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1 Introduction

The theory of fuzzy sets was introduced simultaneously by Zadeh’s [1] in 1965.
It gives the foundation of fuzzy mathematics. Later, several researchers have
applied this theory to the well-known results in the classical set theory. The
concept of an intuitionistic fuzzy set was first introduced by Atanassov in [2] and
many works by the same author in [3-5]. It has been used and applied extensively
in many areas of mathematics and sciences. Further, it is especially useful in the
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study of phenomena having two probabilistic aspects, for instance, in the context
of two-slit experiment as the foundation of E-infinity theory of high energy physics,
introduced and studied by El Naschie [6, 7]. In another example in this way, Liu
and Wang [8] used the intuitionistic fuzzy point operators to reduce the degree of
uncertainty of the elements in the universe corresponding to an intuitionistic fuzzy
set.

One of the most important problems in fuzzy topology is to obtain an appro-
priate concept of an intuitionistic fuzzy metric space and an intuitionistic fuzzy
normed space. This problems have been studies by Park [9] and Saadati and Park
[10]. Park [9] introduced a notion of an intuitionistic fuzzy metric spaces which
is an extension of fuzzy metric spaces of George and Veeramani [11] and proved
some known results of metric spaces including Baires theorem and the Uniform
limit theorem for intuitionistic fuzzy metric spaces. Saadati and Park [10] have
been investigated and studied the theory of intutionistic fuzzy topology (both in
metric and normed) spaces. These bring the most valuable applications which
applied from an intuitionistic fuzzy sets. In fact, an intuitionistic fuzzy metric
is very useful tool in modeling some phenomena which is necessary to study the
relationship between two probability functions as will be observed in [12].

On the other hand, the fixed point theorem, generally known as the Banach
contraction mapping principle, appeared in explicit form in Banach’s thesis in 1922
which was used to establish the existence of a solution for an integral equation.
Since its simplicity and usefulness, it has become the most famous mathematical
theories with application in several branches of sciences, especially in chaos theory,
game theory, nonlinear programming, economics, theory of differential equations,
etc. A number of articles in this field have been dedicated to the improvement
and generalization of the Banach’s contraction mapping principle in many ways
(see [13-21)).

Fixed point theory in fuzzy metric spaces has been developed starting with the
work of Heilpern [22]. He introduced the concept of fuzzy contraction mappings
and proved some fixed point theorems for fuzzy contraction mappings in metric
linear spaces, which is a fuzzy extension of the Banach’s contraction principle
by setting the distance between two points to be a non-negative fuzzy number,
and investigated some connections between fuzzy metric spaces and probabilistic
metric spaces. Afterward, a number of fixed point theorems in fuzzy metric,
intuitionnistic fuzzy metric spaces have been considered by many authors [23-29].

In 2006, Rafi and Noorani [30] introduced an intuitionistic fuzzy contraction
mapping as follows:

Definition 1.1 (Rafi and Noorani [30]). Let (X, M, N,x,0) be an intuitionistic
fuzzy metric space. A mapping T : X — X is called that an intuitionistic fuzzy
contraction if there exists k € (0,1) such that

1 1
L S Y [ i
e g 1) -
and
N(Tz,Ty,t) < kN(z,y,t) (1.2)
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for all z,y € X and t > 0.

They proved the existence fixed point in intuitionistic fuzzy metric spaces for
an intuitionistic fuzzy contraction mapping in next Theorem.

Theorem 1.2 ([30, Theorem 3.6]). Let (X, M, N, x,¢) be a complete intuitionistic
fuzzy metric space and T : X — X. If T is an intuitionistic fuzzy contraction
mapping, then T has a unique fized point.

The above theorem of Rafi and Noorani is very important and necessary the-
orem to claim the existence of fixed point in the intuitionistic fuzzy metric spaces.
Occasionally, the constant number which satisfies Rafi and Noorani’s Theorem is
difficult and complicated to find. Therefore, it is the most interesting to search
another auxiliary tool to claim the existence of a fixed point in the intuitionistic
fuzzy metric spaces.

In our paper we will introduce a new intuitionistic fuzzy contraction mapping
which is more general than a Rafi and Noorani’s intuitionistic fuzzy contraction
mapping and establish the new fixed point and common fixed point theorems in
intuitionistic metric spaces.

The structure of this paper is as follows. Section 2 states some definitions and
property of intuitionistic fuzzy metric spaces. This is followed by concept of a
new intuitionistic fuzzy contraction mappings in Section 3. We also give the fixed
point and common fixed point theorems in intuitionistic fuzzy metric spaces in
this section.

2 Preliminaries

For the reader’s convenience we recall some terminologies from the theory of
fuzzy metric spaces, which will be used in what follows.

Definition 2.1 (Schweizer and Sklar [31]). A continuous t-norm is a binary
operation * on [0, 1] satisfying the following conditions:

(i) = is commutative and associative;
(ii) =* is continuous;
(iii) ax1 =a for all a € [0,1];

(iv) axb < c*d whenever a < c and b <d (a,b,c,d € [0, 1]).

Example 2.2. The following examples are classical examples of a continuous t-
norms:

(TL) (The Lukasiewicz t-norm) A mapping *, : [0,1]x[0,1] — [0, 1] which defined
through
a*r b=max{a+b—1,0}.



126 Thai J. Math. 10 (2012)/ W. Sintunavarat and P. Kumam

(TP) (The product t-norm) A mapping *p : [0,1] x [0,1] — [0, 1] which defined
through
a*xpb=ab.

(TM) (The minimum t-norm) A mapping *pr : [0,1] x [0, 1] — [0, 1] which defined
through
a *pr b = min{a, b}.

(I]:) (2 he weakest lﬁ—noq«m) A mapping *xp [1)7 ] X [ ), ] 5 [(), ]] which d ﬁ'ﬂ d
thr ough 7 e e
a *p b= { Hl{a, b}; IIlaX{a, b} =1

0, otherwise.
Definition 2.3 (Schweizer and Sklar [31]). A continuous t-conorm is a binary
operation ¢ on [0, 1] satisfying the following conditions:
(i) ¢ is commutative and associative;
(ii) o is continuous;
(iii) ao0=a for all a € [0,1];
(iv) aob < cod whenever a < cand b <d (a,b,c,d € [0,1]).
Remark 2.4. The concepts of triangular t-norms and t-conorms are known as the
axiomatic skeletons that we use for characterizing fuzzy intersections and unions,

respectively. These concepts were originally introduced by Menger [32] in his study
of statistical metric spaces.

Definition 2.5 (George and Veeramani [11]). A fuzzy metric space is a triple
(X, M, x) where X is a nonempty set, x is a continuous t-norm and M is a fuzzy
set on X2 x [0,00) and the following conditions are satisfied for all z,y € X and
t,s > 0:

(GV-1) M(z,y,t) > 0;

(GV-2) M(z,y,t) =1 = 2=y,

(GV-3) M(z,y,t) = M(y,x,1);

(GV-4) M(z,y,-): (0,00) — [0,1] is continuous;
(GV-5) M(z,z,t+8) > M(x,y,t) « M(y,z2,s).

Definition 2.6 (Park [9]). A intutionistic fuzzy metric space is a 5-tuple
(X, M, N,x o) where X is a nonempty set, x is a continuous t-norm, ¢ is a con-
tinuous t-conorm and M, N is a fuzzy sets on X2 x (0, 00) such that the following
axioms hold for x,y,z € X and s,t > 0:

(P'l) M(:v,y,t) —i—N(ac,y,t) <1
(P-2) M(z,y,t) > 0;
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(P-3) M(z,y,t) =1 <= z=1y;

(P-4) M(z,y,t) = M(y,z,1);

(P-5) M(z,y,-): (0,00) — [0,1] is continuous;
(P-6) M(z,z,5s+1t) > M(z,y,s)* M(y, z,t);
(P-7) N >

(P-8) N
(P-9) N(x,y,t) = N(y,z,t) for all z,y € X and t > 0;
(P-10) N(z,y,-): (0,00) — (0, 1] is continuous;
(P-11) N(z,z,s+1t) < N(x,y,s) o N(y, z,1).

The pair (M, N) is called an intuitionistic fuzzy metric on X. The functions
M(z,y,t) and N(z,y,t) denote the degree of nearness and the degree of non-
nearness between = and y with respect to t, respectively.

Remark 2.7. Every fuzzy metric space (X, M,x*) is an intuitionistic fuzzy met-
ric space of the form (X, M,1 — M, x, o) such that t-norm x and t-conorm ¢ are
associated (see [33]), i.e. xoy=(1—(1—2x)* (1 —vy)) for any z,y € X.

Remark 2.8. In intuitionistic fuzzy metric space X, M(x,y, ) is non-decreasing
and N(z,y,-) is non-increasing for all x,y € X.

Definition 2.9 (Park [9]). Let (X, M, N,*,0) be an intuitionistic fuzzy metric
space, and let r € (0,1),¢ > 0 and x € X. The set B(z,r,t) = {y € X|M(z,y,t) >
1 —rand N(z,y,t) < 1} is called the open ball with center z and radius r with
respect to t.

Definition 2.10 (Park [9]). Let (X, M, N, *,¢) be an intuitionistic fuzzy metric
space. A sequence {x,} in X converges to x € X if for r € (0,1) and ¢ > 0, there
exists ng € N such that z, € B(x,r,t) for all n > ng.

Lemma 2.11 (Park [9]). Let (X, M, N, x,0) be an intuitionistic fuzzy metric space.
A sequence {x,} in X converges to x € X if and only if

M(zp,x,t) — 1 and N(xp,z,t) — 0 as n — o0 (2.1)
for allt > 0.

Definition 2.12 (Park [9]). Let (X, M, N, *,¢) be an intuitionistic fuzzy metric
space. A sequence {z,} in X is called a Cauchy if for 0 < ¢ < 1 and ¢ > 0 there
exists ng € N such that

M2y, Tm,t) > 1 —€and N(xp, Tm,t) <€ (2.2)

for n,m > ny.
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Definition 2.13 (Park [9]). The intuitionistic fuzzy metric space (X, M, N, ,¢)
is said to be complete if every Cauchy sequence is convergent.

Definition 2.14. Let S and T be self mappings of a nonempty set X.
(i) A point z € X is said to be a fixed point of T if Tz = «.

(ii) A point z € X is said to be a coincidence point of S and T' if Sz = Tx and
we shall called w = Sx = Tz that a point of coincidence of S and T'.

(iii) A point z € X is said to be a common fixed point of S and T if z = Sz = T'z.

Definition 2.15 (Jungck [34]). Let S and T be self mappings of a nonempty
set X. The mapping S and T are weakly compatible if STx = T'Sx whenever
Sr="Tzx.

Lemma 2.16 (Haghi et al. [35]). Let X be a nonempty set and T : X — X
a function. Then there exists a subset E C X such that T(E) = T(X) and
T:E — X is one-to-one.

3 Main Results

We first introduce the notion of an intuitionistic fuzzy contraction depend on
A mappings.

Definition 3.1. Let (X, M, N,*,0) be an intuitionistic fuzzy metric space. A
mapping T : X — X is called that an intuitionistic fuzzy contraction depend on A
(IFCA) if there exists a mapping A : X — [0,1) which A(Tz) < A(z) such that

1 1
M(Tz, Ty, t) 1< Al) (M(:c,y,t) - 1) 31

and
N(Tz,Ty,t) < A(x)N(z,y,t) (3.2)

for all z,y € X and t > 0.

Lemma 3.2. Let (X, M, N,*,0) be an intuitionistic fuzzy metric space and T :
X — X. If T is an (IFCa) mapping, then T is a continuous mapping.

Proof. Let {x,} be a sequence in X such that z,, — z as n — oo for some z € X.
From the notion of (IFCa), we get

1 1
—— - 1<A — -1 3.3
M(Tz,Txp,t) - (Z)<M(z,xn,t) > (3:3)
for all n € N. Taking n — oo, we have

1

— 150 3.4
M(Tz,Tan,t) (34)
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that is
M(Tz,Txy,t) — 1 (3.5)

as n — 0o. Again, using the notion of (IFCa), we get
N(Tz,Txn,t) < A(2)N(z,2p,t) (3.6)
for all n € N. We take n — oo, we get
N(Tz,Txn,,t) — 0. (3.7)

From (3.5) and (3.7), we have T'z,, — Tz as n — oo. Therefore, we can conclude
that 7" is continuous. O

Next, we proved the existence of fixed point theorem for (IFCa) mapping.

Theorem 3.3. Let (X, M, N, *,¢) be a complete intuitionistic fuzzy metric space
and T : X — X. If T is an (IFCa ) mapping, then T has a unique fized point.

Proof. Let xy be an arbitrary point in X. We can construct the sequence {z,} in
X by
Ty =T"20 =Txn_1 (3.8)

for n = 1,2,.... If there exists ng € {1,2,...} such that Tx,,—1 = Tz, then we
get x,, = T'xy,. Thus z,, is a fixed point of T" and then the proof is complete.
Now we suppose that T'x,,_1 # Tz, for all n > 1. Now, for positive integer n and
m such that m > n and ¢ > 0, we have

1 1
M (2p, T, t) (M(Txn_l,T:Cm_l,t) >

1
3 . _
< Az, 1)<M(xn_1,$m—lat) 1)
1
= A(Txp—2) <M(T€€n—2= Tom—2,t) 1)

< A(:Cn_g)A(xn_g)< ! 5 1)

M(xn72; Tm—2,

1
— A(Txn_3)A(T$n—3)(M(TI _3 Tx _3 t) B 1)

< A(zn-3)A(zn—3)A(zn-3) (M(xn_glxm—a t) 1>

% (A@@)%ﬁ - 1). (3.9)
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Since A(zg) € [0, 1), if we taking limit as m,n — oo, then m —-1—0,

that is
M(xp, Ty, t) — 1 (3.10)

as m,n — oo. Also for positive integer n and m such m > n and ¢ > 0, we get
N(Zp, Tm,t) = N(Txp-1,TTm-1,1)

< Tn— 1) (xn 1, Tm— 1,t)
Txp—o)N(Txp—o, TTm—_2,t)

A(
A(
A(xp—2)A(xp—2)N(Tp—2, Tm—2,1)
A(
A(

IN

Tz, 3)A(Txp—3)N(Txp—3,TTm_3,1)
Tn— 3) (xn 3)A($n—3)N(xn—37$m—3ut)

IN

|/\ PPN

(A(z0))" N (20, Tm—n,t). (3.11)
Since A(zo) € [0,1), we have
N(zp, Tm,t) — 0 (3.12)

as m,n — oo. From (3.10) and (3.12), we get the sequence {x,} is a Cauchy
sequence in intuitionistic fuzzy metric X. As X is a complete, there exists a point
z € X such that x,, — z as n — oo, which is implies that

M(zp,2,t) — 1 and N(xy,,2,t) — 0 asn — oo (3.13)

for all ¢ > 0. Next, we show that z is a fixed point of T'. Since T is (IFCx), for all
n € N we get
1

1
sy <80 (e ) (314)

for all ¢ > 0. Taking n — oo, we have for every t > 0, m —1— 0 and
then M(Tz,Tx,,t) — 1 as n — oo for all t > 0. Again, using the fact of T is
(IFCa), we have
N(Tz,Txn,t) < A(z)N(z,zp,1) (3.15)
for all t > 0 and for all n € N. Taking n — oo, we get N(Tz,Tx,,t) — 0 for all
t > 0. In both case, it can be concluded that T'xz,, — Tz. Therefore, z,11 — Tz
and then z = T'z.
Finally, we show that z is a unique fixed point of T'. We suppose that z; € X
is an another fixed point of T. We use the notion of (IFCa) for ¢ > 0, we have

1 1
M(z,21,t) T M(Tz,Tx,t)

< A(z)<m - 1>. (3.16)
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Since A(z) € [0, 1), we obtain that m — 1 =0 that is M(z,21,t) = 1. The
previous statement implies that z = z;. Therefore, z is a unique fixed point of
T. O

Corollary 3.4 ([30, Theorem 3.6]). Let (X, M, N, *,0) be a complete intuitionistic
fuzzy metric space and T : X — X. If T is an intuitionistic fuzzy contraction
mapping, then T has a unique fized point.

Proof. We can prove this results by apply Theorem 3.3 with A(z) = k where
k€ (0,1). O

Theorem 3.5. Let (X, M, N,x,¢) be a complete intuitionistic fuzzy metric space
and T : X — X. If T" is an (IFCa) mapping for some n € N, then T has a
unique fixed point.

Proof. From Theorem 3.3, we get T has a unique fixed point z. But T"(Tz) =
T(T"z) =Tz, s0 Tz is a fixed point of T™ and then Tz = z by the uniqueness of
a fixed point of T". Therefore, z is also a fixed point of 7. Since the fixed point
of T is also fixed point of T, the fixed point of T is unique. O

Next, we shall prove the common fixed point theorem in intuitionistic fuzzy
metric space. We introduce the notion of mapping which is more general than an
(IFCa) in the below definition.

Definition 3.6. Let (X, M, N, %, ¢) be an intuitionistic fuzzy metric space and
S, T : X — X. A mapping T is called that an intuitionistic fuzzy contraction
depend on A with respect to S if there exists a mapping A : X — [0,1) which
A(Tz) < A(Sz) for all x € X such that

1 1
M(Tz,Ty,t) — 1< A(S2) (M(S:c,Sy,t) - 1) (3.17)

and
N(Tz,Ty,t) < A(Sz)N(Sz, Sy, t) (3.18)

for all z,y € X and t > 0.

Remark 3.7. If we take S is identity mapping, then T is reduce to an (IFCha)
mapping.

Theorem 3.8. Let (X, M, N, x,0) be a intuitionistic fuzzy metric space and S, T :
X — X such that S(X) is a complete subspace of X. If T is an (IFCa) w.r.t to
S and the mappings S and T are weakly compatible, then S and T have a unique
common fized point.

Proof. By Lemma 2.16, there exists E C X such that S(E) = S(X) and S: E —
X is one-to-one. Now, define a mapping U : S(E) — S(E) by U(Sz) = Tx. Since
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S is one-to-one on E, U is well-defined. From the fact of T is (IFCa) w.r.t to S
and Uo S =T, we get

1 1
MU(S2), 088 = A(S””)(m - 1) (3.19)

and
N(U(Sx),U(Sy),t) < A(Sz)N(Sz, Sy,t) (3.20)

for all Sz, Sy € S(F) and t > 0. Therefore, U is (IFCa). Since S(E) = S(X)
is complete, by using Theorem 3.3, there exists a unique fixed point z € S(X)
such that Uz = 2. Since z € S(X), we get z = Sw for some w € X and then
U(Sw) = Sw that is Tw = Sw. Hence, T and S have a point of coincidence,
which is also unique.

Next, we show that S and T have a common fixed point. Since z = Tw = Sw
and S and T are weakly compatible, we get Sz = STw = TSw = Tz and so
Sz = Tz is a point of coincidence of S and T. However, z is the only point
of coincidence of S and T, so z = Sz = Tz that is z is a common fixed point
of S and T. Moreover, if z; is another common fixed point of S and T that is
z1 = Sz1 = Tz, then z; is a point of coincidence of S and T, and then z; = z by

uniqueness of point of coincidence. Therefore, z is a unique common fixed point
of Sand T. O

4 Conclusion

In this paper, we modify an intuitionistic fuzzy contraction mapping of Rafi
and Noorani in [30] and proved some fixed point and common fixed point theo-
rem for new contraction mappings in intuitionistic fuzzy metric spaces. Although,
Theorem 3.6 of Rafi and Noorani in [30] is an essential tool in the intuitionistic
fuzzy metric space to claim the existence of common fixed points of two mappings.
Sometimes the constant numbers which satisfy Rafi and Noorani’s Theorem are
very difficult to find. Therefore, it is the most interesting to define such mappings
A as another auxiliary tool to claim the existence of a common fixed point. How-
ever, all the main results in this paper are some of the choices for solving problems
in an intuitionistic fuzzy metric spaces. Our results may be the motivation to
other authors for extending and improving these results to be suitable tools for
their applications.
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