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Abstract : Based on the technique used by Khan and Shukla [1] certain bilinear
and bilateral summation formulae for various polynomials, whose Rodrigues or
Rodrigues type formulae are known, have been obtained in terms of operational
representations using derivatives and difference operators.The results obtained are
believed to be new.
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1 Introduction

Recently in 2009, Khan and Shukla [1] evolved a new technique to give operator
representations of certain polynomials. Using the same technique Khan and Nisar
[2-4] obtained operator representations of certain polynomials. Using the said
technique and Rodrigues type formulae of various polynomials certain bilinear
and bilateral summation formulae of these polynomials have been obtained in the
form of operator representations.

1Corresponding author email: mumtaz_ahmad khan 2008@yahoo.com (M.A. Khan)
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2 The Definitions, Notations, and Results Used

In deriving the operational representations of various polynomials, Khan and
Shukla [1] used the following results which we also need here.

(14 M) _ d
DH — A-p p=__
* F(l—i-/\—u)x ’ dx’

where A and p, A > p are arbitrary real numbers.
In particular, use has been made of the following results:

DTe—w — (_1)7‘6—;3
D'z™% = (), (—1)"27%"", o is not an integer
DT:Z:A*a*n — (a + n)r(_l)/f’xfafnf/r

Dn—rxoz—l-l—n _ (Oé)n :Eoz—l-i—r

(@)
n—r o (a)n(_l)n x—a—n-{-r
b (I1-—a—n),

where n and r are denote positive integers and

, « is not an integer, (2.6)

(@)p=a(a+1) - (a+n—-1) (a)=1.
The finite difference operator A is defined as
Af(z) = flz+1) - f(z) (2.7)

The gamma functions I'(z) is defined as
[(z) = / e "t*71dt, Re(z) > 0. (2.8)
0

We also need the Rodrigues type formulae of the following polynomials (see
[5-7]).

Laguerre polynomials: It is denoted by the symbol Lgla)(x) and its Rodrigues
formula is
D" (e *z*™) = nlz®e LI (). (2.9)

Hermite polynomials: It is denoted by the symbol H,(z) and its Rodrigues

formula is
2

D" (e*fz) = (~1)"e~"" H, (). (2.10)

Jacobi polynomials: It is denoted by the symbol pls )(a:) and its Rodrigues
formula is

D" ((z — 1)z + 1)) = 2" nl(z — 1)*(z + 1)? PP (z). (2.11)
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Ultraspherical polynomials: The special case § = « of Jacobi polynomials is
called Ultraspherical polynomials and is denoted by P (x) and its Rodrigues

formula is
D™ (2% — 1)"+) = 2" n! (2 — 1)*PL)(z). (2.12)

Gagenbaur polynomials: The Gagenbaur polynomials C¥(x) is generalization
of Laguerre polynomials and its Rodrigues formula is
2" nl (v+ 1),

D" ((1 - xQ)nJrl/*Q) = (_1)11(21/)”(1 — :62)%*1’ CZ(:C) (213)

Bessel polynomials: It is denoted by the symbol Y,*(z) and and its Rodrigues
formula is ., .
D" (:102"+0‘67) =2" x% = Y (x). (2.14)

Charlier polynomials: It is denoted by the symbol C¢(x) and its Rodrigues
type formula is
a® (_1)77, a®
AN = cy 2.15
{F(m—n—i—l)} I(z+1) n(®@), (2.15)
where Af(x) = f(z+1) — f(x).

Meixner polynomials: It is denoted by the symbol M,,(x; 8, ¢) and its Rodrigues
type formula is

A [ ¢* T(z + B) ] I(z + B)co+n

Hahn polynomials: It is denoted by the symbol p,(z; a, 3,7) and its Rodrigues
type formula is

Iz +«a) T'(z+P) ! Tz + o) T(z 4+ 5)
Fz—n+1)T(x-n+r)] T+DC(z+7)

A { pa(wi0,8,7). (2.17)

3 Operatioanal Representations

If D=2 and D, = aiy, Khan and Shukla [1] wrote the binomial expansion
for (D, + Dy)" as

n

(Dy+Dy)"=> "C.Dy"D; (3.1)
r=0
where "C,. = #Lr), By writing the finite series on the right of (3.1), Khan and

Shukla [1] wrote (3.1) also as

(Dy+Dy)" =Y "C.DyDy" (3.2)
r=0
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If F(x,y) is a function of z and y, they obtained the following from (3.1) and (3.2),

(Da+ Dy)"F(z,y) = > (_’”‘);ﬂpgﬂpg F(z,y), (3.3)
r=0 ’
(Da+ Dy)"F(z,y) = > WD;D;‘_T F(z,y). (3.4)

Il
=)

T

In particular, if F((x,y) = f(x)g(y). Khan and Shukla [1] wrote (3.3) and (3.4) in
the form

(Do + D) f@a) =Y TEEY b iy o). (35)
r=0
n — - (_n)T(_l)T r n—r
(Ds + Dy)" f(2)g(y) = D —Duf@) Dy g(y)- (3.6)

r=0
In a manner similar to above, we also have

n

(A +A)" =D %A;“T Ay (3.7)
r=0 '
which can also written as
(Aot A =Y EOr g (3.8)
r=0 !
and .
(As+Dy)" =) 7(_”);'(_1) AT Dy (3.9)
r=0 '
which can also written as
(Ds+A,)" = an %A; D (3.10)
r=0 '
In particular, if Fi(x,y) = f(z)g(y), then (3.7) and (3.8) in the form
(B t8,)" ) = Y T A pway o) 1)
r=0 !
(Ba+ 8" f@ow) =Y TEEY AL pway o) @a2)
r=0 !
8o+ D) f@ow) =Y T prr sy Do) 313)
r=0 '
(0. + 8" f@ow) =Y T A @) D). 39)

ﬁ
Il
o
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Now by taking special values of f(x) and g(y) in (3.5), (3.11), (3.13) and (3.14),
we obtain the following partial differential operator representations of bilinear
and bilateral summation formulae for various polynomials whose Rodrigues or
Rodrigues type formula are known.

4 Bilinear Operator Representations

(D:c + Dy)n {xa-l—nyﬁ-l-ne—w—y} _ n!xayﬁ+ne—m—yZL(a+T)( )L(B-i-n r)( ) < > ,

r=0 Yy
(4.1)
(Dx + Dy)" {6_12—1/2} _ (_1)"6_m2—y2 Z M%ir)'Hnr(:p)Hr(y), (42)

r=0
(D + Dy)" {(& = 1)" (@ + 1)" Py = )" (y + 1)}
=2l = )%+ Dy — 1)y + 1)

a—+r T 2 1 "
ZP( + ﬁJr) P(n-l—v—r,n-l—é—r)(y){xQ } 7 (43)

ys —1

(Dy + Dy)" {(x2 —1)"(y* - 1)”}

(Dy + Dy)" {(1 — xQ)”J”’*% (1— y2)”+#*%}

_ D (-t S W)l == 3=
B (20) (1 — y2)2 =" H TZ: 2v4n)r(3 —p—n)r(1—p—n)2u+2n),

. z2-1)"
< CUT(@)CT ﬂ‘(y){ y} (4.5)

(Dy + D,)" {w%“‘e’%y%“’ 67%}

— 9N p@ 2n+ﬁ —2 (441 )i (_n)T Ya+2T(x)Y2n+ﬁ_2r( ) —a? ' (4 6)
y T' n—r s y y2 ) M
r=0
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(Ao +4y)" {F(m—n—i—l) I‘(y—n—i—l)] (4.7)
et n! 1 (@) .
= (=1 ; r!(n—r)!F(:c—r—l—1)F(y+r+1)0" oz =Gy +1),
n| ET(x+6) dT(y+r)
(Ao +4y) [I‘(z—n—l—l) I‘(y—n—l—l)} (4.8)

n

o nl  T@-r+Bly+r+9)
=gy rin—r)! T —r+ 1Ty +r+1)

r=0

—r(w =7 0, ¢) My + 757, d),

n[_ TE+o)l(z+P) L'y +9)l(y +9)
(Az +4y) [F(:c—n+1)F(x—n+”y)F( —n+ 1)y —n+1)

n|z Fz—r+a)l(z—r+08)Ty+r+o)T(y+r+9)
- De—r+1)lz—r+7) Dy+r+ )Ty +7r+1)

X pp_p(x =150, 0,7)pr(y + 730, 0,0). (4.9)

5 Bilateral Operational Representations

~ 1 (atr
(D, + D))" {xa+ne—we—y2} = nlz®e= V" ST S L @) H (n) (—2)", (5.1)

| Hn—r
r=0 "

(Ds+ D))" {(& = 1" (@ + 1) }

- 1 a+r T 1- a

=2"nl(z — 1)%(x + 1)5(3_7’2 —|P,(L:,f ot )(x)HT(y) { ‘ } . (5.2)

r!
r=0

(D:E-FDy)" {e—:ﬂ n-l—a( . 1)n+a(y_ 1)n+a(y+1)n+ﬁ} (5'3)
a7 — — 2 "
= sty — 1) 1) 3 L @R ()
r=0

(Dw —l—Dy)n{(l'Q _ 1)71 -y n+0¢}

2 r
_ n a+n — (TT) a-l—n ™) x=—1
= nl2ny UE:P w(51) . 6o
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, , n _ $2 r
R R e B WL C LA E
r=0

(Do 4+ Dy)" {(&® = 1)"(y — )" (y + )7}

T n+a—rmn r 2_1 "
= nl2" (y—1)”+°‘(y+1"+ﬁzp ) (z) prtesrntBor) )(y _1) . (5.6)
r=0

(D + D,)" {(;ﬁ - 1)"y2"+ﬁe’72}

2 T
= pl2n o2 ts —Z — P ()Y 2nth=2r () (:0_1) . (5.7)

Y
(D 4 Dy)" {1 =)+ dev') (5.8)
D e D) RS 0 i, 2
N (2v)n TZ:O 2v+n) " o y) {227 1}

(Do 4 Dy)" {(1 = a?ytr-devyrtel

(=) nl(v + 3)n(1 - a2)V e vyotn
(2v),

XZ 2,, +n Z*I(ﬂf)%“*"”(@{%} . (5.9)

(Do + D" {1 =a?)™E (y = 1oy + 1))
(=) 12" (v 4+ Pa(l 223 (y = Dy + 1)

(2v),
= (V)r + (nta—rntpB—r) 4(1—x2) "
v+r P nT+—oa—r,n T 510
I R
_ (F1)" 02w+ D)a(20)a(1 — 2?) 2"“’6,72

Y

XZT, O )W"*“”(y){i‘l(ly}ﬁ)}r, (5.11)
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(Do + Dy {1 =223 — 1)

=(=1)" ni2" (v+ %)n(l _ J:Q)"*%(gﬁ —1y"

- 1 1—22)"
Cyti () pir=rm=r) { 5.12
X 7;) (V + %)r(2y + n)r nfr('r) r (y) y2 1 ) ( )

(D, + D,)" {Iameﬂyznwe%}

_ a_—x, 2n+03 =2 S 2" a+r 2n+pB—2r €T r
=nlz®e” "y* e ZOFLn_T(x)YT (y){—2 . (5.13)

(Ds + D,)" {e—m2y2n+ﬁe%2}
Ly -1
_ (_1)11 e—m2y2n+6672 Z ne. 2an_T(x)Y'T2n+B—2r(y) {_2} 7 (514)
r=0

n L n+to,—y

_ (_1)77, axyochnefy - (a) a+t+n—r —1 T
= T L O e - L) () 69

am

eEry A A 1>"+B}

()" a(y — )™y + 1)

(A, + D))" {1“(

I(z+1)
; —n)(—z (@) (0 _ ) plntatn—rntf—r) 2 "
D v) <1 : y)  (5.16)
(A, +Dy)n{l“(x—n+1)e v }
- % > (=n)i(=a), C\ (¢ —r)H,(y), (5.17)
r=0
—1)"ag* 2 _ n n
- Up(x(ij D D S (nu(—a)y €, (o — )P0y (5.18)
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x

(A, + D))" {m(l a yQWV%}

(=)™ i (=n)r(—2)r(1—v—3 —n),

F(x—l—l)(l—y?)% = T!(%—I/—?’L)T(l—l/—n)T
x CW (z—r)Cr T (y) {ﬁ} , (5.19)

aCE
Az D n 2n+p3 —2y
(Be 4 Dy) {r<x—n+1>y ¢ }

(_1)ny2n+ﬁe—2y n

= (_n)T(_:E)T (a) ntG—r — r
B I'(z+1) Z CoZ(z = )Y, P77 (y) {?} , (5.20)

r!
r=0

(Ax + Dy)" {wyn-kae—y}

M(x—n+1)
_ z n a n — .’II—T‘—FB)
Tyt yz a:—r—l—l)
< M=o {2 G2
n | & T(x+P) _y?
(Ser ) {me “}
= ey ;) T If;:—i_)ﬁ)Mn—r(m_T;ﬁvc)Hr(y)v (5.22)
n * ]‘—‘ n n
@+ Dy { S e+ 1t
x+n n n - (_ )TF( B +6)
=TT ) Py
< Mysla =g B0 (21

@+ 0, { g -]

z+n(, 2 nn _nTF'r_T+6

r=0

—r,n—r 2 "
VR Ed S LEY
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s [

m+n(1 _ y2)n+u—% i (—n)rl"(:v -7+ ﬂ) (1 —Vv—3— n)T

=cC

(Ay +D,)" {—Cx et 2"*%‘5}

Nx—n+1)
_ szt+n, 2nt3 —% S (_n)TF('r —r+ 6)
© ‘ Z ril(x—r+1)

r=

X My (z— 11,0V (y) {;—2} . (5.26)

nf " T(@+B) onip a?
(Az +4y) {F(a:—n+1)y : F(y—n—i—l)}
_ otn (z—7+5)
N +ayzr'1":v—r+1)l"(y+r+1)
X My_p(z =7 8,c)Cl(y +7), (5.27)

F(.’IJ + Oé) F(.’IJ + ﬁ) nJraefy
) }

(Am—i—Dy)n{F(x—n—l—l)F(x—n—i-'y

ot 7yz Fz—r+a)l(x—r+0)
Ne—r+1'(z—r+7)

1 s
X pp_r(z— 10, 577)L§a+"_r)(y) {—} ) (5.28)
Yy

I(z+a) Dz + ) }
)

(Am—i—Dy)n{F(x—n—l—l)F(x—n—i-'y

n'eyz Pz—r+a)l(x—r+0)
B Fz—r+Dl(z—r+7)

X pn*T( Tao‘aﬁa’}/) T(y)5 (529)
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I'(z+a) Dz +0)
z—n+1)I(x—n+7)

(- 1"y + 1)””’}

Nax—r+a)l(z—r+05)
(z—r+1)(x—r+7)

@0 {5

:n|(y_ )n+6(y+1 n+wz F
r=0

X pnp(x —ria, B,) Pt T)(y){ : }Ta (5.30)

I'(z+a) T'(z+6) 9 n
(x—n—i—l)l"(:v—n—i—w)w -1 }

n

- ) ax~ L@ —r+a)l(z—r+p)
=nl(y"—1) ZI‘(;Z;—T—FI)F(:E—T-F”Y)

2
y? -1

@0 {;

r=0

X Puos(@ = 70 B7) PP () {

}T, (531)

R br==y e LR
_ 2\n 1/7% - F(JJ—T-FOé)P({IJ—T—i-ﬁ)(l—I/—%—n)T
=nl(1 —y*)"" Zr(x—r—l—l)l“(:v—r—i—v)(——u—n) (1—-v—n),

r=0

X pn_r(x — 70, 3,7)CP " (y) {ﬁ} , (5.32)

Do) et ) o)
x—n—i—l)l"(:v—n—i—w)y

_vonis 2N~ L@ —r+a)l(z —r+f)
= nly™ e ZF(m—r—l—l)F(x—r—l—”y)

32} (5.33)

@0 {5

r=0

X Pnor(z —1y0, B,7)Y,2TE2 () {y

Iz +a) T'(z+ B) a¥ }
a:—n—i—l)F(a:—n—i—’y)F(y—n—l—l)

YT(x—r+a)l(x—7+0)
— plg¥
e ZT'I‘x—r—i—l)l"(:v—r—i—w)l"(y—i—r—i—l)

X Pn—r(®—ri0, B,7)Cl(y +7). (5.34)

@+ o
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