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1 Introduction

Let H be a real Hilbert space and K a nonempty, closed and convex subset
of H. Let T : K — K be a mapping. Then T is said to be monexpansive if
1Tz — Tyl < |Jx —y| for all x,y € K. The fixed points set of T is denoted by
F(T).
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In 1967, Halpern [1] introduced the following classical iteration for a nonex-
pansive mapping T : K — K in a real Hilbert space: zg € K and

Tnt1 = apu+ (1 —ap)Tz,, n>0,

where {ay} C (0,1) and u € K is fixed.

Let f : K — K be a contraction (i.e. ||f(z)— f(y)|| < a|lz—y| forallz,y € K
and @ € [0,1)). In 2000, Moudafi [2] introduced the viscosity approximation
method for a nonexpansive mapping T as follows: o € K and

Tpt1 = anf(xn) + (1 — an)T2,, n>0,

where {a,} C (0,1). There have been researches concerning strong convergence
of viscosity approximation methods for nonexpansive mappings or nonexpansive
semigroups (see, for examples, [3-10]).

A viscosity approximation method with Meir-Keeler contractions was first
studied by Suzuki [11]. Very recently, Petrusel and Yao [12] studied the following
viscosity approximation method with a generalized contraction: zy € K and

Tn41 = )\n—i-lf(xn) + (1 - )\n-l-l)Tn—i-lxnu n Z 07

where {A,} C (0,1) and {T},}22, is a family of nonexpansive mappings on K.

In this paper, motivated by Moudafi [2], Saeidi [7], Suzuki [11] and Petrusel and
Yao [12], we consider the following iterative scheme for a nonexpansive semigroup
S={T(t): t €S} defined by 21 € K and

Tn+1 = anf(xn) + Bn®n + ’YnT(Mn)xna n=>1,

where {a,}, {6n} and {v,} are real sequences in (0, 1) with ay, + G, + v, = 1 and
f:+ K — K is a Meir-Keeler contraction.

2 Preliminaries and Lemmas

In this section, we give some preliminaries, definitions, lemmas and proposi-
tions which will be used in our main results.

Let S be a semigroup. We denote by ¢°°(S) the Banach space of all bounded
real-valued functionals on S with supremum norm. For each s € S, we define the
left and right translation operators I(s) and 7(s) on £>°(S) by

(U(s)f)(t) = f(st) and (r(s)f)(t) = f(ts)

for each ¢t € S and f € £°°(S), respectively. Let X be a subspace of £>°(S)
containing 1. An element p in the dual space X* of X is said to be a mean on X
if ||u]] = (1) = 1. Tt is well-known that p is a mean on X if and only if

inf f(s) < pu(f) <sup f(s)

seS s€S
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for each f € X. We often write u:(f(¢)) instead of u(f) for p € X* and f € X.

Let X be a translation invariant subspace of £>°(S) (i.e. I(s)X C X and
r(s)X C X for each s € S) containing 1. Then a mean p on X is said to be left
invariant (resp. right invariant) if p(l(s)f) = u(f) (resp. wu(r(s)f) = p(f)) for
each s € Sand f € X. A mean p on X is said to be invariant if p is both left and
right invariant [13-15]. S is said to be left (resp. right) amenable if X has a left
(resp. right) invariant mean. S is a amenable if S is left and right amenable. In
this case, £°(5) also has an invariant mean. It is known that £°°(S) is amenable
when S is commutative semigroup or solvable group. However, the free group or
semigroup of two generators is not left or right amenable (see [16, 17]). A net
{pta} of means on X is said to be left regular [16] if

tin 1320 pa| = 0

for each s € S, where [¥ is the adjoint operator of [;.

Let K be a nonempty, closed and convex subset of H. A family S = {T'(s) :
s € S} is called a nonexpansive semigroup on K if for each s € S, the mapping
T(s): K — K is nonexpansive and T'(st) = T'(s)T(t) for each s,t € S. We denote
by F(S) the set of common fixed points of S, i.e.

F(S) = ﬂ F(T(s)) = m{xeK: T(s)x = x}.

seS seS

Throughout this paper, we denote the open ball of radius r centered at 0 by
B, and also denote the closed convex hull of A C H by @A. For € > 0 and a
mapping T : D — H, the set of e-approximate fixed points of T will be denoted
by F.(T,D), ie. F.(T,D)={ze D: ||z —Tz| <e}.

The following lemmas are important in order to prove our main theorem.

Lemma 2.1 ([17-19]). Let f be a function of a semigroup S into a Banach space
E such that the weak closure of {f(t) : t € S} is weakly compact and let X be a
subspace of £°(S) containing all the functions t — (f(t),z*) with x* € E*. Then,
for any p € X, there exists a unique element f,, in E such that

(™) = (S (1), 27)

for all x* € E*. Moreover, if 1 is a mean on X then
[ 10 autvy e ety te sy,

We can write f,, by [ f(t) du(t).

Lemma 2.2 ([17-19]). Let K be a closed convex subset of a Hilbert space H, S =
{T'(s) : s €S} be a nonexpansive semigroup from K into K such that F(S) # ()
and X be a subspace of £>°(S) containing 1 and the mapping t — (T (t)x,y) be an
element of X for each x € K andy € H, and p be a mean on X. If we write
T (p)x instead of [T,z du(t), then the following hold:
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(i) T(u) is a nonexpansive mapping from K into K ;
(i) T(w)xz = x for each x € F(S);
(iti) T(u)x € co{Tyx : t € S} for each x € K;

() if u is left invariant, then T(p) is a nonexpansive retraction from K onto

F(S).

Let K be a nonempty, closed and convex subset of a real Hilbert space H.
Then, for any = € H, there exists a unique nearest point in K, denoted by Pg(x),
such that

|z — Pg(z)| < [z -yl

for all y € K. Such a Pk is called the metric projection of H onto K. We also
know that for x € H and z € K, z = Pk if and only if

(x—2z,y—2) <0, VyeK.

Lemma 2.3 ([20]). Let K be a nonempty, closed and convex of a Hilbert space H
and let T : K — K be a nonexpansive mapping such that F(T) # 0. If {z,} is a
sequence in K weakly converging to x and if {(I — T)x,} converges strongly to vy,
then (I —T)x = y.

A mapping ¥ : Ry — Ry is said to be an L-function if ¥(0) = 0, ¥(t) > 0,
for each ¢ > 0 and for every s > 0 there exists u > s such that 1(t) < s, for all
t € [s,u]. As a consequence, every L-function ¢ satisfies ¢ (t) < ¢ for each t > 0.

Definition 2.4. Let (X, d) be a metric space. A mapping f : X — X is said to
be

(1) (¥, L)-contraction if ¢ : Ry — Ry is an L-function and d(f(z), f(y)) <
P(d(z,y)) for all z,y € X with x # y;

(ii) Meir-Keeler type mapping if for each € > 0 there exists 6 = §(¢) > 0 such
that for each z,y € X with d(z,y) < e + d we have d(f(z), f(y)) <e.

Remark 2.5. If¢(t) = at, a € (0,1), then we get the usual contraction mapping
with coefficient . Other examples of L-functions are (t) = IL-H and P(t) =

Theorem 2.6 ([21]). Let (X,d) be a complete metric space and f : X — X a
Meir-Keeler type mapping. Then f has a unique fized point.

Lim [22] proved the following useful characterization of Meir-Keeler and (v, L)-
functions:

Theorem 2.7 ([22]). Let (X,d) be a metric space and f : X — X a mapping.
Then the following assertions are equivalent:

(i) [ is a Meir-Keeler type mapping;
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(ii) there exists an L-function ¢ : Ry — Ry such that f is a (1, L)-contraction.
The following results was proved in [11]:

Proposition 2.8 ([11]). Let K be a conver subset of a Banach space E. Let
f: K — K be a Meir-Keeler type mapping. Then for each € > 0 there exists
r € (0,1) such that for each x,y € K with ||x — y|| > €, we have

1f (@) = F)ll < rllz =yl

Proposition 2.9 ([11]). Let K be a convex subset of a Banach space E, let T :
K — K be a nonexpansive mapping, and let f : K — K be a Meir-Keeler type
mapping. Then the following hold:

(i) T o f is a Meir-Keeler type mapping on K.
(i1) For each o € (0,1), the mapping x — af () + (1 — )T (z) is a Meir-Keeler
type mapping on K.

In the sequel, we need the following crucial lemmas.

Lemma 2.10 ([23]). Assume {a,} is a sequence of nonnegative real numbers such
that

An+41 S (1 - '-Yn)an +'Yn5n; n Z 1;

where {y,} is a sequence in (0,1) and {0,} is a sequence in R such that

(@) 3021 Yn = 00;
(b) thU.pn_}OO 6n S 0 or ZZO:1 h/n(snl < 0.

Then lim,,_, o a, = 0.

Lemma 2.11 ([24)). Let {x,} and {y,} be bounded sequences in a Banach space
E such that

Lnt1 = (1 - ﬁn)yn + anna vn Z 17

where {Bn} is a real sequence in [0, 1] with 0 < liminf,,_, o B, < limsup,,_, . Bn <
1. Iflimsup,,_, (Hyn+1 —Ynll = | Tns1 — an) <0, then lim, o ||y — zn| = 0.

3 Main result

In this section, we are now ready to prove our main theorem. In what follows,
we suppose that the L-function from the characterization theorem (see Theorem
2.7), as well as, the function ¢ from the definition of the (1, L)-contraction is
continuous and strictly increasing, and lim; o, n(t) = oo, where n(t) =t — ¥ (t),
t € R;. In consequence, we have that 7 is a bijection on R.. It is remarked that
the functions ¥ given in Remark 2.5 are all satisfy the above assumption.
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Theorem 3.1. Let K be a nonempty, closed and convex subset of a Hilbert space
H. Let S ={T(t) : t € S} be a nonezpansive semigroup on K such that F(S) # 0.
Let X be a left invariant subspace of £°°(S) such that 1 € X, and the function
t — (T(t)z,y) is an element of X for each xz,y € K. Let {u,} be a left reqular
sequence of means on X such that ||nt1 — pnl|| — 0, asn — co. Let f: K — K
be a Meir-Keeler contraction. Let {a,}, {Bn} and {vn} be real sequences in (0,1)
with oy, + Bn + v = 1 which satisfy the following conditions:

(C1) lim,, oo oty = 0;
(C2) 30y om = 00;
(C3) 0 <liminf, .o By < limsup,,_,, B, < 1.

Then the sequence {x,} generated by

Tni1 = anf(xn) + Bnn + 'YnT(/Ln)xnv n>1,
converges strongly to p € F(S) which also solves the following variational inequal-
ity:

(f(p) =p.g—p) <0, Vg€ F(S). (3.1)
Proof. First we show that {z,} is bounded. For each w € F(S), we see that
[#n41 — wl| < anll f(zn) — w] + Bullon — wll + Yol T (pn)zn — wl|

< an (Y(Jon —wl)) + 1 f(w) —w]]) + (1 = an)||zn — w]|

= (llzn = wll = an(lzn — wll = Y(lzn — wl))) + anl f(w) - wl|

= (llzn = wll = an ((llzn —wl))) + ann (07 (£ (w) = w]))

< max { ||z, — wl, n” (|| f(w) = wl)} -
By a simple induction, we can show that

Jn — w] < max {[les — wll,n~ (17 (w) —wl)}, ¥n>1.

Hence the sequence {x,} is bounded. So are {f(z,)} and {T(un)2n}-
We next show that
lim ||2p4+1 — 2n] = 0.
Observe that
nlLH;o 1T (ptn41)2n — T (pn )2 || = 0. (32)
Indeed,

1T (tn41)@n = T (pn)2all = Hshlgl (T (tnt1)@n — T (pin)2n, 2)|

= Hshlgl |(pn41)s (T (8)Tn, 2) — (pin)s(T'(8) 0, 2)|

< lttnt1 = pnllsup |T'(s)zn |-
sesS
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Since {x,,} is bounded and lim, e ||ttn+1 — tin|| = 0, (3.2) holds.

Tn41—BnTn

Put w,, = B Then

OénJrlf(anrl) + ”Yn+1T(,Un+1)xn+1 _ O‘nf(xn) + 'YnT(/Ln)xn

Wn+41 — Wp =

1-— ﬁn+1 1- ﬁn
OénJrlf(anrl) Olnf(xn) Yn+1
= - + T n Tn -T n Tn
1= Bt 15, T1o 5n+1[ (Hn+1)Znt1 — T(pint1)2n]
Qn Qp
+ T(pn+1)n — T (pn)wn + T(pin)Tn — 7+1T(Nn+l)xn
1- 671 1- 6n+1

which implies

Qn41
[wntr = wall < 75— _5 T (s )znll + 1f (@ng2) )
n+1

Qp,
1- ﬁn
H 1T (1) Tn — T(pn)znl|-

+

T Cun) ]l + 1f (@)l]) + [[2n1 = znl

From (3.2), (C1) and (C3) we have

limsup ([[wn+1 = wall = [Zn41 — zn|)) < 0.
So by Lemma 2.11, we have lim,_,« ||wn, — 2, || = 0. It also follows that
lim ||zn41 — zn] = 0. (3.3)

We next show that

lim ||z, — T()z,|| =0, Vteb. (3.4)
Let w € F(S) and put

M = max{|Ja1 — wll, n~ (| f (w) — w|])}-

Set D={y € K : ||y —w| < M}. It is easily seen that D is a nonempty bounded
closed convex set and {z,} C D. Further, D is invariant under §. To complete
our proof, we follow the proof line as in [25] (see also [17, 26, 27]). Let ¢ > 0.
From [28], there exists § > 0 such that

¢o F5(T(t); D)+ Bs C F.(T'(t); D), VteS. (3.5)

From Corollary 1.1 in [28], there exists a natural number N such that

HN+1ZT# s)Y — T)(NHZN )

<6, (3.6)
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forallt,s € Sandy € D. Let t € S. Since {u,} is left regular, there exists ng € N
such that 5

I s@r

for all n > ng and i = 1,2, ..., N. So we have for all n > ng

”.Un - tz,un

1 XL
;gg T(p >y_/N—+1§T(t $)y dpin(s)
1 K
= sup ”81”151 (1n)s(T(8)y, z) — (pn)s <N—+1 ;T(t s)y, Z>|

)s< ( )y72> - (l;fklﬂn)s<T(8)yvz>|

i—0 YED llz[=1

Wl >

< _max Jlpn = Gipn[[(M + [Jw]]) < 3.7)

We observe by Lemma 2.2 that

Ly 1L
/N—|— 1 ;T(tls)y d,un(s) S E{N—H ;T(t)Z(T(S)y) S se S} ' (38)

Combining (3.6)-(3.8) we have

go )y dun(s) + <T(Mn)y - / N+1 ;T(ﬂs)y dﬂn(s)>
N
§:

: SES}+B§/3

T(ﬂn y =

2

=0

)TJ/—’H

) + Bs/a, (3.9)

for all y € D and n > ng. Let t € S and € > 0. Then there exists § > 0 which
satisfies (3.5). From (C3), there exist a,b € (0,1) such that 0 < a < 3, < b < 1.
Put L = ¢(M) + Hf( ) w|| + M. From (3.3) and (C1), there exists ko € N such

that ||z, — zp41]| <! ) and o, < 2521 for all n > ko. It follows that

1F(@n) = T(un)za]l < 5 e o (1f (@) = Fw)ll + 11 f (w) = wll + [lw = T(pn)zal)

e
s1“1<uun—wm+nﬂ w) = wl] + llz, = wl)
< ) + [ (w) - w] + M)
< ( ouzb 0 (3.10)

31-b)L 3
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for all n > ky. Moreover,

Bn b )
- < — < —. .
1-3, zn = znyall < 1_ b”xn Tn1]l < 3 (3.11)
So from (3.5) and (3.9)-(3.11) we have
= T+ O () + o (f ) — T )
Tn+1 = Hn)Tn 1_ 677, Tn Tn+1 1_ 671 Tn Hn )Tn

€co F5(T(t); D) + Bs3 + Bs;s + Bss
Cco Fg(T(t); D) + Bs C FS(T(t); D)?

for all n > ko. Hence limsup,,_, o |xn — T(t)z,|| < e. Since € > 0 is arbitrary,
lim ||z, — T(t)x,|| = 0.
n—oo

Since the sequence {z,,} is bounded, there exists a subsequence {z,,, } of {z, } such
that z,,;, = z € K. From Lemma 2.3, we conclude that z € F'(S). On the other
hand, by Proposition 2.9 (i), we know that Pp(s)f is a Meir-Keeler contraction.
So, by Theorem 2.6, there exists a unique element p such that Pps)f(p) = p
which is also equivalent to

(f(p) —p,a—p) <0, Vge F(S).

So we have

limsup(f(p) — p,rn — p) = lim (f(p) — p, Tn; — )

=(f(p) =p,z—p) 0. (3.12)

We finally show that x, — p as n — oco. Suppose {x,} does not converge
strongly to p € F(S). Then there exists ¢ > 0 and a subsequence {z,, } of {z,}
such that ||z,, —p| > ¢, for all k € {0,1,...}. By Proposition 2.8, for this ¢ there
exists r € (0,1) such that ||f(zn,) — fP)|| < r||@n, — pll- So we have

||$"k+1 - sz = ||aﬂk (f(xﬂk) _p) + 67% (‘T"k _p) + Tk (T(/’L”lk)x"k - p)||2

< | Bni (®ny, = P) + Yoy, (T (1, ) T, —p)||2
+ 200, (f(Tny,) = P, Tngt1 — D)

< Brillny = pIl + Y, |7 (b, )T, — p||)2
+ 200, (f(Tny,) = P, Tngt1 — D)

<(@1- ank)2||$nk —p||2 + 2an, (f(2n,) = f(P), Tny+1 — D)
+ 200, (f(p) = P, ®nys1 = P)

< (1= an ?llzn, = 2l + 200, | f (@n,) = fP)[l|Zn,+1 = ]
20m,, (f(p) = P, Znit1 — D)

<(1- O‘nk)2||$nk —p||2 + ap, T (”"E"lk —p||2 + ||‘T"k+1 —p||2)
20, (f(P) — P, Tit1 — D) -
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It follows that

1—(2—-"7)a,, +a2 2
_ 2 < Nk Ui _ 2 Nk _ _
21 —pII” < [— lZn, = pII" + == P (f(P) = p,Tny+1 — D)
1 —ap,r = 2(1 =7)ay, 9 ol 9
— e = T — ol s
2anp,,
R —— (f(p) = p, 21 — p)

2(1 —r)ay,
(1— ¥) e, — ol

1—ay,r

2(1 = r)an,, 1 Oy, 2
+ 1_ankT 1—r <f(p) Dy Tny+1 p>+ 2(1_T)Hxnk pH :
Using (3.12), (C1) and (C2), we can conclude, by Lemma 2.10, that z,, — p as
k — oo. This is a contradiction and hence the sequence {z,,} converges strongly
to p € F(S). We thus complete the proof. O

Remark 3.2. A Meir-Keeler contraction in Theorem 3.1 can also be replaced by
a (¢, L)-contraction (see Petrusel and Yao [12], Lim [22] and Reich [29]).

Using the results proved in [20] (see also [26]), we obtain the following corol-
laries:

Corollary 3.3. Let K be a nonempty, closed and convex subset of a Hilbert space
H. Let S and T be nonexpansive mappings on K with ST = TS such that F :=
FS)NF(T)#0. Let f : K — K be a Meir-Keeler contraction. Let {an}, {6n}
and {vn} be real sequences in (0,1) with ay + B + vn = 1 satisfying (C1)-(C3).
Then the sequence {x,} defined by

n—1n—1

1 .
Tn+1 = Oénf(xn) + ﬁnwn + Tn ﬁ Z Z SlT]:En , N > 17
i=0 j=0

converges strongly to p € F which also solves the variational inequality (3.1).

Corollary 3.4. Let K be a nonempty, closed and convex subset of a Hilbert space
H and S = {T(t) : t € Ry} a strongly continuous nonexpansive semigroup on K
such that F(S) #0. Let f : K — K be a Meir-Keeler contraction. Let {an}, {8n}
and {yn} be real sequences in (0,1) with ay + B + vn = 1 satisfying (C1)-(C3).
Then the sequence {x,} defined by

1 [
Tn+1 = anf(xn) + 6711711 + Tn <t_/0 T(S).In d(S)) , n > 1,

where {tn} is an increasing sequence in (0,00) such that lim, .. t, = oo and
limy, 00 tn/tnt1 = 1, converges strongly to p € F(S) which also solves the varia-
tional inequality (3.1).
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Corollary 3.5. Let K be a nonempty, closed and convex subset of a Hilbert space
H and S ={T(t) : t € Ry} a strongly continuous nonexpansive semigroup on K
such that F(S) #0. Let f : K — K be a Meir-Keeler contraction. Let {c,}, {80}
and {yn} be real sequences in (0,1) with o, + Bn + yn = 1 satisfying (C1)-(C3).
Then the sequence {xy} defined by

Tt = 0 f(@n) + Bun + 1o < / " cop(—ans)T(s)e d<s>) Y
0

where {a,} is a decreasing sequence in (0,00) such that lim, . a, = 0, converges
strongly to p € F(S) which also solves the variational inequality (3.1).
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