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Abstract : In the present paper an attempt has been made to investigate a
new class of heat type polynomials suggested by Jacobi polynomials. Results
analogous to Jacobi polynomials obtained by Srivastava [H.M. Srivastava, Note
on certain generating functions for Jacobi and Laguerre polynomials, Publ. Inst.
Math. (Beograd) (N.S.) 17 (31) (1974) 149-154] and Varma [V.K. Varma, Appell’s
double hypergeometric function as a generating function of the Jacobi polynomials,
Riv. Mat. Univ. Parma 8 (1967) 305-308] have also been obtained for this new
class of heat type polynomials.
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1 Introduction

A heat polynomials v, (z,t) of degree n is defined as a coefficient of 2_7: in the

. . 2
power series expansion e**+%°¢:

eZI+w2t — 2 :'Un((E, t)Z' (11)
n:
n=0

'Corresponding author email:manojsingh1181@gmail.com

Copyright © 2012 by the Mathematical Association of Thailand.
All rights reserved.



114 Thai J. Math. 10 (2012)/ M.A. Khan et al.

It is clearly a solution of one dimensional heat equation

v Ou
- 1.2
ox? Ot (12)
for all values of the variables.
The generalized heat polynomials P, , (x,u) defined by (Haimo [1], p.736, eq.
(2.1), Bragg [2], p.272, eq. (2.3)) is as follows:

- I'(v+n+1)
P, (x,u) = 92k ( " ) 27 p2n=2kyk 1.3
@) 1;3 k' )JTw+n—k+3) (1-3)
2
— (4u)” n! L (—z—u) (1.4)

where L%O‘)(x) denotes the Laguerre polynomials defined by (see, Rainville [3, pp.

200]), as given below:

1+ a),

L (@) = 1
n.

1F1 [—n;l-i—a;:v]. (15)

The heat type polynomials suggested by Jacobi polynomials are denoted by,
Py x u(z,u) and defined as

1 —n, A+ @+ n; 22
Pn,)\,u(fﬂ,u) = (4’(},)" ()\ + 5) 2F1 — E (16)
n P
2
— (du)® p! PPTEHTE (—%) (1.7)

where P{*"” )(:v) denotes the Jacobi polynomials defined by ([3, pp. 254]), as given

below:

—n,1+a+F8+n; 1— 2

2

1+ a),

Pﬁo"ﬁ)(x) = ( o Fy

(1.8)
n! 1+ o

In the form similar to Jacobi polynomials due to Srivastava [4], (1.6) can be
written as

n -1 1
Pou(z,u) = Z ( )\—;71 1 2 ) ( M+]? 2 ) n! 22 (2? + 4u)"7F. (1.9)
k=0

In view of the relation ([3, Theorem 20, pp. 60]),

F[ “’b;; z] _(1—z)aF[ a,c=b 2 ] (1.10)

c ¢ 11—z
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a relation (1.6), can be written in the elegant form

_ 1 2 n —'H 2
Pny)w(x,u)— <)\+§)n(z +4'UJ> 2F1|: /\_|_% : 2 + du

] (1.11)

and in the finite series form (1.6) and (1.11) becomes,

Py, u) i < ) )(\ %)’)L ()\):_ML”M (4u)" (g)k (1.12)

k=0

(z, ) - (A +3), (n+3), 22K (22 4 4k
o) =2 (1) e G g, 0

Also by reversing the order of summation, (1.6) and (1.11) can be written as

_()""/‘)271 22 —n, %—)\—n 4u
1 2n -n, 3 —A—mn; 2°+4u
Pop(,u) = (p+3 o 2 F1 P (1.15)

In 1989, Fitouchi [5] generalized the theory of heat polynomials introduced by
Rosenbloom and Widder for a more general class of singular differential operator
0,00. The heat polynomials associated with the Bessel operator and studied by
Haimo appear as a particular case in this paper.

In 2001, Hile and Stanoyevitch [6], demonstrated polynomials solutions anal-
ogous to the heat polynomials for higher order linear homogenous evolution equa-
tions with coefficient depending on the time variable. Further parallels with the
heat polynomials were established when the equation is parabolic with constant
coefficients and only highest order terms.

Recently, in 2004, Hile and Stanoyevitch [7], generalized the heat polynomials
for the heat equation to more general partial differential equations, of higher order
with respect to both time variable and space variables. Whereas the heat equation
requires only one family of polynomials, for an equation of /th order with respect
to time they introduce [ families of polynomials.These families correspond to the
[ initial conditions specified by the Cauchy problem.

Some of the definition and notations used in this paper are as follows (see [8]).

The Binomial coefficient is expressed as

( A ) RO VR O VO (—1)"(—,\),17 (1.16)

n! n!

(1—2)" i

n=0

(1.17)
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Appell’s four functions of two variables are given by (see [9]).

— (@)nsk(b)n(b
Fila,b,b;c;x,y] = Z #)kgc"ylC (1.18)
n,k=0 n+k
> (@nsk (D) (0)k
Fyla,b,b;c,csx,y) = Z Ww y" (1.19)
nk=o Ak
(@) (@) (D)n(V
Fsla,a’,b,V';¢;2,y) = Z ( )n'( k')k((c)) ( )kx"yk (1.20)
n,k=0 ’ ntk
> )tk (D) "
Fyla,be, ¢yl = Y %x yr. (1.21)

Further, Kampé de Fériet’s type general double hypergeometric series (cf.
Srivastava and Karlsson [10]) is defined as

P q k
oo H (aj)TJrs H (bj)r H (Cj)s
sk | (ap)  (bg)s (cr); i=1 i=1 =1
Fomn | (0 gy iy = - . (1.22)
(1) = (Bm); (9n) } 150 _lj(%)“fs H(ﬁa)r 1;[1( 7)s

2 Generating Functions

The polynomial P, » ,(x,u) admit the following generating relation.

2 0 2
3 A+ p)n ln,A-,u('wi " = (1 —dut) MRy x72
= (43, Ay (1

(2.1)

Another generating function exist by using (1.11), which is similar of Bate-

man’s generating function of Jacobi polynomials (see, Rainville [3, pp. 256]) and
is as given below:

oo

Z Do) o gy 22t| o Fy (a2 + du)t
= (A +3), (nt3),7 A pt s
2.2)
Also,
Z 2l u) =2 [ViA+ ot 5iat (o7 + du)t (2.3)
= ) (u+3),n 2
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where 1y is a (Humbert’s) confluent hypergeometric function of two variables
defined by [9].

, e (Qmsn ™ y"
Vel el = 2. o5 e (2.4)

With the aid of (1.12), we find that

- (V)H(a)npn)\‘u(z,u) |: 1 1 ) , :|
A t" = F 5.0\ - .2t At 95
7;3(/\4'%)" (n+3), n W0 AT G it i (@7 + du) (2.5)

where Fy denotes the fourth type of Appell’s hypergeometric function defined by
eq. (1.21).

By using, § = A+ u — v in (2.5) and in the conjunction with the theorem
(Bailey’s [11, pp. 81]; Rainville [3, pp. 269])

U v
F. b;c,1— b; — —
R = c=r i = ]
a, b; u a , b v
=2k — 1= 2 F1 -1 (2.6)
c ; u 1—c+a+b; v
a new generating relation is obtained as follows:
- (VA + 1 =) P p(z,u) ,
Z 1 1 | b
n=0 (/\+§)n ('u+§)nn
VAFL=T VA=
:2F1 —(1—4ut—p) 2F1 —(1+4ut—p)
1. 2 1.2
)‘+§ ) M+§ )
(2.7)

Put,y = A+ 4 and § =+ § in (2.5) and appeal to the theorem (Rainville [3,
pp. 268]).

u

Fy |a,b;b,a;— - = (1 —wv) " (1 —u)*(1 —v)".
4|:CL, ;0,03 (1—’(1,)(1—’1))7 (1—’(14)(1—’1)) ( ’LL’U) ( U) ( 1})
We thus obtain the generating relation,

— P )

> Mt" = 2L (1 dut + p)~ A D (1 —dut + p)~ 72 (2.9)

n.
n=0

where, in (2.7) and (2.9), p = [(1 — 4ut)? — 4z2t]z.

If we rewrite (1.11) as

FA+n+3) —n,—(p—3%);  a?
Puxj—n =~ _27(2% + 4u)", F, ’ 2/ 2.10
A (‘Tau) F()\—I—%) (‘T + u) 241 )\4‘% © 22 + Ay ( )
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and the Gaussian hypergeometric transformation (see [9, pp. 3])
oFifa, by 2] = (1 — 2) b Fi[c —a,c — bye; 2], |2] < 1. (2.11)

We thus arrive to an elegant form of generating relation from (2.10) and (2.11)
as

— (@) (P)nPapy—n(@,u) ,
Z:: (B)n (A+3), n! t

n=0
_ 1 B —pip, A+ 4ut %t
(1 — ut)—oFLL2 | @0 pip, ’ - 2.12
( ut) 1"1{5: — 5 A+3 o dut—1 dut—1 (2.12)
and
S (=B Puriae),,
o (¢)n n!
22 A\ T 1 1 x2
= Fo | A+ =, —bi; A+ =, c;———,4ut|. 2.13
( du ) 2|: +27 +Muc ) +2707x2+4u7u:| ( )
In view of the hypergeometric transformation ([9, pp. 30]),
F2 [aaﬁaﬁ/ 3 QLY 3I5y]
=(1-2)"R [6’,670—6 el %y]
—x
=(1-2)P1 -y ?F {ﬁ', —a,B 57 Y , 1y } 2.14

The generating relation (2.13) is equivalent to the form

S (0= BaPasaale)
= (¢)n n!

1 dut %t
= (1 —4ut)’°F [c—b,c—)\—§,)\+u;0' Y a ] (2.15)

“dut — 17 dut —1
where F} is the Appell’s function of first kind defined by eq.(1.18).

The polynomial P,y x,—n(z,u) can be expressed, by applying (2.11) to the
second member of (2.10) as

Potm,apn(z, ) = T+ 1) 1u

x oFy

Atn+m+ 3 A+p+m 2 ] (2.16)

A+ 3 ;a2 +4u
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for every integer m > 0.

Next we rewrite (1.19) in the form
oo a N
Fyla,bt ;e,c 52,9l = Z (71?7 oFi [a+n,b ;5 ylw (2.17)
n=0

which in conjunction with (2.16) would leads at once to a generalization of (2.13)
given by

o~ (@) Prtm s p—n (1)

_ T +m+ %)(%)m (x2 —|—4u>—>\—u—m
T(A+3) 4u
£L'2

1 1
B |A =, A+ =B ——
X 2{ —i—m—|—2, +u+m, o +2,ﬁ,x2+4u,

4ut} . (2.18)

Evidently (2.13) would follow from (2.18) in the special case m = 0.
By using the hypergeometric transformation (Erdélyi et al. [12, vol. I, pp.
240, eq. (6)]).

X
FQ[avbab/ ;Cacl 7I5y] = (1 _'r)iaFQ |:CL,C— bab/ ;Cacl 7m7 %] (219)

the generating relation (2.18) is equivalent to the form

s (Oé)npn+m7)\,u—n(w7u) n
D TR

_ I‘(/\+m+%)(4 ym <w2+4u)(“%)

LA+ 3) 4u
X Fy | A+ m+ & tm— 1 Ao w2 ] (220
m+ =, — m—=|,a; R w)t|. (2.
2 25 w ) ) ) 27 ) 4.’U,7
The polynomial P, x—n,u—n (2, u) given by the form
Pn,)\—n,u—n(xau)
1
)+ 1 —n,—(p—3); 2
= (7—’—2)1(172 + 4u)"o 2:”7 (2.21)
FA=n+3) A—n+3 ’x+4u
admits the following generating relations
> Pn —n,u—n\T, —(\=1 _(y—L
Yo oA @) _ [+ (22 4+ 4u)t] N2 142272 (222)
n!

n=0
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o (W) Por—np—n(T,u)
Z (B)n n! t

= 1 1 '—$2 u —$2
S T

For ao = (3, the generating relation (2.23) reduces immediately to (2.22).

n=0

Another interesting special case of (2.23) would occurs, when we set § =
—XA — p+ 1 and appeal to the hypergeometric reduction formula (see, Erdélyi et
al. [12, vol. I, pp. 238, eq. (1)])

a,b;
Fila,b,b" ;04 52,y = (1 —y) %2 F Sty (2.24)
bb; 1Y
We thus obtain the generating function
0o —(\ — l)
nPn —n —n ) a, ( 2 ’ _4 t
Z (CY) s A ,Hl (LL' 'u) = (1 + .’L'2t)_a2F1 71 th (225)
ne0 (A= p+1), n! “A—p+1; +x
or equivalently,
S @0 Pasronponli)
= (FA—p+1)nn!
= (1+ (2 + 4u)t) "% F ad (2.26)

A ptl; 1+ (22 +4u)t

where we have used Euler transformation defined by (1.10).

In view of the confluence principle exhibited by (see, Srivastava and Manocha

[8]);

. T
Gal3, 8 5y smyl = Tim Fyja, B8 5y, L (227)
|| — 00 a
and .
1Fila ;e 2] = ‘bIEnWQFl [a,b i E} (2.28)

Some confluent form of generating function (2.23), (2.25) and (2.26) can be
represented in the elegant form by replacing ¢ in each of these results by % and
letting |a| — oo.

i Pn,)\fn”ufn(xv ’U,) tn
n=0 (ﬁ)n n!

= ¢o {_ ()\ — %) — <u — %) sa; —(2® + du)t, —a?t (2.29)
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> Pn)\fn,ufn(xvu) 2 _()‘_l) ;
e — " = —xt)1 F 277 —Adut| . 2.
g(_A_MH)M! exp(=a*thFi | 2 —du (2.30)
Similarly,

o0

Parcnnn(Bt) oo (-4
Z(—A—uﬂ)n it = et ) BT BT dut)(2.31)

n=0

where ¢9 is a confluent hypergeometric function of two variables (see, Srivastava
and Manocha [8, pp. 58]).

Yet, another generating function is obtained by using (2.21) which in conjunc-
tion with (2.11) would readily give us

i (O‘)n(p)npn,)\fn”ufn (ZZT, U) 4
=0 (B)n(=A—=p+1), n!
arB—pip, —Atg; wt 22

= (142 F 12 —— (2.32)
B: — & —A—p+1; 14+2%t" 14+ 2%t
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