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1 Introduction

Throughout the article w, ¢, ¢y, £, £1 denote the spaces of all, convergent, null,
bounded and absolutely summable sequences of complex numbers, respectively.
The zero sequence is denoted by 6. Also N and R denote the set of all positive
integers and set of real numbers respectively.

The difference sequence space was initially introduced by Kizmaz [1] and it
was generalized by Et and Colak [2] defined in the following way:

Z(A™) = {(xk) e w: ATz € Z},
for Z = ¢, co, oo, where m € N; A™xy, = A™ gy — A™ 1y and Az = a2y,

for all k& € N. The generalized difference operator is equivalent to the following
binomial representation:
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m
Amwk = (m> -1 VCL';H_,,.
; L)ED

A lacunary sequence is an increasing integer sequence £ = (k,.), r = 1,2,3, ...
where kg = 0 with h, = k. — k.—1 — 00, as r — oco. We denote I, = (ky—1, k]
and 7, = kfil, forr=1,2,3,....

The lacunary strongly convergent sequence space N¢ was defined by Freedman
et al. [3] in the following way:

Ne = {(xk) : lim At Z |z — L| = 0, for some L}.
kel,

The space N¢ is a BK- space with respect to the norm

l@)lle = supht D -

" kel,

N¢ denotes the subset of these sequences in N¢ for which L = 0, (N, [|.[|¢) is also
a BK- space. There is a relation beteen N¢ and |o1] of strongly Cesaro summable
sequences (see Freedman et al. [3]). The space |o1] is defined by

1 n
= :lim — —L| =0, f L.
o] {(Ik) Cw: m — Z |z | , for some }

k=1

For £ = (27), we have a relation between the spaces |o1| and Ng, i.e. | 01| = Ng.
An Orlicz function is a function M : [0,00) — [0,00), which is continuous,
non-decreasing and convex with M (0) = 0, M(z) > 0, for x > 0 and M (x) — oo,
as x — 00. An Orlicz function M is said to satisfy As - condition for small z or at
0 if for each k > 0 there exist Ry > 0 and zx > 0 such that M (kz) < RpyM(x), for
all x € (0, z]. Moreover, an Orlicz function M is said to satisfy the As-condition

if and only if
. M (2x)
)

<0

Two Orlicz functions M; and M, are said to be equivalent if there are positive
constants «, 3 and g such that

My (ax) < Mz)(z) < My (Bx),

for all z with 0 <z < xg.
Lindenstrauss and Tzafriri [4] used the idea of the Orlicz function to construct
the sequence space:

éM_{(a:k)Ew:ZM<@><oo, forsomep>0}.

k=1 P
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The space ¢;; becomes a Banach space, with respect to the norm
c- |z
|| z || = inf p>O:ZM<—k) <1
k=1 P

which is called an Orlicz sequence space. The space £, is closely related to the
space £, which is an Orlicz sequence space with M (t) = [¢|P, for 1 < p < 0.

Later on, Orlicz sequence spaces were investigated by Parashar and Choudhary
[5], Maddox [6], Tripathy et al. [7-10] and many others.

2 Definitions and Notations

A sequence M = (M},) of Orlicz functions is called a Musielak-Orlicz function
(for details see [11, 12]). Also a Musielak-Orlicz function ¢ = (¢5) is called a
complementary function of a Musielak-Orlicz function M if

¢r(t) = sup{| t|s — Mi(s) : s >0}, for k =1,2,3, ...

For a given Musielak-Orlicz function M, the Musielak-Orlicz sequence space In
and its subspace hng are defined as follows:

In = {x = (21) € w: Iy(cx) < oo, for some ¢ > 0};

hv = {z = (zx) € w: Im(cx) < o0, for all ¢ > 0},
where Ipg is a convex modular defined by
I = ZMk(Ik),.’L' = (Ik) € lm-
k=1

We consider Iy equipped with the Luxemburg norm
) x
I|z|| = mf{k >0: Iy (E) < 1}

or equipped with the Orlicz norm
0 _ - 1
[|z]|” = inf E(1+IM(/€$)):/€>O .

The main aim of this article is to introduce the following sequence spaces and
examine some properties of the resulting sequence spaces. Let p = (pi) denote the
sequences of positive real numbers, for all £k € N. Let M = (M) be a Musielak-
Orlicz function and v = (vy) be any sequence of non-zero complex numbers. Let
X be a seminormed space over the field of complex numbers with the semi norm
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¢ and w(X) denotes the space of all sequences x = (), where 3, € X. Then we
define the following sequence spaces:

[Ne, M, A™ p, q,v]1
= @) e w(x): lm ht Y [Mk(q(w))rk -0,

r—00
kel,. p

for some p > 0 and L € C};

[Nﬁv M, A™, p,q,v]o
fowevesy e 5 2] o

for some p > 0};

[Ng,M,Am,p,q,U]oo
_ v AMx Pr
- {(;ck) € w(X) :suph; 1 k; [Mk(q(%))] <,
for some p > O}.

Definition 2.1. A sequence space FE is said to be solid (or normal) if (apxy) € E,
whenever (xy) € E and for all sequence (ay,) of scalars with |ag| < 1, for all k € N.

Definition 2.2. A sequence space F is said to be symmetric if () € E implies
(Tr(x)) € E, where 7 is a permutation of N.

Definition 2.3. A sequence space E is said to be convergence free if (yr) € E
whenever (zj) € FE and x; = 0 implies y; = 0.

Let K ={ki < ks <---} C N and E be a sequence space. A K-step space of
E is a sequence space \E = {(z},) € w : (k,) € E}. A canonical preimage of a
sequence (z, ) € AE is a sequence {y,} € w defined by

| oz, ifnekK;
Yn =1 0, otherwise.

A canonical preimage of a step space AE is a set of canonical preimages of all
elements in A%, i.e. y is in canonical preimage of A if and only if y is canonical
preimage of some z € A\E.

Definition 2.4. A sequence space E is said to be monotone if it contains the
canonical preimages of its step spaces.

The following results will be used for establishing some results of this article.
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Lemma 2.5 (Kamthan and Gupta [13, p. 53]). A sequence space E is solid implies
E is monotone.

Lemma 2.6 (Freedman et al. [3, Lemma 2.1]). In order to |o1| C Ng¢ it is
necessary and sufficient that lim, infn, > 1.

Lemma 2.7 (Freedman et al. [3, Lemma 2.2]). In order to Ne¢ C |o1| it is
necessary and sufficient that lim, sup n, < oo.

Lemma 2.8 (Et and Nuray [14, Theorem 2.2]). If X is a Banach space normed
by |||, then A™(X) is also a Banach space normed by

llella =) lail + f(A™2).

i=1

3 Main Results

Theorem 3.1. Let p = (pr) in Lo of strictly positive real numbers and & =
(kr) be a lacunary sequence. Then [NeyM, A™.p,q,v]1, [Ne, M, A™, p,q,v]o and
[Ne, M, A™ p, q,v] are linear spaces.

Proof. The proof of the theorem is easy, so omitted. (|

Theorem 3.2. Let M = (My) be a Musielak-Orlicz function and p = (px) in
loo of strictly positive real numbers and & = (k,) be a lacunary sequence. Then
[Ne, M, A™ , p, q,v]o is a paranormed space (not totally paranormed) with the para-
norm

m

ga(z) :leilﬂnf{p% :Sgphil > [Mk(q(&;%k))} <1,

i=1 kel

for some p >0 andr =1,2,3, },

where H = max{1,supp}.

Proof. Clearly ga(x) = ga(—=). Since My(0) = 0, for all k € N, we get ga () = 0,
for x = 6. Let x = (x) and y = (yx) be two elements in [Ng, M, A™, p, q,v]o and
let us choose p; > 0 and pa > 0 be such that

Am
sup h, ! Z [Mk(q(u))} <1, r=1,2,3,..
r kel 1

and

Am
suphr_1 Z [Mk (q(u))} <1, r=1,2,3,...
" kel, P2
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Let p = p1 + p2, then we have

AU
< (i) e’ 3 [ (2272

kel, P1

+ (525 sent 3 [an (o (7))

kel,

Since p > 0, we have
m Am
gala+9) =3 la il +int { % csupht 3 [ag (g BETEEIIY)) <
i=1 " kel, P
r= 1,2,3,...}
<Z|x|+1nf{ 7. suph 1Z[Mk( (w))}<l
1 kel, P -

for some p; > 0 and r = 1,2,3,...}
Py A™
+Z|yz|+1nf{ L suph 12[ ( (u))]gl,

for some po >0 and r =1,2,3, }
= ga(z) + 9a(y),
Le. ga(z +y) < ga(x) +gay).

Finally, let A be a given non-zero scalar in C. Then the continuity of the
product follows from the following expression.

=3l it {F s S (o)) <
for some p >0 and r = 1,2, 3, }

Al int { (A it 3 (o)) <1

i=1 .
for some p >0 and r =1,2,3, }
where n = ™ | > (. This completes the proof of the theorem. O

The proof of the following theorem is easy, so omitted.
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Theorem 3.3. Let M = (My) and ¢ = (¢r) be two Musielak-Orlicz functions
and p = (pr) € loo of strictly positive real numbers. Then

(l) [Nf,M,Am,p7q,’U]Z g [N57¢'M7Am7p7Q7U]Z
(ZZ) [vaMvAmap7Qav]Z N [N§a¢aAmap7q;v]Z g [va¢+MaAm7paq7’U]Z7
where Z = 0,1, 00.

Theorem 3.4. The inclusion [Ng, M, A™~! q]; C [N¢,M,A™ q|z holds, for
m > 1. In general [Ng, M, A% qlz C [N¢, M, A™,q|z, for i =10,1,2,...,m —1 and
the inclusions are strict, where Z = 0, 1, co.

Proof. Let (xx) € [Ne, M, A™1 ¢]o. Then there exists p > 0 such that

5 [ o2 5))] o

kel

Since M is nondecreasing and convex, we have
Am:Z?k
mt 3 e(a(=5))]
Y (o

kel,
1 (oA B2 )

o (3 b)) - 5 o)
<t E g2 <t 3 4 (o)
<! 2 (AT 00 S fale(552)))

Taking limit » — oo, we have
3 pa(o(552))] o

ie. (z) € [Ne, M, A™, glo. The rest of the cases can be proved in the similar
way. By using induction, we have [Ng,M, A% ¢lz C [Ne,M,A™ q]z, for i =
0,1,2,...,m — 1. O

The above inclusion is strict follows from the following example.

Example 3.5. Let My (z) = 22, for all x € [0,00), & = (27), for all k € N and
q(z) = |x|. Consider a sequence (xy) defined by

(zg) = (K™ L E™H Em ).

Then A™xzy, = 0, but A" 1a, = (=1)™"Y(m — 1)!, for all n € N. Thus (z}) €
[NfaMaAqu]Oa but (Ik) ¢ [vaMvAm717Q]0'
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Theorem 3.6. Let £ = (k) be a lacunary sequence and let M = (My) be a
Musielak-Orlicz function. Then

(i) [Ne, M, A™ p,q,v]o C [Ng, M, A™, p, q,v]1 € [Ng, M, A™, p, q,v]o0, and the
inclusion s strict.

(11) If lug| <1, then [Ne, M, A™ p,q,v]z C [Ne, M,A™,p,q,]z, for Z =0,1, c0.
Proof. (i) The inclusion [Ne, M, A™,p,q,v]o C [Ne, M, A™,p,q,v]; is obvious.
Let (z) be an element of [Ng, M, A™ p, g, v];. Then there exists p > 0 such that

A"x — L\\1P
tim byt S [My (o 222 )] =0
r—00 hel. p

Since M}, is non decreasing and convex for all k € N, we have

ot 3 (o)) < ont 3 [an (oM
+ D max [1, Mk(Q(%))}Hv

where G = supy, px, D = max{1,2¢71}.
Thus the sequence (zx) belongs to [Neg, M, A™, p, ¢, V).
The inclusions are strict follows from the following example.

Example 3.7. Let
4, if kis even;
Pk = ; .
5, if k is odd.

Let m > 0 be given. Let vy, = k, My(z) = 22, for all k € N and q(z) = |z|. Let
&= (2") be a lacunary sequence. Consider a sequence (xy) defined by

(z) = (K™, K™ K™, ...
Thus the sequence (xy) belongs to [Ne, M, A™ p, q,v]1, but (zx) does not belong to
[Ng? M7 Am7p7 q, U]O'
The proof of the part (ii) is easy, so omitted. O

Theorem 3.8. Let M = (My,) and ¢ = (¢r,) be two Musielak-Orlicz functions. If
My, and ¢i are equivalent for each k € N and £ = (k) be a lacunary sequence.
Then

[N£7M7Am7p7quv]z = [N£7¢7 Am7p7Q7U]Z7

where Z = 0,1, cc.
Proof. The proof of the theorem is easy, so omitted. O

Theorem 3.9. Let M = (M},) be any Musielak-Orlicz function and let ¢1 and g2
be two semi norms. Then
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(l) [N57M7Am7p7 qluv]Z N [NfaMaAm7p7q27U]Z g [N£7M7Am7puql +Q27U]Z;

(it) if g1 is stronger than qa, [Neg, M,A™ p,q1,v]z C [Ne,M,A™, p,q2,v]z,
where Z = 0,1, co.

Proof. The proof of the theorem is easy, so omitted. (|

We give the following two propositions without proof.

Proposition 3.10. Let £ = (k) be a lacunary sequence. Then the followings
hold:

(i) If iminf, n, > 1, then for any Musielak-Orlicz function M = (My,), for all
ke N,
[VV, M7 Amvpa q, U]O g [Nfa Ma Amvpa q, ’U]Ov
where

n

WML A gl = {() € w(X) T 3 [ar (o 2224))] " — o
k=1

for some p > O}.
(i) If limsup, n, < oo, then for any Musielak-Orlicz function M = (My,), for

al k €N,
[NfaMaAmap7Qav]0 g [WaMaAmvpaqvv]O-

Proposition 3.11. Let £ = (k) be a lacunary sequence, with 0 < liminf, n, <
limsup, 1, < 0o, then for any Musielak-Orlicz function M = (My), for all k € N,

[Nfa Ma Amvpa q,'U]O = [Wa Ma Amvpa qvv]O-

Property 3.12. The spaces [Ng, M, p, q, v]o and [Ne, M, p, ¢, V] are solid
as well as monotone. The spaces [Ng, M, A™, p, q, v|z are not solid in general,
for Z=0,1, 0.

Proof. Let (z1) € [N¢, M, p, q,v]o. Then there exists p > 0 such that

13 [ o(724))] o
kel,

p

Let () be a sequence of scalars such that |ay| < 1, for all £ € N. Since

lo| < max(1, |ag|¥) < 1, for all k € N, where G = sup pp < 0.
k

Then for each r, we have

23 ()] e S ()] e

kel kel P
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Therefore (axxy) € [Ne, M, p, ¢, v]o. Hence [Ne, M, p, g, v]p is solid.

By the Lemma 2.5, it follows that the space [Ng¢, M, p,q,v]o is monotone.
Again by the inequality (3.1) and the Lemma 2.5, we can proved that the space
[Ne, M, p, ¢, V] is solid as well as monotone. In order to prove that the spaces
[Ne, M, A™ p, q,v]1 and [Ne, M, A™, p, g, v]s are not solid in general, we consider
the following example.

Example 3.13. Let My(x) = zt, for all k € N and t > 1. Let p, = %, v = k,
for all k € N and q(x) = | z|. Let £ = (2") be a lacunary sequence, for all k € N.
Consider a sequence (vy) defined by

z, = k%, for allk € N.

Then (zx) belongs to [Ne, M, A™,p,q,v]1 and [Ne, M, A™, p,q,V]e0, for m = 1.
Let (ax) = (=1)%, for all k € N. Then (ayxi) does not belong to the spaces
[Ne, M, A™ p, q,v]1 and [N¢, M, A™, p, q,v]oo. Hence the spaces [Ne, M, A™, p, q,v]1
and [Ne, M, A™ p, q,v] are not solid.

Therefore by the Lemma 2.5, it follows that the spaces [Ng, M, A™, p, q,v]1
and [Ng, M, A™,p, q, v]o are not monotone.

Next to show that the space [N, M, A™, p,q,v]o is not solid in general. We
consider the following example.

Example 3.14. Under the restrictions on M, p,v,m,q and & as in Example 3.7.
We consider a sequence (x1) defined by

xk =2, for all k € N.

Let (o) = (—1)%, for allk € N. Then (agzy) does not belong to [Ne, M, A™, p, q,v]o.
Hence the space [Ne, M, A™ p, q,v]o is not solid.

Therefore by the Lemma 2.5, it follows that the space [Ng, M, A™, p, q,v]o is
not monotone. O

Property 3.15. The space [Ne¢, M, p, q,v]1 is neither solid nor monotone.

Proof. The space [N¢, M, p, ¢, v]1 is not monotone follows from the following ex-
ample.

Example 3.16. Letpp, =1+ k_12 and vy, =k, for all k € N. Let My(z) = xt, for
all k € N andt > 1 and g(x) = |x|. Let &€ = (2") be a lacunary sequence for all
k € N. Consider a sequence (xy,) defined by

(xk) =(2,2,2,...), for all k € N.

Consider the K*'-step space Ex for a sequence space E and defined a sequence
(yx) as follows:
| xk, if kis even;
Y = { 0, otherwise.

Then (yx) does not belong to the K" -step space Ex of the sequence space E. Hence
the space [N¢, M, p, ¢, v]1 is not monotone.
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Therefore by the Lemma 2.5, it follows that the space [Ng, M, p, ¢,v]1 is not
solid. [l

Property 3.17. The spaces [Ne, M, A™,p,q,v]z are not monotone in general,
for Z=0,1, 0.

Proof. The proof of the result follows from the Examples 3.13 and 3.14, by con-
sidering the K*'- step space Fg for a sequence space F and defined a sequence
(yx) as follows:
| =y, ifkiseven;
Yr = { 0, otherwise.

Then the sequence (z1) defined in the Example 3.13 belongs to [Ne, M, A™, p, ¢,v] z,
but (yx) does not belong to [Ne, M, A™,p, q,v]z, for Z =1, 00.

Similarly, (xy) defined in the Example 3.14 belongs to [Ng, M, A™, p, ¢, v]o, but
(yx) does not belong to [Ne, M, A™, p, g, v]o. Hence the spaces [Ne, M, A™, p, q,v]z
are not monotone, for Z =0, 1, co. O

Property 3.18. The spaces [Ne, M, A™,p,q,v]z are not symmetric in general,
for Z=0,1, 0.

Proof. The proof of the result follows from the following example.

Example 3.19. Let My(x) = 22, pp = k and v, = k2, for all k € N. and
q(x) = |z|. Let £ = (27) be a lacunary sequence for all k € N. Consider a sequence
(zx) defined by

zr = k%, for all k € N.

Then (xy) belongs to [Ne, M, A™, p,q,v]o, for m = 1. Consider the sequence (yx)
which is the rearrangement of the sequence (xy) defined by

(yr) = (x1, T2, x4, T3, T9, T5, T16, L6, T25, LT, ---)-
Then (yx) does not belong to [Ne, M, A™,p,q,v]z.
Hence the spaces [Ne, M, A™, p, q,v]z are not symmetric in general. O
Property 3.20. The space [Ne, M, A™, p, q,v]o is not convergence free.

Proof. The proof of the result follows from the following example.

Example 3.21. Let My(x) = x, pp = k, v, = k, for all k € N. and q(z)
& = (2") be a lacunary sequence for all k € N. Consider a sequence (x
by

= |z|. Let
k) defined

| 2, ifkis even;
TR0, ifk s odd.

Then (xy) belongs to [Ne, M, A™, p,q,v]o, for m = 2. Consider the sequence (yx)
defined by
[ K2 if ks even;
Yk = { 0, if ks odd.
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Then (yx) deos not belong to [Ne, M, A™, p, q,v]o.

Hence the space [N, M, A™, p, ¢, v]p is not convergence free. O

Acknowledgement : The author thanks the reviewers for the comments on the
first draft of the paper.
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