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1 Introduction

In [1], Toh et al. defined his forward It6-McShane integral using the general-
ized Riemann approach. This approach was discovered independently by Kurzweil
[2] and Henstock [3] in 1950s. They used non-uniform meshes (meshes that vary
from point to point) instead of the uniform meshes as depicted in the usual Rie-
mann approach. The power of this approach lies in the fact that it can integrate
highly oscillatory functions which the usual Riemann approach fails to handle.
The forward It6-McShane integral uses forward filtration. Moreover, the J-fine
division is belated in the sense that the associated points (or tags) are always on
the left endpoints of the subintervals. This preserves the adaptedness property of
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the integral with respect to the forward filtration. Furthermore, the d-fine belated
division is partial since a full division may not exist.

In this paper, we define backwards Ito integral using the same approach. But
this time, it is with reversed time frame, that is, if all processes start at time
t = 0 and progress to a later time ¢, here, we fix a time T and then proceed
backwards to some earlier time s. Furthermore, backwards 0-fine division and
backwards filtration were used. Backwards d-fine division in a sense that we choose
the right endpoint of the subintervals as tags so that our integral can assume the
adaptedness property with respect to the backwards filtration. Here, backwards
d-fine division is partial since a full division may not exist. Now, note that the
forward and backward integrals of a process with respect to a Brownian motion
have different values. This is due to the fact that a Brownian motion is not of
bounded variation. Thus, the forward and backwards stochastic integrals are not
equivalent.

Now, one might ask if there is a corresponding integral that considers a full
division on an interval [a, b]. The answer is affirmative. In [4], Boonpogkrong and
Chew defined integral which considers a homogeneous McShane J-fine full division
on an interval [a,b], that is, all interval-point pairs that cover the interval [a,b]
are McShane §-fine. Here, we define McShane backwards Ité integral with a full
division that is composed of backwards J-fine and McShane d-fine partial divisions.
Unlike the backwards It6 integral, this integral yet to be defined does not assume
adaptedness property. In this paper, we shall prove that these two integrals are
equivalent.

2 Preliminaries

Throughout this note, R denotes the set of real numbers, Rg the set of non-
negative real numbers, N the set of positive integers and (£, G, P) denotes a prob-
ability space. Let {G°:0< s <T} be a family of sub o-algebras of G. Then
{G*:0< s < T} is called a backwards filtration if Gt C G* forall 0 < s <t < T.
If in addition, {G* : 0 < s < T'} satisfies the following condition: (1) G7 contains
all sets of P -measure zero in G; and (2) for each s € [0,T], G° = G~ where
G~ = ﬂ€>0 G*7¢. Then {G*® : 0 < s < T} is called a standard backwards filtration.
We often write {G°} instead of {G® : 0 < s <T'}. See [5].

A stochastic process f or simply process is a function f : Q x [0,T] — R,
where [0, 7] is an interval in R{ and f(-, s) is G®-measurable for each s € [0, 7.
A process f = {fs:s€[0,T]} is said to be adapted to the standard backwards
filtration {G*} if f, is G°-measurable for each s € [0,T]. Let B = {B; : t € R} }
be a standard Brownian motion (BM). Let o(B, : s < u < T) be the smallest o-
algebra generated by {B,, : s < u < T}. This is the smallest o-algebra containing
the information about the structure of BM on [s, T].

Throughout this note, we assume that the standard backwards filtration {G*}
is the family of o-algebras o(B, : s < u < T). This family is then called the
natural backwards filtration of B. Let (,G,{G*},P) be a standard backwards
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filtering space. We write LP(Q) for LP(Q),G,P) where f € LP(Q) if E(f)? < oc.
For f € L'(Q), let E(f) denote the expectation of f, that is, E(f) = [, fdP. The
conditional expectation of f given G° is the random variable E(f|G*).

The following lemmas are well-known.

Lemma 2.1. Let ay,az € R and f,g € LY(Q), that is, the expectation of f and g
exist. Then for each s,t € [0,T] with s < t, so that G* C G* we have

(i) E(arf +02910°) = arE(fI0°) + a:E(g1G") a.5.
(ii) E(E(fG°) = E(f) a.5.
(iii) E(f9|G*) = fE (9|G*) a.s., if f is G*-measurable.
Lemma 2.2. Let u,v € [0,T]. Then
(i) E(By — Bu) = v —ul;
(ii) E(B, — By,)* = 3(v — u)?%
(i11) B(B, — B,|G") = 0, where u < v;
() E(Bu|G") = By, where u < v;
() E[f(B, — B.)?] = —E[f (B2 — B2)] = E(f)(v — u), whenever f is G°-
measurable and u < v. In particular,

E(B, — B,)? = ~E(B? — B?).

(vi) E[f(By — By)(B; — Bs)] = 0, whenever (u,v] and (s,t] are disjoint subin-
tervals of [0,T) and f is G¥-measurable. In particular,

E[(Bv - BU)(Bt - Bs)] =0.

3 Backwards It6 Integral

In this section, we shall present the backwards It6 integral and its related
results.

Let § be a positive function on (0, 7. A finite collection D = {((u;,&], &)}y
of interval-point pairs is said to be a backwards partial division of [0, T) if {(u;, &},
is a finite collection of disjoint subintervals of (0,7]. An interval-point pair
((u,&],€) is said to be backwards 0-fine if (u,&] C (£ — 6(£),€], whenever
(u,&] € (0,T] and & € (0,T). We call D = {((u,&],&)}1q a backwards é-fine
partial division of [0,T] if D is a backwards partial division of [0, T] and for each
i, the interval-point pair ((u;, &), &) is backwards §-fine.

Let § > 0. One may not be able to find a full division that covers the entire
interval (0,7]. For example, take §(¢) = % Then the interval (0,7] cannot be
covered by any finite collection of backwards J-fine intervals.
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Let n > 0 be given, a backwards d-fine partial division D is said to fail to cover
(0,T) by at most Lebesgue measure n if

n

eI R

=1

<.

We are now ready to define the backwards Ito integral.

Definition 3.1. Let f = {fs : s € [0,T]} be a process adapted to the standard
backwards filtering space (Q,G,{G°},P). Then f is said to be backwards Ité
integrable on [0,T) if there exists an A € L?(Q) such that for any ¢ > 0, there
exist a positive function ¢ on (0,7] and a positive number 7 such that for any
backwards d-fine partial division D = {((u;,&;], &)}y of [0,T] that fails to cover
(0,T] by at most Lebesgue measure n we have

E(IS(f,D,é,n) —AI2) <e, (3.1)
where S(f,D,6,1) = Y0, fe. (Be, — Bu,). We denote A by (BI) [, fidB;.

It is not difficult to see that the backwards It6 integral (BI) fOT ftdB; is unique
up to a set of P-measure zero by using the fact that if D is a backwards d-fine
partial division, then D is a backwards J;-fine partial division that fails to cover
(0,T] by at most a set of measure n; for ¢ = 1,2, where 6 = min{dy,d2} and
n = min{n,n2} whenever D; and Dy are backwards d;-fine partial division of
[0, T] that fail to cover (0,T] by at most a set of measure 7; for i = 1, 2.

The following results are standard in the classical Henstock integration theory
and the proof has been ommited, see [6, 7]. In the succeeding discussions, we
always assume that [a,b] C [0, 7.

Proposition 3.2 (Cauchy Criterion). Let f be an adapted process on [a,b]. Then
f is backwards Ité integrable on [a,b] if and only if for each € > 0, there exist a
positive function & on [a,b] and a positive constant n such that

E (IS(f. D1.8m) = S(f. Do.8m)l) < =, (3.2

whenever Dy and Dy are backwards 8-fine partial divisions of [a,b] that fail to
cover [a,b] by at most a set of measure 1.

Lemma 3.3 (Henstock’s Lemma). Let f be backwards Ité integrable on [a,b] and
F(u,v) = [ fidBy for any (u,v] C [a,b]. Then for every e > 0, there ezists a
positive function & on [a,b] such that

E <Z |f£z (Bfi - Buz) - F(u17§1)|2> <e, (33)

whenever D = {((u,&],&) 1, is a backwards 0-fine partial division of [a,b).
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Theorem 3.4 (1t6 Isometry). Let f be backwards Ito integrable on [0,T]. Then
E[f?] is Lebesgue integrable on [0,T] and

E </OT ftdBt>2 = /OT E[f2]dt.

Definition 3.5. Let F = {F; : s € [0,T]} be a stochastic process. Then the
process F is said to have an AC?- property if for each € > 0, there exists n > 0
such that whenever {(u;, v;]}{, is a finite collection of disjoint subintervals of
[0, T with Y., |v; — u;| <1, we have

n 2

Z F(ul, ’Ui)

i=1

E <e.

We omit the proof of the following theorem since it is standard in the theory
of Henstock integration.

Theorem 3.6. Let [ be backwards It6 integrable on [0, T] with ®(u,T) = fuT ftdBy.
Then ® has the AC?- property.

4 McShane Backwards It6 Integral

In this section, we shall discuss the McShane Backwards It6 integral and in-
vestigate its properties.

Let 4 be a positive function on (0,77, (u,v] C (0,7] and £ € (0,T]. An interval-
point pair ((u,v],&) is said to be McShane d-fine if (u,v] C (§ — §(£),& + 6(8)).
Then D = {((ui,v;], &)}, is said to be a McShane d-fine partial division of [0, T
if {(us, v:]}, is a finite collection of disjoint subintervals of [0,7] and for each
i, ((wi,v],&) is McShane d-fine. If in addition, J", (u;, v;] = (0,77, then D is a
McShane d-fine (full) division of [0,T]. Note that £ may not belong to (u,v]. It is
not difficult to see that if D is a backwards d-fine partial division of [0, T] then D
is a McShane §-fine partial division of [0, T]. However, the converse is not true.

Let 0 be a positive function on (0, 7] and 7 a positive number. A finite collec-
tion D = {((u4,v:],& )}, of interval-point pairs is said to be n — d- fine division
of [0,T) if D = D1 U Dy where D; is backwards d-fine partial division and Dy
is McShane d-fine partial division of [0, 7] with (D3) Z(vl — u;) < n. Given any
positive function ¢ on (0,7T], the n — d-fine division D of [0, 7] always exists, since
we can find a full McShane §-fine division Dy of (0,T]\ U, e p, (u,v].

Now, D is said to be an n — d-fine partial division of [0,T] if D is a subset of
some 1 — d-fine full division D’ of [0,T]. It is not difficult to see that an n — o-
fine partial division D of [0,T] is a McShane partial division but not a backwards
d-fine partial division of [0, T1.

We are now ready to define the McShane backwards Ito integral.
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Definition 4.1. Let f : Q x [0,7] — R be an L?(Q2) process, i.e., E(|fs|?) <
and adapted to the standard backwards filtering space (Q,G,{G*},P). Then f is
said to be McShane backwards Ité integrable on [0, T if there exists an A € L?(Q)
such that for any € > 0, there exist a positive function § on [0,7] and a positive
number 7 such that for any 1 — é- fine division D = {((u;, vi],&)}1—q of [0,T], we
have

1E<|§(f,D,n—5)—F|2) <e (4.1)
where g(vaﬂ? - 5) = E?:l E(f§1|gvl) (B'Ui - Bul)

Denote the integral F by (BM) fOT ftdBy. It is not difficult to show that the
integral is unique up to a set of P-measure zero.

The following results and their proofs are standard in the theory of Henstock
integration, see [6, 7]. Hence, the proofs are omitted.

Proposition 4.2 (Cauchy Criterion). Let f be an adapted process on [0,T].
Then f is McShane backwards Ité integrable on [0,T] if and only if for each

e > 0, there exist a positive function § on [0,T] and a positive constant n such that
for every n — §-fine divisions D1 and Dy of [0,T], we have

E ([S(f, D1 —8) = S(f. D2y = 9)|") < e. (4:2)

Proposition 4.3. Let f be an adapted process on [0,T). Then [ is McShane
backwards Ité integrable on [0,T) if and only if there exist A € L?(Q), a decreasing
sequence {6,(€)} of positive functions defined on [0,T], and a decresing sequence
{nn} of positive numbers, that is , 0 < 0p41(£) < 6,(§) and 0 < Npy1 < 0y, for all
n and all £ € [0,T), such that for every sequence { D} where D,, is an 10, — 0, -fine
division of [0,T] we have

lim E (|§(f, Dot — 67) — A\Q) —0. (4.3)

n—oo

Proposition 4.4. Let f be McShane backwards Ité integrable on [a,c] and [c,b].
Then f is McShane backwards Ito integrable on [a,b] and further

b c b
/ftdBt:/ ftdBt+/ ftdBy.

Proposition 4.5. If f is McShane backwards Ité integrable on [a,b], then f is
McShane backwards Ité integrable on any subinterval [c,d] of [a, b].

5 Some Stochastic Properties

In this section, we will derive some stochastic properties of the McShane back-
wards It integral. The proofs are based on the ideas of the corresponding forward
Itd integral using non-uniform Riemann approach, see [1, 4, 8].
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Lemma 5.1. Let f : Qx[0,T] — R be McShane backwards 1té integrable on [0, T
and F(A) = [, fedBy, where A is a left-open subinterval of (0,T]. Let J = (c,d]
and K = (u,v] be two disjoint left-open subintervals of (0,T]. Then

(i) F has the orthogonal increment property, that is, E(F(J)F(K)) = 0;

(i) E(B(J)F(K)) = 0, where B(J) is the increment of BM on the subinterval
J; and

(iii) E{(E (f¢|g) B(I) — F(I)) (E(fy|G") B(J) — F(J))} = 0 where &, € (0, T].
Proof. Let &;,&; € [0,T]. By Lemma 2.1(ii) and Lemma 2.2(iii), we have
E {E (ffz'gvl) (sz - BUI)E (fﬁj'gvj) (ij - Buj)} =0 (51)

whenever (u;, v;], (u;,v;] are disjoint subintervals of [0, 7] with v; < u;. Similarly,
if I = (e, d] and (u;, v;] are disjoint subintervals of (0,77 with v; < ¢ then

Now, let D(I) = {((us,vi], &)}y and D(J) = {((uy,v;],&;)}72, be an n — o-fine
divisions of I and J respectively, where I and J are disjoint subintervals of (0, T7.
Then for every positive function §,, of [0,T] and positive number 7,,, we have

E[S(f,D(I), 0 = 6n) - S (f, D(J),nn — )] = 0. (5.3)

So by Proposition 4.3, we may choose decreasing sequences {0,} and {7,} such
that for every pair of sequences {D,,(I)} and {D,(J)} with D,,(I) and D,,(J) both
0, — Mp-fine divisions of I, J respectively, we have

lim E(|§(faDn(I)a77n _5n) _F(I)‘z) =0

n—oo

and
lim E (\?(f, Di(J)s 1 — ) — F(J)f) —0.

n—oo

Hence, E ((F(I)F(J))) = 0. Similary, E ((B(I)F(J))) = 0. Hence, (i) and (ii) hold.
Furthermore, (iii) follows directly from (i) and (ii). O

The following lemma can be easily obtained from the Lemma 5.1 above.

Lemma 5.2. Let f : Q x [0,T7] — R be McShane backwards Ité integrable on
[0,7] and F(u,v) = [ fidB;. Let D = {((u;,v;],&)}, be an n — b-fine partial
division of [0,T). Then

n n

(i) E |(D) Y E(fe]6") (Bu, — Bu,)| = (D)) E[E(fe

=1 i=1

G ) (vi — us);
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2

(ii) E [ Z {E(fe,1G") (B, — Bu,) — F(us, m}]
[ Z{E e

Henstock’s Lemma is an important tool to achieve our goal. The proof follows
from Lemma 5.2 (ii) above.

G¥) (B, — By,) — F(ui,vi)}zl .

Lemma 5.3 (Henstock’s Lemma). Let f be McShane backwards Ité integrable on
[a,b] and F(u,v) = [ fidB; for each (u,v] C [a,b]. Then for every e > 0, there
exist a positive function §(§) on [a,b] and a positive number n such that whenever
D = {((us,vi],&) Yy is an n — 0-fine partial division of [a,b] we have

B((0) > {2 e

Theorem 5.4. Let f is McShane backwards Ito integrable on [0,T] with primitive
b) = fsb ftdB;. Then F has AC?%-property on [0,T).
Proof. Henstock’s Lemma says, for each € > 0 there exist 6(¢) > 0 on [a,b] and

1 > 0 such that whenever D = {((u;,v;],&)}; is an n — d-fine partial division of
[a, b] we have

G") (By, — Bu,) - F(uz—,v»}Q) <c

B(I(D) Y Eelo™) (B - Bu) - Fso) ) < 5. 6
i=1

Hence,

IE<|(D) éF(ui,vi)P) <2(D) zn: [E(fgﬂ (v; — ;) + % (5.5)

i=1

Let D' = {((ss,t:],&)}i; be a ﬁxed n — o0-fine division of [0,7] with M >
max)<;i<n {E(fZ )}. Choose 7 < sy Let P = {(zi,y:]}~, be a finite collec-
tion of disjoint subintervals of (0, 7] with (P) Y% | |y; — ;| < 1. Let {(ax, bi]}i_,
be the common refinement of {(s;,t;]};—, and {(z;,y:]}i~, on Ui~ (2i,y;]. Then
Ug(ar, bx] = U, (zi, vi]. If (ax,bi] is a subinterval of (s;,t;] then we choose §; as
an associate tag of (ay, bg], denote it by 7. From this construction, we obtain a
new 7 — d-fine partial division D" = {((ax, bx], nk) }1—, of [0, T]. Therefore,

E<\(P) iF(a:i,yi)f) < JE<\(D”) Xq:F(akvbkﬂQ)

q
2(D") S E (12 bk—ak)—i-;
k=1

q
Z bk — ak
k=1
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The proof is now complete. O

6 The Equivalence of Two Integrals

In this section, we will establish that backwards Ito-integrability and McShane
backwards Ito-integrability are equivalent. First, we make some observations. Let
Dy = {((wi,vi], &) }iey and Do = {((s5,t;],m)}7=, be two McShane d-fine partial
divisions of [0, T]. Let {(xx, yx]}5_, be the refinement of Dy and Ds. If (2, yi] C
(wi,vi] N (si,t], then choose vy, = & or n;. Thus, D = {((zr,yr], %) ey is
a McShane d-fine partial division of [0,7]. We remark that if D; and Dy are
backwards d-fine partial division, then D may not be a backwards J-fine partial
division of [0, T] instead D is a McShane d-fine partial division of [0, T]. Now note
that if Dy and Dy are n — d-fine partial divisions of [0, 7], then D is a McShane
d-fine partial division of [0,7] but may not be an 1 — d-fine partial division of
[0,T7].

6.1 M-integrable
To achieve our goal, we will need the notion of M-integral.

Definition 6.1 ([4]). Let f : Q x [0,7] — R be an L'()-process. Then
f is said to be M-integrable on [0,T], if for each ¢ > 0 there exist a posi-
tive function § defined on [0,7] such that whenever D = {((u;,v;], &)}, and
D’ = {((us,vi],m:)};—, are two McShane é-fine partial divisions of [0,7] we have

D El(fe = fa) i — )| < e
i=1
The following result is true. See [9].

Theorem 6.2 ([9]). Let f: Qx[0,7] — R be an L'-process. If f is M-integrable
on [0,T] if and only if E(|ft]) is Lebesgue integrable on [0,T] and their integrals
are equal.

Theorem 6.3. Let f : Q x [0,T] — R be an L*(Q)-process. If f is backwards
Ité-integrable on [0,T) if and only if f? is M-integrable on [0,T).

Proof. (=) Let f is backwards It6-integrable on [0,7]. Then Theorem 3.4 says
that E[f?] is Lebesgue integrable on [0, T]. It follows by Theorem 6.2 above, that
f? is M-integrable on [0, T].

(=) For the converse, assume that f? is M-integrable on [0, T'|. By Definition 6.1,
for each € > 0 there exist a positive function ¢ defined on [0, 7] such that whenever
D} = {(us,vi], &}y and D = {((ui,vi],m)} i, are two McShane é-fine partial
divisions of [0, 7] we have

SE|(2 - £2)w - wi)| <e. (6.1)
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Now, by using the Cauchy Criterion (Proposition 3.2) we will show that if f? is
M-integrable on [0, T] then f is backwards Ité-integrable on [0, T.

Let D1 = {((ui,&], &)}y and D2 = {((ugz,m;],mj) }j2, are two backwards -
fine partial divisions of [0, T] that fail to cover [0, 7] by at most a set of measure 7.
As in the refinement construction, we can get D = {((z, yx], &) }oeq & McShane
d-fine division of [0,7]. From this new refinement McShane division D of [0,T],
we can get two arbitrary McShane divisions D’ = {((ug, vg],&k)}h—, and D" =
{((uk,vk), k) }r_y, where & comes from the set of tags of Dy and 7, comes from
the set of tags of Dy. Therefore,

n m 2
E(|(D1) Y fe(Be, = Bu) = (D2) Y fu, (By, — Buy)| ) <.
i=1 j=1
The proof is now complete. o

Theorem 6.4. Let f: Qx[0,T] — R be an L?(Q)-process. If f* is M-integrable
on [0,T] then f is McShane backwards Ité-integrable on [0,T].

Proof. Suppose f? is M-integrable on [0,7]. Then |f?| is M-integrable on [0, T].
Observe that f* = {f; : t € [0,T]} = U2 and f~ = |f| - f*. Thus, (f+)?
and (f~)? are M-integrable on [0,7]. Therefore, in the following proof we may
assume that f is nonnegative. Now, we will prove this result via Cauchy crite-
rion. Let Dy = {((wi,vi], &)}y and Do = {((u;,v;],m;)}7%, are two backwards
1 — d-fine divisions of [0, 7. By the refinement procedure, as in the proof above,
we can obtain two arbitrary McShane divisions D' = {((uk,vx), &)}, and

D" = {((u,vi], ) }r_1, where &, comes from the set of tags of Dy and 7, comes
from the set of tags of Da. Therefore,

(’ (D1) Z]E fe g&} (Be, — Bu,) ZE 1G] _Buj)r)
=1
, j
< D B[~ 130 = w)
k=1
<e.

Therefore, f is McShane backwards Ito-integrable on [0,7]. The proof is now
complete. o

As a consequence of Theorem 6.3 and Theorem 6.4 we have the following
corollary.

Corollary 6.5. Let f:Q x [0,T] — R be an L*(Q)-process. If f is backwards-Ité
integrable on [0,T) then f is McShane backwards Ito-integrable on [0,T).

We shall prove that the converse of the above corollary is true.
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Theorem 6.6. Let f : Q x [0,T] — R be an L?(Q)-process. If f is McShane
backwards Ité-integrable then f is backwards-Ité integrable on [0, T).

Proof. Let f be McShane backwards It6-integrable with primitive F'(u,v) on [0, T
and let ¢ > 0. Then by Henstock’s lemma, there exist a positive function § on [0, ]
and a positive number 1 such that for every n—od-fine division D = {((u;, vi], &)}y
of [0,T] we have

< zn:{ (fe,1G7) ( —Bui)—F(ui,vi)}2>§

=1

(6.2)

=~ M

Let Dy = {((ui, &), &)}, be a backwards d-fine partial division of [0, T] that fails
to cover [0, 7] by measure at most . Then D is an n — d-fine partial division of
0,7).

Let {((uj,v;],&)};2, be a finite collection of subintervals of (0,7, such that

n

N
U govg] = 0,71\ | (w1

j=1 i=1
Then

N

Z(Uj uj) <

j=1
By Theorem 5.4,

N 2 -

E F < -

Z (U'J7 UJ) =4

Jj=1
Therefore,

" 2
E (D1>ZE(f§1 g&) (BEi _Bui)_F(OvT) <e.
i=1

The proof is now complete. [l

Finally, by Theorem 6.6 and Corollary 6.5 we have the following result.

Corollary 6.7. Let f: Q x [0,T] — R be an L?(Q)-process. Then f is McShane
backwards Ité-integrable if and only if f is backwards-Ité integrable on [0,T).
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