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1 Introduction

The concept of asymptotically nonexpansiveness was introduced by Goebel
and Kirk [1] in 1972. In 2001, Noor [2, 3] have introduced the three-step iterations
and studied the approximate solutions of variational inclusion and variational in-
equalities in Hilbert spaces. Glowinski and Le Tallec [4] used three-step iterative
schemes to find the approximate solutions of the elastoviscoplasticity problem,
liquid crystal theory and eigenvalue computation. It has been shown in [4] that
the three-step iterative scheme gives better numerical results than the two-step
and one-step approximate iterations. In 1998, Haubruge et al. [5] studied the
convergence analysis of three-step schemes of Glowinski and Le Tallec [4] and ap-
plied these schemes to obtain new splitting-type algorithms for solving variation
inequalities, separable convex programming and minimization of a sum of convex
functions. They also proved that three-step iterations lead to highly parallelized
algorithms under certain conditions. Thus we conclude that three-step scheme
plays an important and significant part in solving various problems which arise in
pure and applied sciences.

In 2002, Xu and Noor [6] introduced and studied a three-step scheme to approx-
imate fixed points of asymptotically nonexpansive mappings. In 2005, Suantai [7]
extended their scheme to the modified Noor iterative scheme. Recently, Nilsrakoo
and Saejung [8, 9] defined and studied a new three-step mean value iterations to
approximate fixed points of asymptotically nonexpansive mappings which is an
extension of Suantai’s iterative scheme. See [10] and references therein for non-self
asymptotically nonexpansive mappings.

Inspired and motivated by these facts, we introduce and study a new iterative
scheme with errors for asymptotically nonexpansive mappings. Our results include
the Ishikawa, Mann and Noor iterative schemes for solving variational inclusions
(inequalities) as spacial cases. The scheme is defined as follows.

Let X be a normed space, C' be a nonempty convex subset of X and T : C — C
be a given mapping.

Algorithm 1. For a given z; € C, compute the sequences {x,}, {yn} and {z,}
by the iterative schemes
Zn = O[»Ey,l)TnI + 05(2)x'n, + )\nuna
Yn = BTz, + AT 2, + 8T 2, + B2, + ppvn, n>1, (1.1)
Tnt1 = YT Yo + AT 20 + YO T 0 + AT 20 + 7 w0 + v,

Where {un}, {’Un} and {w,} are bounded sequences in C and {\.}, {pn}, {¥n},

)} {a(2)} {6 } {6(4)} {”y(l)} {*y )} are appropriate real sequences
in [0, 1] such that A, —|—o¢§l)—|—a§l) I —|—El 16n —Vn—|—2] 1%(3) =

1A = = vy = B9 = 20, 0P = 1 af®), 69 =1 60 — 52
%(15) =1- %(11) - 77(12) ( ), then Algorithm 1 reduces to
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Algorithm 2. For a given 1 € C, compute the sequences {x,}, {y,} and {z,}
by the iterative schemes

Zn = aW T2, + (1 — oMz,
Yo = BT 20 + BDT xp + (1= B = B )z, n 21, (1.2)
Tnt1 = YT g + AT 20 + 4T 0 + (1= 4D =48 =4z,

where {as}, {82}, (827, {83 +827%, (), (92}, (0} and {3 4907 +
%(13)} are appropriate real sequences in [0, 1]. The iterative scheme (1.2) is called
the three-step mean value iterative scheme defined by Nilsrakoo and Saejung [8, 9].

10— o — v = B9 — 2~ 2 20,02  1—afl), 0 — 1- 54
and 77(15) =1- %(11) — %(12), then Algorithm 1 reduces to
Algorithm 3. For a given z; € C, compute the sequences {z,}, {y,} and {z,}
by the iterative schemes

Zn =Mz, + (1 — M)z,
Yo = BT 2 + BT 2 + (1= Y — )20, n>1,  (1.3)
Tng1 = VT Y + YO T 2 + (1= 45 — 4P,

where {af'}, {81}, (B2}, {81 + B}, (3D}, {002} and {14! 4+ 402} are
appropriate real sequences in [0, 1]. The iterative scheme (1.3) is called the modified
Noor iterations defined by Suantai [7].

The purpose of this paper is to establish weak and strong convergence theorems
of iterative scheme (1.1) for asymptotically nonexpansive mappings in a uniformly
convex Banach space. The results presented in this paper extend and improve
the corresponding ones announced by Xu and Noor [6], Suantai [7], Nilsrakoo and
Saejung [8, 9] and many others.

2 Preliminaries

In this section, we recall the well-known concepts and results. For convenience,
we use the notations lim, = lim, ,s, liminf, = liminf, .. and limsup, =
limsup,, ,... Let C be a nonempty subset of normed space X. A mapping T :
C — C is said to be asymptotically nonexpansive if there exists a sequence {r,}
in [0, 00) with lim,, 7, = 0 such that

[Tz =Ty < (1 +ra)|z -yl

for all z,y € C and each n > 1. By passing to the sequence {r/,}, we may always
assume that {7, } is decreasing, where rj, = sup,,,>,, 7'm. If r, = 0, then T'is known
as a monerpansive mapping.
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The mapping T is said to be uniformly L-Lipschitzian if there exists a constant
L > 0 such that

[Tz = T"y|| < Lz -yl

for all z,y € C and each n > 1. It is easy to see that if T" is asymptotically non-
expansive, then it is uniformly L-Lipschitzian with the uniform Lipschitz constant
L =sup{l+r, : n > 1}. Tt is known [1] that if X is a uniformly convex Ba-
nach space and T is an asymptotically nonexpansive self-mapping of a nonempty
bounded closed convex subset C of X, then F(T') # () where F(T) denotes the set
of all fixed points of T'.

The mapping T : C — C with F(T) # () is said to satisfy Condition (A)
with respect to the sequence {x,} [11] if there exists a nondecreasing function
f:]0,00) = [0,00) with f(0) =0 and f(r) > 0 for all r € (0, 00) such that

fld(zn, F(T))) < [lzn — Tan|

for each n > 1 where d(z, F(T)) = inf{||lz — y|| : y € F(T)}.
The following example provides an example of asymptotically nonexpansive
mapping satisfying Condition (A) which is not nonexpansive.

Example 2.1. Let X =R, C = [0,1] and define

0 if x€10,1/2],
T(x) = { (3/2)x —3/4 ifxe (1/2,1].

It is easy to verify that F(T) = {0}, T"x = 0 for all z € C and each n > 3.
Therefore, T is asymptotically nonexpansive with 1 = 1/2, ro = 5/4 and r,, =0
for all n > 3, but T is not nonexpansive. Also, T satisfies Condition (A) with
the function f(t) = t/4. Note that d(x, F(T)) = x and ||x — Tx| = x — Tx >
x— (3/)x = (1/4)x for all x € C.

It is well known that every completely continuous mapping satisfies Condition
(A) [11]. Thus we shall use Condition (A) instead the complete continuity of the
mapping T to study the strong convergence of {z,} defined in (1.1).

In the sequel, the following lemmas are needed to prove our main results.

Lemma 2.2 ([12, Lemma 1]). Let {an}, {bn} and {6, } be sequences of nonnegative
real numbers satisfying the inequality

ant1 < (14 0n)an +bp,  Yn>1.
If > 1 6, < oo and Y .2 | by, < 0o, then lim, a, exists.
By Schu’s lemma [13, Schu’s Lemma], we have the following lemma.

Lemma 2.3 ([8, Lemma 5]). Let {xn}, {yn} and {z,} be sequences in a uni-
formly convex Banach space X with limsup,, ||z,| < a, limsup,, [|y,]| < a and
limsup,, ||zn]| < a for some a > 0. Suppose that {a,}, {Bn} and {v,} be sequences
in [0,1] with an + Bn +vn =1 for alln > 1 and limy, ||an@yn + Bnyn + Ynznll = a.
If liminf,, o, > 0 and liminf,, 8, > 0, then lim,, ||z, — yn| = 0.
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By using mathematical induction in Lemma 2.3, we immediately obtain the
following.

Lemma 2.4. Letk > 2 and {3: } {x%k)} be sequences in a uniformly convex
Banach space X with limsup,, Hxn)H < a for each i € {1,2,...,k} and for some
a>0. Suppose {anl)} {a } be sequences in [0,1] such that E _ aff) =
and hmn ||E 1047;) l)|| = a. If liminf, o' > 0 and limint, o) > 0, then
lim,, Hxn — Y H =0.

3 Main Results

In this section, we establish weak and strong convergence theorems of iterative
scheme (1.1) for asymptotically nonexpansive mappings. Note that the proof given
below is different from that of Xu and Noor, Suantai, Nilsrakoo and Saejung.
Throughout this section, we assume that Y > A, < 00, >0 pup, < 0o and
>0 vn < 0o. In order to prove our main result, the following lemma is needed.

Lemma 3.1. Let X be a real Banach space, C be a nonempty convexr subset of
X and T : C — C be an asymptotically nonexpansive mapping with the nonempty
fized point set F(T) and the sequence {r,} such that > o1, < co. Let {x,} be
the sequence defined by Algorithm 1. Then we have the following conclusions.

(i) limy, ||z, — pl|| exists for all p € F(T).
(i) limy, d(z,, F(T)) exists.
(11i) If liminf, v >0, then lim,, lyn — pl| = limy, ||z, — p|| for all p € F(T).

(i) If 1iminfn(’y¢(ll)@(ll) (2) + 7(4)) > 0, then lim, ||z, — p|| = lim, ||z, — p||
for allp € F(T).

(v) If lim, | T"x, — 2,|| = 0, then lim, [|Tz, — z,| = 0.

Proof. (i) Let p € F(T). For each n > 1, we note that

llzn —pll =

Tn + oeglz)xn + Aty — pH

< oD T e, —p| +af] Hwn pll+ Anlun = pl|

<ol (1 +r)llzn = pll + o (1+70) |20 — pll + Anllun — p
< (L+r)llzn = pll + Anllun — |

where a, = An|lun, — p||. Since {u,} is bounded and >"°7 ;A\, < oo, we see that
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oo | an < oo. It follows from (3.1) that

Iy = Il < BTz = pll + BPNT 00 = pll + 8D T — p
+ B0 2 = pll + pinllen = p
< B0+ ra)lzn ol
+ (B2 () + B (1 +720) + B2 e = pll + pinllvn — p
< BV A+ ) (L4 ra)|zn = pll + an)
(L4 70) (B2 + 82+ 62) [ = pll + pnlfvn = p
< (1) (B0 + 82 + B9 + 59 llzn = pll + (1 + 1)

+ pnllvn — Dl
S (1 + rn)2||xn _p” + bna (32)

where b, = (1 + rp)an + pn /v, — p||. Since {v,} is bounded, > | p, < co and
oo | an < o0, we have Y7 | b, < co. Moreover, we see that

lonss =l < A+ )l =1+ (20 +r0) #9601+ 720)) 20 =
n ( 3 (14 1)+ ) s = Il + Vallwn — p|
(1 +7)? (® +7<4>) (1 + 7)) |lzn — pll + an)

(1) ( D+ 90 lew = pll + vallwn — ]
(

< (1 +m)* (A -+ D) lwn = pll + (14 70)(an + bn)
+ vn|lwn — p|
< (Lt rn)’llen —pll + ca, (3.3)

where ¢, = (14 7y)2(an + bn) + vu||w, — pl|, so that >°7 | ¢, < co. By Lemma
2.2, we get limy, ||z, — p|| exists.

(1) It follows from (z) that {z,} is bounded. Using (3.1), we have
lon = pll < (14 7) (a2 + a2 llzn = pll + Aullun = p
< (1+7a) (0 + @) = pll + (1L + r)An(ln = @l + llzn = o)
= (U4 ra)zn —pll +ay (3:4)

for all p € F(T), where al, = (1 + ry) Ay |lun, — x| Since {un} and {z,} are
bounded, lim, 7, = 0 and Y .2 ; A, < 0o, we see that -, al, < co. Note that

n=1""n
{al,} does not depend on p. Agam by continuing this process, we may obtain
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a sequence of nonnegative real numbers {c/,} such that it is independent of p,
S ¢, < oo and

n=1""n
lmss = pll < (1 7)llan — pll + (3.5)
for all n > 1 and p € F(T). Taking infimum over all p in F(T), we obtain
d(@ni1, F(T)) < (1+70)’d(xn, F(T)) + ¢,
Again, by Lemma 2.2, we get lim,, d(z,, F(T)) exists.
(i7) Let p € F(T). Since lim, ||z, — p|| exists, it follows from (3.2) that
limsup,, ||yn — p|| < limy, ||z, — p||. Also, by (3.2) and (3.3) we have
a1 = pll S A+ 1) llga = pll+ (2L +70) + 701+ 720) ) llz0 = 3
+ (¥ A+ 1) +92) 20 = Il + villwn —
< (1 70) [10lga — 2l + (42 +48) (0 + ra)lon = pll + an)
+ (1=20 =22 =) o = pll| + vallwn - p

< (1 70) 3Dy = ol + (1= 240 o — ll] +

for all n > 1, where a! = (1 + 7, )ay, + vy ||w, — p||. Since liminf,, +P'> 0, then

"
+lzn =l < llyn = pll + —g57———
(1)(1+Tn)2

[zt = pll = (A + 70)?[l2n — p]
(1 47,2

for sufficiently large numbers n. By taking liminf,, in both sides, we obtain

lim [|z, —p|| < lim inf {|y,, — pl].
(4v) Tt follows from (3.1) that limsup,, ||z, — p|| < limy, ||z, — p||. For conve-
nience, we take 3, = 'ynl)ﬁ Y4 7(2) (4). Using (3.2) and (3.3), we obtain
e = pll < 3D+ )l = pll+ (2L +70) + 98 @+ 720) ) 120 = 2
+ (¥ A+ 1) +92) 20 = 2l + vl — ]
< AP+ 1) [BD 20 = pll + (B2 + B2 + 82 llan —
+ (L radptnlvn = pll 4+ (32 +750) (470220 = pl
+ (W2 +98) W+ 1)@ = ol + vilwa ol
< 1+ ra)? (OB +9@ + 9] 2w - p

+ [0 (B2 + 89 + 80) +9D +9P | Iwn = pll) + 5,
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< ) (Bullen =l + 52 (1= 560)

+ (1= 70 =@ = 9D)] wn ol ) + ]
= (1+70)2(Ballzn — pll + (1 = Bu)||2s — pl|) + !
for all n > 1, where b, = (14 74)tn ||vn — p|| + v ||wn — p||. Since liminf, B, > 0,
we have
|zns1 = pll = (14 70)? [z — pll b
Bu(1+10)? B (1 +1n)?

for sufficiently large numbers n. By taking liminf,, in both sides, we get

+ |z = pll < llzn — pll +

lim ||z, — p|| < liminf ||z, — p.
n n

(v) Using (1.1), we have
[2n — znll < O‘Szl)HTnxn — Zpll + Anllun — 20|l — 0, (3.6)

[T 20 — an| < |T"2n = T @nl| + | T" @0 — n|
< (L+r)llzn — 2ol + 1T 20 — 24l — 0,

o = @all < BT 20 = @all + B2IT @0 — 2
+ BT 0 = wa + in[vn = oa
< BT 20 = wall + (B2 + BP @+ 1)) IT 20 — 2
+ tinllon = 2l = 0, (3.7)
17" = @l < NT"yn = T2 | + | T" 20 = 2
< (14 7)o = 2ol + |1 T"20 = 20l = 0
and so
@t = 2all YD NT o = @all + (1804 7a) + 93 ) IT"20 = 2
+ (7,@ + 7,3‘”) [T % — || + vnlwn — 2] = 0. (3.8)
Also,
1720 = nll < [@ns1 = 2l + 1T 201 = st |+ 1T = T
+ | Tz — T ||
< 2+ rag)lZnsr = @l + 1T 2ng1 — o |
+ (1 +7)||zn — T 2y

This together with (3.8) implies that lim,, | T®, — #,| = 0. This completes the
proof. O
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The following lemmas are the important ingredients for proving our main
results.

Lemma 3.2. Let X be a uniformly convexr Banach space, C be a nonempty convex
subset of X and T : C' — C' be an asymptotically nonexpansive mapping with the
nonempty fized point set F(T) and the sequence {r,} such that Y .-, 1, < oo.

Let {x,,} be the sequence defined by Algorithm 1 and ~,, = %(11) + %(12) + %(13) + %(14)
for allm > 1. Then we have the following conclusions.
(i) If 0 < liminf, %(11) < limsup,, v, < 1, then lim, ||T"y, — x,|| = 0.
(it) If 0 < liminf, W < limsup,, v, < 1, then lim, || T"2, — x| = 0.
(i1) If 0 < liminf, %(13) < limsup,, v, < 1, then lim, [|T"z, — x,|| = 0.

(iv) If liminf, 77(11) >0 and 0 < liminf,, 67(11) < lim sup,, ( M 4 5P+ 67(13)) <1,
then lim,, | T" 2z, — x, || = 0.

(v) If lim infn(ﬂyfll)ﬂ,(zl) —|—’y,(12) —|—'y7(14)) >0 and 0 < liminf, a$" < lim sup,, ol <
1, then lim, |T"z, — x,|| = 0.

Proof. Let p € F(T). Tt follows from Lemma 3.1(7) that lim,, ||z, — p|| exists. Let
lim,, ||z, —pl|| = a for some a > 0. Since >~ | v, < 00 and ||z, —p+vp(wy,—z,)|| <
lzn — pl| + vnl|wn — ||, we have

limsup ||z, — p + vn(w, — 24)| < a. (3.9)
Also,

limsup ||T"x, — p|| < limsup(1 + r,)||zn — p|| = lim ||z, — p|| = a.
n n n

Next, we observe that |77z, — p + vp(wy, — xp)|| < || T2, — pl| + vnl|lwn — 24|
Thus,

limsup |[T"z, — p + vn(wp — 2,)| < a. (3.10)

It follows from (3.2) that |[yn — p|| < (1 + rn)?||zn — p|| + by for all n > 1, where
{b,} is a nonnegative real sequence such that > -, b, < co. Taking limsup,, in
both sides, we obtain

limsup [[yn — pll < limsup((1 +74)?||lzn = p|| +bn) = lim ||, — pl| = a.
n n
So that
limsup ||T"y, — p|| < limsup(1 + r,)||yn — p|| = limsup ||y, — p|| < a.
n n n

Thus, we have

lim sup |[T"yn, — p + vn(wn — p)|| < a. (3.11)
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By using (3.1) and the similar method as above, we have

limsup |T" 2z, — p 4+ vp(wn — 24)|| < a (3.12)

and

limsup | 72"z, — p + vn(wn — 1) < a. (3.13)

Since v, = 77(11) + 77(12) + 77(13) + 77(14), we note that

a=lm|z,1 —p||
n
=lim || YTy + 7P T 20 + 7T 20 + AT 20+ YD 20+ v0wn —p H

=lim ||y DTy, + P Tz, + ST, + DT 2,

- (%(f) + 9@ +483) + %(14)) p+ (1 — ) (xn — ) + vpwy — vy
=lim 7Y (T"yn — p) + 72 (T"20 — p) + 7P (T2 — p)

+’77(z4) (T2n2n - p) + (1 - Vn)(xn - P) — UnZpn + VnWy

=lim ’77(11) (Tnyn - P) + '77(12) (Tnzn - p) + ’77(13) (Tnxn - p) + '77(14) (T2n2n - p)

+ '77(13) (T"%n = p+ vn(wn — 2n)) + 77(14) (T2 — p + vn(wy — x3))
+ (1 =) (@n —p+ vp(w, — ;vn))H

This together with (3.9)-(3.13) and Lemma 2.4 implies that (¢), (i4) and (i) are

satisfied. Next, we shall prove (iv). Since liminf,, 77(11) > 0, it follows from Lemma

3.1(4i%) that lim, ||y, — p|| = a. From (3.1) we know that limsup,, ||z, — p|| < a
and hence

limsup || 7"z, — p|| < limsup(l + 7,)||zn — p|| < a.
n n

Thus, we have

limsup |T"zp, — p + pin(vn, — x0)|| < a. (3.14)

Also, we observe that

limsup ||z, — p + pin(vn — z,)|| < a, (3.15)

+ YulnWn — YalnZn + (1 — ) (Tn — P) — Un@n + VUnWn + YnlnTn — YnlnWn
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limsup 7"z, —p + pn(vn — 2,)| < @ (3.16)
n

and

limsup ||[T%"x,, — p + pin(vn — 2,)| < a. (3.17)

Next, we note that

a =lim ||y, — p|| = lim ‘ ﬁr(Ll)T"zn + ﬁ,@T"wn + ﬁS)T%xn + 57(14).%'” + pnn — pH

=lim H67(11) (T"2n — p + pn(vn — 20)) + 57(12) (T"2n —p+ pn(vn — Tn))
+ 67(13) (Tann —-p+ Nn(vn - xn))
(18 = B2 = B (@0 = p+ fnlon = wa)|. (3.18)

This together with (3.14)-(3.17) and Lemma 2.4 implies that lim,, || 7"z, —,|| = 0.
This completes the proof of (iv). By using the same argument as in proof of (iv),
we can get (v). O

Lemma 3.3. Let X, C, v, and T be as in Lemma 3.2 and {x,} be the sequence
defined by Algorithm 1 such that the parameters satisfy one of the following control
conditions:

(C1) 0 < liminf, 77(11) < limsup,, 7n < 1 and one of the following holds:

(a) limsup, (B + B + 87)) < 1;

(b) liminf, 77(12) > 0 and limsup,, ( () 4 26,(13)) <1;
(C2) liminf, 77(11) > 0 and one of the following holds:

(a) 0 < liminf, 67(11) < limsup,, ( ,(11) —i—ﬁ,(f) —l—ﬁ,@) < 1 and limsup,, asll) <

1;

(b) 0 < liminf, B <lim sup,, ( D4 8P+ 67(13)) <1;
(C3) 0 < liminf, 77(12) < limsup,, 7, < 1 and limsup,, ol < 1;
(C4) 0 < liminf, 7 < limsup, v < 1;
(C5) lim infn(%(ll) ,(11) —i—ﬁ,(f) —i—%(f)) >0 and 0 < liminf,, asll) < limsup,, asll) < 1.
Then lim,, [|T"x, — 2,| =0, and so by Lemma 3.1(v), lim,, || Tz, — x,|| = 0.
Proof. By using (1.1), we have

[T 20 — || < | T"wn =T ynll + [T"yn — 2|
< (L4 r)lzn = ynll + 1 T7"yn — 2nl

< (1) (BT 20 — aall + BP0 —

+57(13)||T2n33n = Znll + pnllvn — fEnH) T yn — zn| (3.19)
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and
[T 20 — an| < NT @0 — T 20| + [|T" 20 — 2|
< (@ tra)lon =zl + T2 — 24|
< (1 +7) (aIT 0 = ol + Anllun = 2all)
+ | T2 — |- (3.20)
Proof of (C1—a). It follows from Lemma 3.2(¢) that lim,, | 7"y, — x| = 0. To
show that lim,, || 7"z, — x| = 0, let {m;} be a subsequence of {n}. It suffices to

show that there is a subsequence {n;} of {m;} such that limy | T"*z,, —xn, || = 0.
Take p € F(T) and consider Lemma 3.2.

If lim inf; 67%) > 0 and liminf; ﬁ,(f:’]) > 0, then it follows from (3.14)-(3.18) and

Lemma 2.4 that lim; |77 2y, — T, || = lim; || 7?7 &y, — T, || = 0.

If liminf; 67(,%]) > 0 and liminf; 67(3]) = 0, again by (3.14)-(3.18) and Lemma
2.4 we obtain lim; |77 2, — 2, || = 0 and we may extract subsequence {ns} of
{m;} such that lim; 85 =

If liminf; 67%) = 0, then we may extract subsequence {n}} of {m,} such

n

that lim; 80 = 0. Now if liminf; 37 > 0, then lim; |T?"z,, — .| = 0 and
if liminf; ﬁfﬁ) = 0, then we may extract subsequence {ni} of {n;} such that

limy B2 = 0.
In any case, it follows from (3.19) that

im(L = (141, )BT, =, ]| = 0

for some subsequence {n;} of {m;}. Since limsup,, () < 1, then limy, T2y, —

Zn,|| = 0. By Double Extract Subsequence Principle, we obtain lim, ||T"z, —
Znl = 0.

Proof of (C1 —b). It follows from (3.19) that
17720 = @all < (14 7) (BONT"20 = @all + (82 + BD@ +10) ) 1T 2 —
Fpinl[vn = xnl]) + [Ty — @0 -
By using (i) and (ii) of Lemma 3.2, we obtain
lim (1 —(1+7n) (5,@ + 892 + rn))) T2y — x| = 0.
Since lim supn(ﬁg) + 26,(13)) < 1, then lim,, ||T™z, — z,|| = 0.
Proof of (C2 — a). By Lemma 3.2(iv), lim,, ||T"2, — x,|| = 0. Using (3.20),

we have lim, (1 — (1 + rn)ag))HT”xn — x|l = 0. Since limsup,, af) < 1, then
lim,, ||T"z, — x,|| = 0.
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(C2—0b) is immediate consequence of (3.14)-(3.18) and Lemma 2.4. Also, (C3)
follows from Lemma 3.2(i¢) and (3.20). Finally, (C4) and (C5) follow respectively
from (4i7) and (v) of Lemma 3.2. This completes the proof of lemma. O

Now, we state and prove the strong convergence theorem.

Theorem 3.4. Let X be a uniformly convex Banach space, C be a nonempty closed
convex subset of X and T : C — C be an asymptotically nonerpansive mapping
with the nonempty fized point set F(T) and the sequence {r,} such thaty > ry, <
oo. Let{xz,} be as in Algorithm 1 satisfying one of the control conditions in Lemma
3.3. If T satisfies Condition (A) with respect to the sequence {xy}, then {xn}, {yn}
and {z,} converge strongly to a fixed point of T.

Proof. By Lemma 3.1(i4), we know that lim,, d(z,, F(T)) exists. Now by combined
effect Condition (A) and Lemma 3.3, we get

lim f(d(zn, F(T))) <lim |Tz,, — z,| = 0.

Since f is nondecreasing function with f(r) > 0 for all r € (0,00) and f(0) = 0,
we have lim,, d(z,,, F(T)) = 0. Then there exist a subsequence {x,, } of {x,} and
a sequence {yx} in F(T) such that ||z, —yk| < 1/2F. Tt follows from the proof
of Tan and Xu [12] that {y;} is a Cauchy sequence in F(T) and so y — y for
some y € F(T). It follows that z,, — y. Since lim,, ||z, — y|| exists, then z,, — y.
By (3.6) and (3.7) we have limy, ||y, — | = limy, ||z, — 2, ]| = 0. It follows that
lim, y, = lim, z, = y. This completes the proof. O

In the next result, we prove weak convergence of Algorithm 1 for asymptoti-
cally nonexpansive mapping in a uniformly convex Banach space. To do this, we
need the following lemmas.

Lemma 3.5 ([14, Lemma 1.6]). Let X be a uniformly convex Banach space, C
be a nonempty closed convex subset of X and T : C — C be an asymptotically
nonezpansive mapping. Then (I —T) is demiclosed at 0, i.e., if x, — x weakly
and z, — Tz, — 0 strongly, then x € F(T).

A Banach space X is said to satisfy Opial’s condition [15] if for any sequence
{zn} in X, z,, — x weakly implies that limsup,, ||z, — || < limsup,, ||z, — y|| for
all y € X with y # x.

Lemma 3.6 ([7, Lemma 2.7]). Let X be a Banach space which satisfies Opial’s
condition and let {x,} be a sequence in X. Let u,v € X be such that lim,, ||z, —ul|
and lim,, ||x, — v|| exist. If {x,,} and {xm,,} are subsequences of {x,} which
converge weakly to u and v, respectively, then u = v.

Theorem 3.7. Let X be a uniformly convex Banach space which satisfies Opial’s
condition, C' be a nonempty closed convexr subset of X and T : C — C be an
asymptotically nonexpansive mapping with the nonempty fized point set F(T) and
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the sequence {r,} such that Y > r, < co. Let {x,} be as in Algorithm 1 sat-
isfying one of the control conditions in Lemma 3.3. Then {x,}, {yn} and {z,}
converge weakly to a fixed point of T.

Proof. 1t follows from Lemma 3.3 that lim,, ||Tx,, —x,| = 0. Since X is uniformly
convex and {z,} is bounded, there exists a subsequence {x,,} of {x,} such that
Zn, — u weakly as k — oco. By Lemma 3.5, we have u € F(T). Suppose that
{Zm, } be an arbitrary subsequence of {x,} converging weakly to v. Again, from
Lemma 3.5, v € F(T). By Lemma 3.1(¢), lim,, ||z, — u|| and lim,, ||z, — v|| exist.
It follows from Lemma 3.6 that u = v. Therefore {z,} converges weakly to u. By
(3.6) and (3.7) we have lim,, ||y, — 2, || = limy, ||z, — 2| = 0. It follows that {y,}
and {z,} converge weakly to wu. O

Remark 3.8. When \, = u, = v, = 67(13) = ,(14) =0, 04512) =1- a%l), 7(14) =
l—ﬂ,(ll) —@(12) and 77(15) = 1—%(11) —%(12) —77(13) in Theorem 8.4 and Theorem 3.7, we
obtain weak and strong convergence theorems of Algorithm 2 [9, Theorem 9 and

Theorem 10].

Remark 3.9. When \, = py, = v, = 61(13) = 77(13) = 7,(14) =0, ag) =1- aﬁ,”,
67(14) =1- 67(11) — 57(12) and 77(15) =1- %(11) — %(12) in Theorem 8.4 and Theorem 3.7,
we obtain weak and strong convergence theorems of Algorithm 3 [7, Theorem 2.8
and Theorem 2.8] without the restrictions liminf, b, > 0 (b, replaced by @(11) mn
our definition) and the boundedness of C.

Acknowledgement : The authors thank the referees for their comments and
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