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Abstract : In this paper, we introduce a new type of difference operator A7, for
fixed m,n € N and define the sequence spaces

E(AY) ={x=(z) : (A} ag) = (A"xp — A"xpem) € E, E € {lw,c,co}}

and study some topological properties of these spaces. We also obtain some inclu-
sion relations involving these sequence spaces. With different choices of m and n
it is observed that these spaces include many known spaces as special cases.
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1 Introduction

Throughout the paper, w, [, c and ¢y denote the space of all, bounded, con-
vergent and null sequences z = (z) with complex terms respectively, normed
by

|| =sup | @ | .
E>1

The zero sequence is denoted by 6 = (0,0, ...).
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Kizmaz [1] defined the difference sequence spaces Z(A) as follows
Z(A)={x = (zk) €Ew: (Azy) € Z}

where Z € {lo,c,c0} and Az, = xz, — xp4+1. The above sequence spaces are
Banach spaces normed by

[zlla =|21 | +sup |z |
k>1

The idea of Kizmaz [1] was applied to introduce the different type of sequence
spaces by several authors (see [2-7]) who studied their different properties.
Serigol [8] defined the sequence spaces

X(Ag) ={z = (1) : gz = K (z) — 2811) € X, ¢ < 1},

where X € {l,c,co}. Serigol proved that the above spaces are Banach spaces
with respect to the norm

lzlla, = 21 | +sup | k(@) — 2py1) |
e>1

and studied some properties.
Et and Colak [9, 10] defined the sequence spaces

X(A™) ={z = (xx) : (A™zy) € X},
where m € N, A"z = A™ gy — A™ a1 and X € {l,c,co} so that
n m
Amxk = Z(—l)y< )xk-‘ru.
v=0 v

They showed that the spaces loo (AL), c(AT) and co(AY,) are Banach spaces with
respect to the norm

m

zl|am = Z | z; | +sup | A™ay | .
i=1 k=21

Bektas and Colak [3] defined and studied the sequence spaces
X(AT) ={z = (xg) : (K"A™x) € X},
where m € N,r € Rand X € {l, ¢, co}. They showed that the spaces are Banach

spaces with respect to the norm

m
2]l ap = Z | z; | +812ka | Ay |
=1
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Esi et al. [11] introduced the difference operator Af for fixed p,q € N and
defined the sequence spaces

X(A3) = {zw = (z1) : (Afax) € X},

where Adxy = Agflxk —Agflxkﬂ, and X € {l, ¢, co} and proved that the spaces
are Banach spaces with respect to the norm

pq

||17|\Ag = Z | i | +sup | Alwy | .
i=1 k>1

2 Definitions and Preliminaries

A sequence X is said to be solid (normal) if (x) € X implies (apxy) € X
for all sequences of the scalars (ay) with |ag| < 1 for all k € N. A sequence X is
said to be monotonic if it contains the canonical preimage of all its step spaces.
A sequence X is said to be convergence free if (yr) € X whenever (x) € X and
yr = 0 whenever x;, = 0. A sequence X is said to be symmetric, if (v,4)) € X
whenever (zx) € X where (k) is permutation of N, the set of natural numbers.

Let m,n > 1 be fixed positive integers, then we introduce a new type of
difference operators A7 where A,z = A"z, — A" %4 and define the sequence
spaces Z(Am) as

Z(Ag) ={z = (x) : (Ana) = (A2 — A Tpqm) € Z}
where Z € {lx,¢,co}. So that

Amek = A":vk — An.’L‘k_;,_m

n

= Z(_l)y <Z> (Thtv = Thtmtv)-

v=0

3 Main Results

Proposition 3.1. The spaces loo(AL), c(AT) and co(AT,) are normed linear

spaces normed by
m—+n

lzllag = > 2| +sup | Anzw |- (1.1)

r=1

Proof. Let a, 3 be scalars and z,y € l(A},). Then sup,>, | AL,z [< oo and
SUPg>1 | AT yr |< oco. This gives

sup | Ay (axyk + Byx) [ <[ a|sup | Ajxk [+ | B[ sup | Afyk [< oo.
k>1 k>1 k>1
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Hence loo (AL,) is a linear space. Similarly, it can be shown that ¢(A?,) and co(AT)
are linear spaces. To show that [ (A”,) is a normed linear space. It is clear that

if x = 6. Then
Iallag, = 162, = 0.

Conversely, suppose that||z[|s» = 0. This gives

m—+n

> @y [+sup| Apay |=0,
k>1

r=1

which implies 2, = 0 Vr = 1,2,...,m+n and supy>, | A} zx |= 0, Vk € N, which

further implies
n n
Z(_l)y (V) (Thtv = Thtmtv) = 0.

|<g> (Th — Thym) — (?) (Tha1 — Thamy1) + - -

+(_1)n71 (nn_ 1) ($k+n71 o IkerJFn*l) + (_1)n (Z) (fEkJrn - IkerJrn) =0.
Put k=1, we get
[ P —

+(_1)n71 ( " ) (xn - $m+n) + (_1)71 (Z) (xn—i-l - xm—i—n—i—l) =0,

n—1
which implies

=0.

(_1)n ( Z) Tm+n+1

This gives Z(y4n)+1 = 0. Proceeding in this way, we have x, = 0, Yk € N. Thus,
l|lzl|an =0 <= = 0. Further

m—+n

lzllan =Y 2 +yp | +sup | Ak + yk) |

r=1
< llzllan, + lyllag,-
Finally, we have

m-+n

Malla, = | Az, | +sup [ Ag, (i) [=[ A lzllay,

r=1
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Hence loo(AT) is a normed linear space. Similarly, it can be shown that c¢(A”,)
and ¢o(A”) are normed linear spaces.

The following proposition is easily obtained.
Proposition 3.2.
(1) co(AL) C c(Al) Cleo(Al) and the inclusions are proper.

(2) Z(AL) C Z(AL) for Z € {loo,c,c0}, 1 < i < n and the inclusions are
strict.

Theorem 3.3. The spaces loo (AL, c(AY) and co(AT,) are Banach spaces under
the norm defined in (1.1).

Proof. Let (z') be a Cauchy sequence in loo(A”?) where z* = (1) = (2%, 2%, ...).
Then for given € > 0, we can find a positive integer ng such that

la* — 27| < Vi,j>mno.

This gives
m+n . ) . )
Y @ —al|<eand sup | A (2 = ) |< € Vi, j = no,
r=1 Z

which gives
Iwi—yi |[<e Vi,j>mnoandr=1,2,....m+n.

This shows that (x}C) is a Cauchy sequence for 1 < k < m 4+ n. Let lim; . :10}C =
), for 1 < k < m+n. Also, since supy~, | A% (zh—a]) |< €, ¥i,j > ng, and k € N.
This shows that (A% zi) is also a Cauchy sequence Vk € N. Let lim; o Azl =
Yk, Vk € N. This gives

lliglo [Z(_l)y (Z) (I;c—i-l/ - I;.c+m+u)‘| = Yk-

v=0

Put k =1, we get

lliglo lZ(_l)y <Z> ('rziJrv - Ii+m+u)‘| =Y.

This gives

. n i i n i i
llgilo 0 (2] = Tpq1) — 1 (@) = Tpg) + -
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+(_1)n (Z) (Ill-i-n - Iin+n+1)‘| =Y,

which implies by using lim;_, ZC}C =z for 1 <k <m+n that

l(g) (T1 — Tm1) — (?) (T2 — Tmyo) + -+
+(_1)" <Z> (I1+n _iligloxfnJrnJrl)‘| =Y.

lim T(mtn)+1 = T(mtn)+1,

Y1 — { <g> (1 — Tppy1) — (T) (X2 — Tyy2) + -+

Proceeding similarly, we get

This gives

where

:E(ern)Jrl = i

lim 332 =x, Vk > 1.

11— 00

Now S | &t — x| < €, Vi,j > ng. This gives

T

m—+n

lim E | ;. — 2l |< e, Vi>ng,
j—oo £~
r=

which implies
m—+n

Z | 28—z, |< €, Vi>ng.
r=1
Also, we have
| Azt — A"l |< €, Vi, j > ngand k> 1.
This gives
lm | AMalh — AP ol |< e Vi>mngand k> 1,

J—0o0

which gives

<eVi>ngand k>1,

. ) n S n . .
Anxy, — Jlggo Z(_l) <V> (Ifc-i-l/ - Ifc-ﬁ-m—i—l/)
v=0
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which further gives

, n n
Afn'r;c - Z(_l)u <I/> (karl/ - :EkerJru)

<eVi>ngand k> 1.

v=0
This gives _
| Av xy, — Al xy |[< €, Vi >mngand k> 1.
Hence
m—+n
ol ah —a, | +sup | A% (x) — ) [< 26, Vi > no.
r=1 k>1

This shows that z* — z as i — oco. Also since

i n
) =[S0 (1) e = s
v=0
. v no no no o
= Z(_1> v ['rkJrl’ = Lh+m+v — (xk-i-u - xk-ﬁ-m-‘,—u) + (xk-i-u - xk-l—m-l—u)]
v=0
. 14 n no no
= Z(_l) v (@35 = Tbmts) = @ktw = Thmeso)]
v=0
- v n no no
+ Z(_l) v (xk+u - xk+m+u)
v=0

< lz" —zlag, + 1452 = O).

Hence x € loo(A},). This shows that I (A7,) is a Banach space. Similarly, it can
be shown that ¢(A?) and co(A?L,) are Banach spaces. O

Corollary 3.4. The spaces c¢(A%) and co(AT) are nowhere dense subsets of
loo (D7)

Proof. From Proposition 3.1, the inclusion ¢(A?,) C l(A},) and co(A},) C
loo (A are strict. Further from Theorem 3.3, it follows that the spaces ¢(A™)

and cg(Am) are closed. Hence the spaces ¢(A) and ¢o(A”,) are nowhere dense
subsets of oo (AT). O

Theorem 3.5. The spaces loo(AL), c(A) and co(AT) are not solid in general.

Proof. To show that the above spaces are not solid in general. Let m =n = 2 and
consider the sequence (xy) defined as

1 =1and xx41 = + k+ 2, Vk € N.

Then (1) € co(A3) C ¢(A3) Cloo(A2). Now consider the sequence of scalars (o)
defined by
1, ifk=3iieN,
ap =
0, otherwise.
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Then (arxr) € loo(A3). Hence, the space lo(AT) are not solid in general. Simi-
larly, we can show that ¢(A) and c¢o(A”,) are not solid in general. O

Theorem 3.6. The spaces loo(AL,), c(AL) and co(A),) are not symmetric in
general.

Proof. To show that the above spaces are not symmetric in general let m = n = 2
and consider the sequence (zj) defined in Theorem 3.5. Then (z) € co(A3) C
c(A3) Cloo(A3). Now consider the rearrangement (yy) of (zx) as

1, ifk=3n-2neN,
Yk = < Tpy1, if kiseven, k#3n—2, n € N,
Tr—1, if kisodd, k#3n—2, n € N.

Then (yx) € loo(A2). Hence, the space [ (A2) is not symmetric in general.
Similarly, we can show that ¢(A?) and co(Al,) are not symmetric in general. [

Theorem 3.7. The spaces loo(AL), c(ALL) and co(AL) are not convergence free
in general.

Proof. To show that the above spaces are not convergence free in general let m = 2
and n = 1 and consider the sequence (zy) defined by z, = 1, Vk € N. Then
() € co(AL). Now consider the sequence (yx) as yr = k%, Vk € N. Then
Yk & co(AL). Hence, co(A,) is not convergence free in general. Similarly we can
show that I (AT,) and ¢(A”,) are not convergence free in general. O

Theorem 3.8. Theorem 3.8. The spaces loo (AL, c(AY) and co(AL) are not
monotonic in general.

Proof. Let m = 3 and n = 2 and consider the sequence (x) defined as
r1=1, and zp41 =z +k+1, Vk € N.
Then zj, € co(A3). Now consider the sequence (yx) in its preimage as

1, if k odd,

Yr =
0, if k£ even.

Then (yx) neither belongs to co(A?) nor ¢(A%). Hence ¢(A%) and ¢o(AT,) are not
monotonic in general. Similarly, we can show that I, (A”,) is not monotonic in
general. O
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