 2.7.

From Table 2.7, r3 is joined to c1,co,cs, 11,12, C13,C14 and r4 is joined to
4, C5, Cg, C10, C12, C13, 14 and since 75 is joined by one of the red lines to cj4, there
are six other red lines joining r5. Either at least three red lines are joined to
points among ci, c2, 3, c11 or at least three red lines are joined to points among
4, C5,Cg, C10, C12, C13. Assume that there are three red lines which are joined to
points among c1, co, c3,C11, Say cg,C3,c11 or there are three red lines which are
joined to points among cy, c5, Cg, C10, C12, €13, SAY C4, C10, C12, Since all r3, r4, and 5
are joined to cj4. We can verify that in either case the K7 14 contains red K» 4,
see Table 2.8 for example.

C1 | C2 | C3 | Cq4|C5 | Cs|CT|C8|Cog|Cio]|C11|Ci2]|cC13]|cCua
ml|l1 1111 ]1]1]1]1
ro 11111 1 1 1 1
rs | 1 [ 1|1 1 1 1 1
T4 1|11 1 1 1 1
rs5 11111 1 1 1 1
Table 2.8.

Subcase 2.4. dy =8,dy =8,d3 =7,dy =7,ds = 7,ds = 7,d7 = 6.

In this case, as in Subcase 2.3, we also need to consider five points r1, o, 73,74, 75
of V(G1). The method in showing that the K7 14 always contain red K 4 is almost
exactly the same as in the Subcase 2.3 above.

Subcase 2.5. dy =8,dy =7,ds =7,dy =7,ds = 7,ds = 7,d7 = T7.

When there are four or more ¢;’s each of which is joined by red lines to both

of 71 and 72, then we see that the K7 14 contains red K 4, see Table 2.9 for example.

Cl | C2 | C3 | C4 | C5 | Cs | CT | C8
81 1 1 1 1 1 1 1 1
To 1 1 1 1

Table 2.9.

We consider three more cases.

Cog | C10 | C11 | C12 | C13 | C14

2.5.1. One of ¢;’s is joined by red lines to both of r; and rs.
Suppose that r; is joined by eight red lines to c1, ¢2, ¢3, 4, ¢35, cg, C7, cs and 19
is joined by seven red lines to cg, cg, c10, €11, €12, C13, C14.
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Consider the seven red lines joining r3. Either at least four of the seven red
lines are joined, from 73, to points among c1, ¢, c3, ¢4, ¢5, C, C7, Cs Or at least four
red lines are joined to points among cg, c19, c11, €12, C13, c14- In either case, we see
that K5 4 is contained in the K7 14, see Table 2.10 for example.

Cl | C2 | C3 | C | C5 | Cs | CT | C8 | Cy | Cilo| C11 | Ci12 | C13 | Ci4
71 1 1 1 1 1 1 1 1
o 1 1 1 1 1 1 1

Table 2.10.

2.5.2. Two of ¢;’s are joined by red lines to both of 1 and 7.

Suppose that r; is joined by eight red lines to c1, ¢, ¢3, ¢4, C5, C, C7, cs and 79
is joined by seven red lines to ¢z, cs, ¢y, c10, €11, €12, c13. Consider two subcases (1)
and (2).

(1) ¢14 is not joined to some r;’s (i = 3,4,5,6,7) by red lines.

If 14 is not joined to r3 for example, then either at least four red lines from r3
are joined to points among cy, ca, ¢3, ¢4, C5, Cg, 7 Or at least four red lines from r3
are joined to points among cg, ¢y, c10,C11, €12, C13- In either case, we see that red
K> 4 is contained in K7 14, see Table 2.11 for example.

ClL | C2 | C3 | C | C5 | C6 | C7 | C8 | Cg | Clo| C11 | Ci2 | C13 | C14
rt | 1 1 1 1 1 1 1 1
T 1 1 1 1 1 1 1
rg | 1 1 1 1 1 1 1

Table 2.11.

(2) c14 is joined to all r;’s (i = 3,4,5,6,7) by red lines.
Here we consider two possibilities (a) and (b).

(a) Some r;’s (i = 3,4,5,6,7) are joined to c7 or cg or both by red lines.
For example, suppose 73 is joined to c7 by red line, then there are five other
red lines joining r3. From these five red lines, either at least three of the red lines
are joined to points among c1, ca, C3, ¢4, C5, Cg Or at least three red lines are joined
to points among cg, cg, €10, C11,C12,c13. In either case, red K34 is formed. For
example, see Table 2.12.

Similarly, if 73 is joined to cg by red line, we can show that red Ks 4 is also
formed, and if r3 is joined to c¢7 and cg by red lines, then there are four other
red lines joining r3. For these four red lines, either at least two of the red lines
are joined to points among ¢y, co,c3, ¢4, C5,Cg Or at least two red lines are joined
to points among cg, ¢10, €11, €12, c13. In either case, we can see that red Kj4 is
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contained in K7 14.

C1 | C2 | C3 | C4 |C5 | Cs | Cr | C8 | Cg|Clo]|C11|Ci2]|C13|Cl4
m|1|1]1]1]1]1
"2

| |
[
[
[
[
[
—_

Table 2.12.

(b) None of r;’s (i = 3,4,5,6,7) are joined to ¢; and cg by red lines.

We consider r4. Since each of ;(i = 3,4,5,6,7) is joined by red lines to ¢4,
there are six other red lines joining each 7;. The six red lines joining each 73
and 74 will join to points among ¢y, co, ¢3, ¢4, C5, Cg, Co, C10, €11, C12,C13.- Therefore,
there are at least one point among cy, ¢, c3, ¢4, 5, Cg, C9, C10, C11,C12, C13 Which
join r3 and r4. First, consider the case when there are at least three points among
Cc1,C2,C3,C4,C5,Cg,C9,C10,C11,C12,C13 each of which jOiIlS T3 and T4. AlSO, since C14
is joined by red lines to 73,74, we can see that red K5 4 is contained in the K7 4,
see Table 2.13 for example.

C1 | C2 | C3 | Cq4|C5 | Co|CT|C8|Cog|Cio]|C11|cCi2]|cC13]|cCua
ml|l 11111 ]1}]1]1
T 11111 1 1 1 1
rs | 1| 1|1 1 1 1 1
T4 1|11 1 1 1 1
Table 2.13.

Thus we shall consider the case when there are one and two points among
c1,C2,C3, C4,C5, Cg,Cy, C10, C11,C12, C13 Which join r3 and 7r4.

Consider when there is one point among c1, ¢o, 3, €4, C5, Cg, C9, C10, €11, C12, €13
which join r3 and r4. Suppose this point is c13, see Table 2.14 for example. When
we consider only 71, 72,73, 74 there are cases when the K7 14 does not contain red
K> 4, see Table 2.14 for example. For such cases, we shall consider the seven red
lines joining rs.

ClL | C2 | C3 | C | C5 | Cs | C7 | C8 | Cg | Clo| C11 | Ci2 | C13 | C14
1 1 1 1 1 1 1 1 1
) 1 1 1 1 1 1
rg | 1 1 1 1 1 1 1
T4 1 1 1 1 1 1 1
Table 2.14.

From Table 2.14, r3 is joined to ci,ce,c3,c11, C12, c13 and ry4 is joined to
¢4, Cs5, Cg, Cg, C10, C13 and since r5 is joined by one of the red lines to ¢4, there are
six other red lines joining r5. From these six red lines, either at least three red
lines are joined to points among ¢y, cg, c3, €11, C12, €13 or at least three red lines are
joined to points among cy, ¢s, ¢g, Cg, C10, €13- Assume that there are three red lines
that are joined to points among cq, cs, c3, €11, C12, C13, Say C2,C3,c11 or there are
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three red lines that are joined to points among c4, ¢s, cg, Cy, C10, C13, Sy Cg, €10, C13-
Also, since cy4 is joined by red lines to 73,74 and r5, we can verify that in either

case the K7 14 contains red K> 4, see Table 2.15 for example.

ClL | C2 | C3 | C | C5 | C6 | C7 | C8 | Cg | Clo| C11 | Ci2 | C13 | C14
T 1 1 1 1 1 1 1 1
T 1 1 1 1 1 1 1
T3 1 1 1 1 1 1 1
T4 1 1 1 1 1 1 1
T5 1 1 1 1 1 1 1
Table 2.15.

Consider when there are two points among c1, cs, ¢3, ¢4, Cs, Cg, C9, C10, C11,C12,
c13 which join rg and ry4.
Suppose these points are ci2 and c13. There are cases when the K7 14 does not
contain red K 4, see Table 2.16 for example. So, we consider the seven red lines

joining 75.
C1 | C2 | C3 | Cq | C5 | Cp | Cr | Cg|Cg|Cio|Ci1|Ci2]C13]Cla
rm| 1|11 |1|1]11]|1
) 1 {171 1 1 1 1
r3 | 1] 1] 1 1 1 1 1
T4 1 {1111 1 1 1 1
Table 2.16.

From Table 2.16, r3 is joined to c1, c2, c3, €11, €12, c13 and 74 is joined to cy, c5,
c6, C10, C12, C13 and since rs is joined by one of the red lines to c14. If r5 is not
joined to cg, there are six other red lines joining r5. From these six red lines,
either at least three red lines are joined to points among ¢y, co, c3, €11, C12, C13 OF
at least three red lines are joined to points among cy, cs, cg, €10, €12, C13, We can
see that the K7 14 contains red Ky 4. If r5 is joined to cg, there are five other red
lines joining r5. From these five red lines, either at least three red lines joining
to points among ¢y, ce, c3, €11, C12, C13, SAY €1, C2,c11 Or at least three red lines are
joined to points among ¢y, cs, cg, C10, C12, C13, Sy C4, C1o- Also, since c14 is joined
by red lines to r3,r4 and r5. We can verify that in either case the K7 14 contains
red K 4, see Table 2.17 for example.

2.5.3. Three of ¢;’s are joined by red lines to both of 71 and rs.

ClL | C2 | C3 | C | C5 | C6 | C7 | C8 | Cg | Clo| C11 | Ci2 | C13 | C14
1 1 1 1 1 1 1 1 1
T 1 1 1 1 1 1 1
T3 1 1 1 1 1 1 1
T4 1 1 1 1 1 1 1
rs | 1 1 1 1 1 1 1
Table 2.17.
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Suppose that r; is joined by eight red lines to c1, ¢2, ¢3, 4, ¢5, cg, C7, cs and 79
is joined by seven red lines to cg, c7, cs, ¢y, C10, C11, c12. We consider two subcases.

(1) Some 7;’s (i = 3,4,5,6,7) are not joined to ¢13 and c14 by red lines.

If both c¢13 and c¢14 are not joined to r3 for example, then either at least four
red lines from r3 are joined to points among ¢y, co, ..., cy or at least four red lines
are joined to points among cg,cg, ..., ci2. In either case, we see that red Ky 4 is
contained in K7 14, see Table 2.18 for example.

Cl | C2 | C3 | C | C5 | C6 | C7 | C8 | Cg | Clo| C11 | Ci2 | C13 | C14
r | 1 1 1 1 1 1 1 1
) 1 1 1 1 1 1 1
rg | 1 1 1 1 1 1 1

Table 2.18.

(2) Each of all r;’s (i = 3,4,5,6,7) is joined to ¢13 or ¢14 or both by red lines.
Here we consider two possibilities (2.1) and (2.2).

(2.1) Three or more r;’s (i = 3,4,5,6,7) are joined to one of ¢;3 and ¢14.

Suppose 13, 14,75 are joined to one of ¢13 and c14, then at least two of 73,74, 75

are joined to ci3 or at least two of r3, 74,75 are joined to c14. Let 73,74 be joined
to c13. Consider 4 subcases.

(2.1.1) r3 or r4 are joined to cg, ¢z, and cs.

Suppose that r3 is joined to cg,c7,cg. There are three other red lines joining
r3. From these three red lines joining r3, either at least two of the red lines are
joined to points among ¢y, cs, ..., c5 or at least two red lines are joined to points
among cg, €10, - --,C12. In either case, red K» 4 is formed. For this subcase, see
Table 2.19 for example.

C1 | ca|C3|cCqa|C5|Co|Cr|Cg|Cog|Cio]| Cr1 | Cr2| C13 | Ci4
1 1 11111
T9 1 1 1 1 1 1 1
r3 1|1 ](1]11]1 1
Table 2.19.

(2.1.2) 73 or 74 are joined to two of ¢g, ¢7, and cs.

Suppose that r3 is joined to ¢y and cg, there are four other red lines joining
r3. From these four red lines, either at least two of the red lines are joined to
points among c1,cs,...,c5 or at least two red lines are joined to points among
€9, C10, - - -,C12. In either case, we see that red Ks4 is contained in the K7 14, see
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Table 2.20 for example.

C1 | C2| €3 |Cqa|C5 | Cs | CT|C8|Co|Cio]|C11|Ci2]|C13]|cCua
1 1 1 1 1 1 1 1 1
o 1 (111 1 1 1
sl 1|1 1111 1

Table 2.20.

(2.1.3) r3 or ry are joined to one of cg, c7, and cg.

Suppose that r3 is joined to cg, there are five other red lines joining r3. From
these five red lines joining rj3, either at least three of the red lines are joined to
points among ¢y, ca,...,c5 or at least three red lines are joined to points among
€9, C10, - - ., C12. In either case, we can see that red K» 4 is contained in the K7 14,
see Table 2.21 for example.

Cl | C2 | C3 | C | C5 | Ce | Cr Cog | Cio | C11 | C12 | C13 | C14

]
(o)

r | 1 1 1 1 1 1 1 1

r9 1 1|11 1 1 1

rg | 1 1 1|1 1 1 1
Table 2.21.

(2.1.4) r5 and r4 are not joined to c¢g, ¢7, and cs.

Since r3 is joined to ¢33 and not joined to cg,c7 and cg. There are six other
red lines joining 3. From these six red lines joining rs, either at least three of the
red lines are joined to points among ci,co,...,cs or at least three red lines are
joined to points among cg, c1g, - - ., c12. Consider the case when there are at least
four points among ¢y, ca, ..., cs or at least four points among cg, 19, - . ., c12 that
are joined to r3. In either case, we can see that red K 4 is contained in the K7 4.

Thus we consider the case when there are three points among cy,co,...,cs,
say c1, ce, cs and three points among cg, 19, . . ., C12, Say cg, C10, c11 that are joined
to r3 by red lines. There are cases, see Table 2.22 for example, when the K7 14
does not contain red Ks 4, so we consider ry4.

ClL | C2 | C3 | C | C5 | C6 | C7 | C8 | Cg | Clo| C11 | Ci2 | C13 | C14
1 1 1 1 1 1 1 1 1
79 1 1 1 1 1 1 1
T3 1 1 1 1 1 1 1

Table 2.22.

Since 74 is joined to c¢13 and not joined to cg,c7, cs, there are six other red
lines joining r4. From these six red lines, we can see that there are at least three
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points among ¢y, co, ..., s, C9, C10, -- ., C12 that are joined to both r3 and r4. In
either case, red K3 4 is contained in the K7 14, see Table 2.23 for example.

Cl | C2 | C3 | C4 | C5 | Cs | C7T | C8 | Cg | Cilo| C11 | Ci12 | C13 | Ci4
] 1 1 1 1 1 1 1 1

T9 1 1 1 1 1 1 1

rg | 1 111 1 1 1 1

T4 1|1 1 1 1 1 1
Table 2.23.

From subcases (2,1,1), (2.1.2), and (2.1.3), if there is at least one of r;’s
(1 = 3,4,5,6,7) that is joined to some cg, c7,cs, then we can see that red Ks4
is contained in the K7 14. Later, if we consider the cases when r;’s (i = 3,4,5,6,7)
are joined to one of ¢13 and c14, we shall consider only the case when r;’s (i =
3,4,5,6,7) is not joined to c¢g, c7, cs.
(2.2) Less than three r;’s (i = 3,4, 5,6, 7) that are joined to one of ¢;3 and
c14. Consider three subcases.

(2.2.1) One of r;’s (i = 3,4,5,6,7), say r7 is joined to one of ¢;3 and
c14. In these cases there are four of r;’s (i = 3,4,5,6,7), say r3,rs, 75 and r¢ that
are joined to both ¢13 and ¢14. Consider two possibilities (a) and (b).

(a) Some r;’s (i = 3,4,5,6) are joined to at least two of ¢, c7 and cs.

Suppose that r3 is joined to c7 and cg. There are three other red lines joining

r3. From these three red lines, either at least two of the red lines are joined to

points among cj,ca,...,c5 or at least two red lines are joined to points among

€9, C10, - - -,C12. In either case, red K4 is contained in the K7 14, see Table 2.24
for example.

€1 | ca|C3|cqa|C5|Cs|Cr|Cg|Co|Cio]|Cr1|Cr2| C13 | Cia
rm| 1|11 1 1 1|11
T9 1 1 1 1 1 1 1
rs | 1|1 1|11 1 1
Table 2.24.

(b) Each of r;’s (i = 3,4,5,6) is joined to one or none of cg, c7 and
cg. There are three possibilities.

(i) Each of all r;’s (i = 3,4,5,6) is joined to one of ¢g,c7 and cs.

Since all r;’s (¢ = 3,4, 5,6) are joined to one of ¢, c7 and cg, then at least two

of r; are joined to cg or at least two of r; are joined to ¢; or at least two of r; are

joined to cg. Let r3,ry are joined to cg. For this case we consider only three of
r3,74,75,7¢ then we can see that red Ky 4 is contained in the K7 4.

Since r3 is joined by red lines to cg, c13, and c14. There are four other red

lines joining r3. From these four red lines, either at least two of the red lines are
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joined to points among ¢y, ca,...,c5 or at least two red lines are joined to points
among ¢y, c10, - - - , C12. For the cases when there are three or more red lines joining
r3 and points among ci,c¢a,...,¢C5 O cg,C1p,--.,C12, We can see that red Ks 4 is

contained in the K7 14 see Table 2.25 for example.

)

C1 | C2 | C3 | C4 | C5 | Cs | Cr | C8 | Cog | Clo]|C11|Ci2]|C13|Cl4
m|1|1 |11 |1]1]|1

T2 1 1

| |
=
—
—
—

rs | 1] 1|1 1 1 1
Table 2.25.

Thus we shall consider when each r; (i = 3,4,5,6) has two red lines that are
joined to points among ci,co,...,cs and two red lines that are joined to points
among cg, C10, - --,C12-

Suppose that r3 is joined by red lines to two points among ci, ca,. .., c5, say
c1, c2, and joined by red lines to two points among cg, c19, - . . , C12, Say cg, c19. There

are cases when the K7 14 does not contain red K4, see Table 2.26 for example.

We consider r4.

C9 Cio | C11 C12 C13 Ci4

@)
)

C1 Co C3 Cq Cs Cg Cr
ry | 1 1 1 1 1 1 1
T2 1 1
T3 1 1

=] =] =
=
[
[
[

Table 2.26.

Since ry is joined to cs, c13, and cy4, there are four other red lines joining
r4. From these four red lines, either at least two of the red lines are joined to
points among ¢y, ca,...,c5 and at least two red lines are joined to points among
g9, C10, - - - , C12. For the case when there is at least one of ¢1, ¢o, cg, c19 that is joined
to both rs and ry4, since cg, c13, and cy4 are joined to both r3 and r4, then red
K> 4 is contained in the K7 14 see Table 2.27 for example.

ClL | C2 | C3 | C | C5 | C6 | C7 | C8 | Cg | Clo| C11 | Ci2 | C13 | C14
1 1 1 1 1 1 1 1 1
79 1 1 1 1 1 1 1
T3 1 1 1 1 1 1 1
T4 1 1 1 1 1 1 1
Table 2.27.

Thus we consider the case when none of ¢y, ca, ¢g, c19 is joined to both r3 and
T4, there are cases when the K7 14 does not contain red K 4, see Table 2.28 for
example, so we consider 5.

Since r5 is joined to one of cg, ¢y and cg, say cz, if r5 is not joined to cs, there
are four red lines joining r5. From these four red lines, either two of the red lines
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are joined to points among ¢y, ca, ¢g, c19 or two of the red lines are joined to points
among cs, ¢4, C11, C12, and since c¢;3 and c14 are joined to both r3 and ry, then we
can see that red K3 4 is contained in the K7 14. If 75 is joined to cs, there are three
red lines joining r5. From these three red lines, either two of the red lines are
joined to points among ci, ca, Cg, c19 Or two red lines are joined to points among
cs3,C4,C11,C12. Also, since c¢13 and c14 are joined to r3, r4, and 75, so we can see
that red K3 4 is contained in the K7 14, see Table 2.28 for example.

Cl | C2 | C3 | C | C5 | C6 | C7 | C8 | Cg | Clo| C11 | Ci2 | C13 | C14
1 1 1 1 1 1 1 1 1
T 1 1 1 1 1 1 1
rg | 1 1 1 1 1
T4 1 1 1 1 1 1 1
5 1 1 1 1 1
Table 2.28.

(ii) All r;’s (1 = 3,4,5,6) are not joined to cg, ¢7, and cs.

For this case we consider only three of r3,r4,75,7¢ and we can see that red
Ky 4 is contained in the K7 14. Since rs3 is joined to c;3 and cj4, there are five
other red lines joining r3. For the cases when r3 is joined by red lines to at least
four points among ¢y, ca, ..., c5 or at least four points among cy, c10, €11, 12, We
can see that the K7 14 contains red Ka 4.

Thus we shall consider the cases when each of r;’s (i = 3,4,5,6) is joined by
red lines to three points among ci, co, ..., c5 or three points among cg, c19, ¢11, C12.
Consider when r3 is joined by red lines to three points among ¢y, ¢, . .., ¢5 or three
points among cg, 10, c11, c12. There are cases when the K7 14 does not contain red
K> 4, see Table 2.29 for example, so we consider 4.

C1 | Ca | C3 | Cq4|C5 | Cs|CT|C8|Cog|Cio]|C11|Ci2]|cC13]|cCua
1 1 1 1 1 1 1 1 1
ro 1 (111 1 1 1
1] 1] 1 1] 1 T | 1

Table 2.29.

Since ry4 is joined to c¢13 and cy4, there are other five red lines joining r4. We
can see that there is at least one of ¢y, s, ¢3, cg, €19 that is joined by red lines to
both r3 and r4. For the cases when ry is joined by red lines to at least two points
among ci, ¢z, €3, Cg, C1p, We can see that the K714 contains red K3 4. Thus we
consider the case when one point among ¢y, co, ¢3, cg, €10, Say cs, is joined by red
line to both r3 and r4. There are cases when the K7 14 does not contain red K 4,
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see Table 2.30 for example, so we consider 5.

Cl | C2 | C3 | C | C5 | Cs | CT | C8 | Cy | Cilo| C11 | Ci12 | C13 | Ci4
71 1 1 1 1 1 1 1 1

9 1 1 1 1 1 1 1

rg | 1 1 1 1 1 1 1

T4 1 1 1 1 1 1 1
Table 2.30.

Since r5 is joined to c¢13 and cy4, there are other five red lines joining r5. Either
there are at least three red lines that are joined to points among c1, c2, c3, Cg, C10
or at least three red lines that are joined to points among cs,cq,cs,C11,c12. In
either case, the K7 14 contains red K 4, see Table 2.31 for example.

C1 | C2| €3 |Cqs|C5 | Cs | CT|C8|Co|Cio]|C11|cCi2]|cC13]|Cla
|1 |11 ]1]1]1]1]1
T 1 (111 1 1 1
rgs | 1| 1] 1 1 1 1 1
T4 11111 1 1
rs | 1 | 1 1 1 1 1 1
Table 2.31.

From subcases (a) of (2.2.1), if there is at least one of ;’s (i = 3,4, 5,6, 7) that
is joined to at least two of cg, c7, cg, then we can see that red K5 4 is contained in
the K7 14. Later, if we consider the cases when 7;’s (i = 3,4,5,6,7) are joined to
c13 and c14, we shall consider only the case when r;’s (i = 3,4,5,6,7) is joined to
one or none of cg, c7, cs.

(iii) Some r;’s (i = 3,4,5,6) are joined by red line to one point
among cg, c7, cg and some 7;’s (i = 3,4,5,6) are not joined to cg, c7, and cs.
We need to consider only two key cases 1) and 2). It will become clear later
that the required results, for all subcases with condition (iii), will follow from the
results of 1) or 2).

1) Two of r;’s (i = 3,4, 5, 6) are joined to one of c¢g, ¢7, cg and
one of the remaining r;’s is joined to none of c¢g, c7, cs.

Suppose two of r;’s (i = 3,4,5,6) are joined to one of cg, c7, cg are r3, r5 and
one of r; is joined to none of cg, ¢7, cg is 74.

Suppose that r3 is joined to one of cg, c; and cg, say cg, and since r3 is joined
to c13,c14, there are four other red lines joining r3. From these four red lines,
either at least two of the red lines are joined to points among ¢y, co,...,c5 or at
least two red lines are joined to points among cy, c1g, - - -, C12.

For the cases when three or more red lines joining 73 and points among

€1,€2,...,C5 OT Cg,Clp, - - ., Cl2, We can see that red K 4 is contained in the K7 14,
see Table 2.25.
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Thus we consider when each of r3, r5 has two red lines that are joined to
points among c¢j,ca,...,c5, and two red lines that are joined to points among
Cg9,C10,-.-,C12-

Suppose that r3 is joined by red lines to two points among cy,ca, ..., c5, say
c1, c2, and joined by red lines to two points among cy, c19, - . ., C12, 8ay ¢g, c19. For
this case there are cases when the K7 14 does not contain red K> 4, see Table 2.26,
so we consider ry.

Since r4 is joined to c¢13 and cy4, there are five other red lines joining r4. For
the cases when at least four of the red lines are joined to points among ci, ¢s, ..., c5
or when at least four of the red lines are joined to points among cg, c19, c11, C12,
we can see that the K7 14 contains red K3 4. Thus we shall consider the case when
there are three red lines that are joined to points among ¢y, co, ..., c5 or there are
three red lines that are joined to points among cg, c19, 11, c12. When there are at
least two points among cq, ¢, cg, c1o9 that are joined by red line to both r3 and r4,
we can see that the K7 14 contains red K5 4. Thus we consider when there is at
most one point among c1, ¢z, ¢g, c10 that is joined by red line to both r3 and ry.

Consider the case when there is one point among ¢y, co, ¢y, c19 that is joined
by red line to both r3 and r4, say cip. There are cases when the K7 14 does not
contain red K» 4 see Table 2.32 for example, so we consider rs.

C1 | C2 | C3 | Cq4|C5 | Cs|CT|C8|Cog|Cio]|C11|cCi2]|cC13]|Cua
ml|l 11111 ]1}]1]1
ro 1 (111 1 1 1
rs | 1|1 1|1 1 1
T4 1|1 1 1 1 1 1
Table 2.32.

Since r5 is joined to c13 and c14 and is joined to one of cg, c7, cs, say c7. If 5
is not joined by red lined to cs, there are four other red lines joining r5. Either
there are at least two red lines that are joined to points among ¢y, c2, cg, c19 Or at
least two red lines that are joined to points among cs, ¢4, c10, €11, C12, We can see
that the K7 14 contains red Ky 4. If r5 is joined to cs, there are three other red
lines joining r5. KEither there are at least two red lines that are joined to points
among ci, C2,Cg, c1g or at least two red lines that are joined to points among
€3, ¢4, C10, C11, C12, We can see that the K7 14 contains red K 4, see Table 2.33 for
example.

C1 | c2|C3|cg|C5|Ce|Cr|Cg8|Co|Cio]|Cl1|Ci2]| C13 ]| Cla
1 1 1 1 1 1 1 1 1
ro 1 1|1 1 1 1
s | 1] 1 1] 1] 1 T | 1
T4 1|1 1 1 1 1
. 1 1 1 1111

Table 2.33.
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Consider the case when all of ¢y, cg,cg,c19 are not joined to ry. There are
cases when the K7 14 does not contain red K 4, see Table 2.34 for example, so we
consider 7.

Cl1 | C2]C3 | C |C5 | Ce | Cr

@)
)

C9 Cio | C11 C12 C13 Ci4

r | 1 1 1 1 1 1 1 1

9 1 1 1 1 1 1 1

rg | 1 1 1 1 1 1 1

T4 1 1 1 1 1 1 1
Table 2.34.

Since r5 is joined to c13 and c¢14 and is joined by red line to one point among
e, C7, Cs, &y 7, there are four other red lines joining r5. Either there are at least
two red lines that are joined to points among ci, cs,cg, c19 or at least two red
lines that are joined to points among cs, ¢4, ¢5, c11, c12, we can see that the K7 14
contains red K 4, see Table 2.35 for example.

ClL | C2 | C3 | C | C5 | C6 | C7 | C8 | Cg | Clo| C11 | Ci2 | C13 | C14
T 1 1 1 1 1 1 1 1
T 1 1 1 1 1 1 1
T3 1 1 1 1 1 1 1
T4 1 1 1 1 1
T5 1 1 1 1 1 1 1
Table 2.35.

2) One of r;’s (i = 3,4,5,6) is joined to one of cg, c7, cs and
two of the remaining r;’s are joined to none of cg, c7, cs.

Suppose that one of r;’s (i = 3,4,5,6) that is joined to one of cg,c7,cg is 73
and two of r; that are joined to none cg, c7, cg are rq,75.

From Table 2.34, we can see that there are cases when the K7 14 does not
contain red Kj 4, so we consider r5. Since 75 is joined to c;3 and ci4, there are
five other red lines joining r5. Either there are at least three red lines that are
joined to points among ¢y, co, ¢y, c1p or at least three red lines that are joined to
points among c3, ¢4, ¢s5, €11, C12, We can see that the K7 14 contains red K 4, see
Table 2.36 for example.

C1 | Ca| €3 |Cqs|C5 | Cs | CT|C8|Co|Cio]|C11|cCi2]|cC13]|cCua
| 1|11 ]1]1]1]1]1
T 1 (111 1 1 1
rg | 1 |1 1|1 1 1 1
T4 11111 1 1
rs | 1 1 1 1 1 1 1
Table 2.36.

(2.2.2) Two of r;’s (i = 3,4,5,6,7), say r3 and ry4, are joined to one
of ¢13 and c¢y4.
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In these cases there are three of r;’s (i = 3,4,5,6,7), say r5,r¢ and 77, that
are joined to both c¢13 and cy4.

From what we have mentioned at the end of (2.1), here we need to consider
only the cases when rs and r4 are not joined to cg, c7, and cs.

(a) r3 and 74 are joined by red lines to ¢;3.

From Table 2.23, we can see that the K7 14 contains red K5 4. Similarly, if r3
and 74 are joined by red lines to c14, we can see that red K 4 is also formed.

(b) 73 is joined by red lines to ¢13 and 74 is joined by red lines to c14.
Since r3 is joined to c¢13 and is not joined to cg, c7, and cg, there are six other
red lines joining r3. From these six red lines joining r3, either at least three of the

red lines are joined to points among ¢, co, ..., c5 or at least three of the red lines
are joined to points among cg, c1g, ..., c12. Consider the cases when there are at
least four points among c1, ca, ..., c5 or at least four points among cg, ¢y, - . ., C12

that are joined to r3. In either case, we can see that red Ks 4 is contained in the
K7 14.

Thus we consider the cases when there are three points among ¢y, cs,...,cs5
and three points among cg, 19, - - . , c12 that are joined to r3 by red lines. Suppose
these six points are c1, ¢2, 3, 10, €11, C12, We can see that there are cases when the
K7 14 does not contain red K 4, so we consider 74.

Since r4 is joined to c14, there are six other red lines joining r4. From these
six red lines, we can see that there are at least three lines are joined to points
among c1,Cs, .. .,Cs,C9, C10, - - -, C12 that are joined to both r3 and ry. There are
cases when the K7 14 does not contain red K5 4 see Table 2.37 for example, so we
consider r;’s (i = 5,6, 7). We consider three subcases.

Cl | C2 | C3 | C4 | C5 | Cs | C7T | C8 | Cg | Cilo| C11 | Ci12 | C13 | Ci4
] 1 1 1 1 1 1 1 1

T9 1 1 1 1 1 1 1

rg | 1 1 1 1 1 1 1

T4 1 1 1 1 1 1 1
Table 2.37.

From what we have mentioned at the end of (ii) of (b) in (2.2.1), here we need
to consider only the cases when rj5, rg, and r7 are joined to one and none of c¢g, c7,
and cg.

(i) All r;’s (i = 5,6, 7) are not joined to cg, c7, cs.

From Table 2.37, we can see that r3 is joined to ¢1, ¢s, ¢3, 10, C11, C12 and ry4 is
joined to c3, ¢4, c5, €9, €11, c12. We consider r5. Since rs is joined to ci13, 14, then
there are five other red lines joining r5. From these five red lines, either at least
three lines are joined to points among cy, ca, ¢3, ¢10, €11, C12 Or at least three lines
are joined to points among cs, ¢4, cs5, Cg, €11, C12. Suppose that these five points
are ci, C2,C4,Cy, C1p. Since r3 and 75 are joined to ci3, we can see that the K7 14
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contains red K 4 see Table 2.38 for example.

Cl | C2 | C3 | C | C5 | C6 | C7 | C8 | Cg | Clo| C11 | Ci2 | C13 | C14
T 1 1 1 1 1 1 1 1
T 1 1 1 1 1 1
rg | 1 1 1 1 1 1 1
T4 1 1 1 1 1 1 1
rs | 1 1 1 1 1 1 1
Table 2.38.

(ii) Each of all r;’s (¢ = 5,6,7) is joined to one of cg, ¢7, cs.
Since 75 is joined to c13, c14 and is joined to one of cg, c7, cg, say cg, then there
are four other red lines joining r5. From these four red lines, either at least two
lines are joined to points among c1, ca, ¢3, c10, €11, C12 OT at least two lines are joined
to points among cs, ¢4, ¢, €y, €11, c12. For this case there are cases when the K7 14
does not contain red Ks 4, see Table 2.39 for example, so we consider r¢.

ClL | C2 | C3 | C | C5 | C6 | C7 | C8 | Cg | Clo| C11 | Ci2 | C13 | C14
T 1 1 1 1 1 1 1 1
T 1 1 1 1 1 1 1
73 1 1 1 1 1 1 1
T4 1 1 1 1 1 1 1
75 1 1 1 1 1 1 1
Table 2.39.

Since r¢ is joined to ci13,c14 and is joined by red line to one point among
c6, C7,Cs, say c7, there are four other red lines joining rg. From these four red
lines, either there are at least three red lines that are joined to points among
c1,C2,C3,C10,C11, C12 Or there are at least three red lines that are joined to points
among cs, €4, Cs, Cg, C11, C12 Or there are at least two red lines that are joined to
points among c2, ¢4, ¢y, c10. We can see that the K7 14 contains red K> 4, see Table
2.40 for example.

ClL | C2 | C3 | C | C5 | C6 | C7 | C8 | Cg | Clo| C11 | Ci2 | C13 | C14

71 1 1 1 1 1 1 1 1

79 1 1 1 1 1 1

rg | 1 1 1 1 1 1 1

T4 1 1 1 1 1 1 1

5 1 1 1 1 1 1 1

re | 1 1 1 1 1 1 1
Table 2.40.

(iii) Some r;’s (i = 5,6,7) are joined to one of cg, ¢7, cg and some
r;’s (1 =5,6,7) are not joined to cg, c7, cs.
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For this case we can see that there is at least one of 75,76, and r7 that is not
joined to cg, c7,cs. From subcase (i) and Table 2.38, we can see that the K7 14
contains red K 4.

(2.2.3) None 7;’s (i = 3,4,5,6,7) are joined to one of ¢13 and c¢14.

In these cases all r;’s (i = 3,4,5,6,7) are joined to both c¢;3 and c¢14.

From the case (2.2.1), since if four of r;’s (i = 3,4,5,6,7) are joined to ci3
and cy4 then the K714 contains red K3 4. Therefore in the case (2.2.3) the K7 14
contains red K 4.

Hence,
r(K(2,4),K(2,4)) < 7. (2.3

Therefore, from the inequalities (2.1) and (2.3), we have (K (2,4), K(2,4)) =
as required.
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