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Some Generalized Difference
Sequence Spaces
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Abstract : The idea of difference sequences was introduced by Kizmaz [1]. In this
paper, we define some new sequence spaces and give some topological properties
of these new spaces. The results which we give in this paper are more general than
those of Kizmaz [1], Et and Esi [3], Basarir [6] and Et et al.[2].
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1 Introduction

Let w denote the set of all sequences of complex numbers. Let l∞, c and c0

be the Banach spaces of bounded, convergent and null sequences x = (x
k
) normed

by as usual by ‖x‖∞ = supk |xk
| .

Recently, Kizmaz [1] defined the sequence spaces

l∞ (∆) =
{

x = (x
k
) : ∆x ∈ l∞

}
,

c (∆) =
{

x = (x
k
) : ∆x ∈ c

}
,

and

c0 (∆) =
{

x = (x
k
) : ∆x ∈ c0

}
where ∆x =

(
x

k
− x

k+1

)
. These are Banach spaces with the norm

‖x‖∆ = |x1|+ ‖∆x‖∞ .

Let p = (p
k
) be a sequence of real numbers such that p

k
> 0 for all k and

supk p
k

= H < ∞, v = (vk) be any fixed sequence of nonzero complex numbers
and m ∈ N be fixed. This assumption is made throughout the rest of this paper.
Now we define the following sequence sets
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l∞ (∆m
v , s, p) =

{
x = (x

k
) ∈ w : sup

k
k−s |∆m

v x
k
|pk < ∞, s ≥ 0

}
,

c (∆m
v , s, p) =

{
x = (x

k
) ∈ w : k−s |∆m

v x
k
− L|pk → 0, (k →∞) ,

s ≥ 0, for some L
}

,

c0 (∆m
v , s, p) =

{
x = (x

k
) ∈ w : k−s |∆m

v x
k
|pk → 0, (k →∞) , s ≥ 0

}
,

where

∆o
vx

k
= (vkx

k
) ,∆vx

k
=
(
vkx

k
− vk+1xk+1

)
,∆m

v x
k

=
(
∆m−1

v x
k
−∆m−1

v x
k+1

)
and so that

∆m
v x

k
=

m∑
i=0

(−1)i

(
m

i

)
vk+ixk+i

.

We get the following sequence spaces from the above sequence spaces by choos-
ing some of the special p, m, s and v. Some examples :

If s = 0, m = 1, v = (1, 1, 1, ...) and p
k

= 1 for all k, we have l∞ (∆) , c (∆)
and c0 (∆) , which were defined by Kizmaz [1].

If s = 0 and p
k

= 1 for all k, we have the following sequence spaces which were
defined by Et and Esi [3]

l∞ (∆m
v ) =

{
x = (x

k
) ∈ w : ∆m

v x ∈ l∞

}
,

c (∆m
v ) =

{
x = (x

k
) ∈ w : ∆m

v x ∈ c
}

,

c0 (∆m
v ) =

{
x = (x

k
) ∈ w : ∆m

v x ∈ c0

}
.

If s = 0, m = 0 and v = (1, 1, 1, ...) , we have the following sequence spaces
which were defined by Maddox [4].

l∞ (p) =
{

x = (x
k
) ∈ w : sup

k
|x

k
|pk < ∞

}
,

c (p) =
{

x = (x
k
) ∈ w : |x

k
− L|pk → 0, (k →∞) , for some L

}
,

c0 (p) =
{

x = (x
k
) ∈ w : |x

k
|pk → 0, (k →∞)

}
.

If m = 0, v = (1, 1, 1, ...) , we have the following sequence spaces which were
defined by Basarir [6]

l∞ (p, s) =
{

x = (x
k
) ∈ w : sup

k
k−s |x

k
|pk < ∞, s ≥ 0

}
,

c (p, s) =
{

x = (x
k
) ∈ w : k−s |x

k
− L|pk → 0, (k →∞) , for some L, s ≥ 0

}
,

c0 (p, s) =
{

x = (x
k
) ∈ w : k−s |x

k
|pk → 0, (k →∞) , s ≥ 0

}
.
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If s = 0,m = 0 and p
k

= vk = 1 for all k, we have l∞, c and c0.
If s = 0 we have l∞ (p) (∆m

v ) , c (p) (∆m
v ) , c0 (p) (∆m

v ) which were defined by
Et et al.[2].

2 Main Results

In this section we examine some topological properties of the sequence spaces
l∞ (∆m

v , s, p) , c (∆m
v , s, p) and c0 (∆m

v , s, p) and investigate some inclusion relations
between these spaces.

Theorem 2.1 The following statements are hold :

(i) c0 (∆m
v , s) ⊂ c (∆m

v , s) ⊂ l∞ (∆m
v , s) and the inclusion is strict.

(ii) X (∆m
v , s, p) ⊂ X

(
∆m+1

v , s, p
)

does not hold in general for any X = l∞ , c
and c0.

Proof. (i) Inclusion relation of these spaces is trivial and the inclusion is strict,
for example, if we choose s = 0, x = (1, 0, 1, 0, ...) and v = (1, 1, 1, ...), then
∆m

v x
k

= (−1)k+1 2m−1 and so x ∈ l∞ (∆m
v , s) , but x /∈ c (∆m

v , s) .
(ii) Let v = (1, 1, 1, ...) , p = (p

k
) and x = (x

k
) given by

p
k

= 1 x
k

= k2 if k is odd,
p

k
= 2 x

k
= k if k is even,

since for k ≥ 1,
∣∣∆0

vx
k

∣∣pk = |x
k
|pk = k2, k−3

∣∣∆0
vx

k

∣∣pk = k−1 → 0 (k →∞) and
for j ≥ 1

|∆vx2j |p2j =
(
2j2 + 2j + 1

)2
, (2j)−3 |∆vx2j |p2j ≥ 2j →∞ (j →∞) .

Now, we can see that x ∈ c0

(
∆0

v, 3, p
)

and x /∈ l∞
(
∆0

v, 3, p
)
, which imply

that X (∆m
v , s, p) is not a subset of X

(
∆m+1

v , s, p
)

for any X = l∞, c and c0 with
m = 0 and s = 3.

If X is a linear space over the field C, then a paranorm on X is a function
g : g (Θ) = 0, where Θ = (0, 0, 0, ...) , g (−x) = g (x) , g (x + y) ≤ g (x) + g (y) and
|λ− λ0| → 0, g (x− x0) imply g (λx− λ0x0) → 0, where λ, λ0 ∈ C and x, x0 ∈ X.
A paranormed space is a linear space X with a paranorm g and is written (X, g) .�

Theorem 2.2 c0 (∆m
v , s, p) , c (∆m

v , s, p) and l∞ (∆m
v , s, p) are linear spaces over

the complex field C.

Proof. Suppose that

M = max
(

1, sup
k

p
k

= H

)
.

Since p
k

M ≤ 1, we have for all k, (See Maddox [5])

|∆m
v (x

k
+ yk)|pk

/M ≤ (|∆m
v x

k
|pk

/M + |∆m
v yk|pk

/M ) (2)
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and ∀λ ∈ C (See Maddox [4] , p.346)

|λ|pk
/M ≤ max (1, |λ|) . (3)

Now the linearity follows from (2) and (3) . �

Theorem 2.3 c0 (∆m
v , s, p) is a linear topological space over the complex field

paranormed by g defined by

g (x) =
m∑

i=1

|xi|+ sup
k

k−s/M |∆m
v x

k
|pk

/M

where

M = max
(

1, sup
k

p
k

= H

)
.

l∞ (∆m
v , s, p) is paranormed by g if inf p

k
= ϑ > 0.

Proof. One can easily see that g (Θ) = 0 and g (−x) = g (x) . The subadditivity
of g follows from (2) . Let λ ∈ C, x ∈ c0 (∆m

v , s, p) . The continuity of product
follows from the following inequality.

g (λx) ≤ max
(
1, |λ|H/M

)
g (x) .

�

Theorem 2.4 Let 0 < p
k
≤ qk ≤ 1 then l∞ (∆m

v , s, q) is a closed subspace of
l∞ (∆m

v , s, p).

Proof. Let x ∈ l∞ (∆m
v , s, q) . Then ∃ a constant A > 1 such that

k−s |∆m
v x

k
|qk ≤ A (∀k)

and so
k−s |∆m

v x
k
|pk ≤ A (∀k) .

Thus x ∈ l∞ (∆m
v , s, p) . To show that l∞ (∆m

v , s, q) is closed, suppose that xi ∈
l∞ (∆m

v , s, q) and xi → x ∈ l∞ (∆m
v , s, p) . Then for every 0 < ε < 1, ∃ N such that

∀k
k−s

∣∣∆m
v

(
xi

k
− x

k

)∣∣pk < ε (∀i > N)

Now,

k−s
∣∣∆m

v xi
k
− x

k

∣∣qk
< k−s

∣∣∆m
v xi

k
− x

k

∣∣pk < ε (∀i > N) .

Therefore x ∈ l∞(∆m
v , s, q). This completes the proof. �

Theorem 2.5 Let v = (vk) and u = (uk) be any fixed sequences of nonzero
complex numbers, then
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(i) If supk km
∣∣v−1

k uk

∣∣ < ∞, then l∞ (∆m
v , s) ⊂ l∞ (∆m

u , s) ,

(ii) If km
∣∣v−1

k uk

∣∣→ L (k →∞) , for some L, then c (∆m
v , s) ⊂ c (∆m

u , s) ,

(iii) If km
∣∣v−1

k uk

∣∣→ 0 (k →∞) , then c0 (∆m
v , s) ⊂ c0 (∆m

u , s) .

Proof. (i) Suppose that supk km
∣∣v−1

k uk

∣∣ < ∞ and x ∈ l∞ (∆m
v , s) . Since

k−s |∆m
u x

k
| = k−s

∣∣∆m−1 (∆ux
k
)
∣∣ = k−s

∣∣∣∣∣
m−1∑
i=0

(−1)i

(
m− 1

i

)
∆
(
x

k+i
uk+i

)∣∣∣∣∣
= k−s

∣∣∣∣∣
m−1∑
i=0

(−1)i

(
m− 1

i

)(
xk+iuk+i − x

k+i+1uk+i+1

)∣∣∣∣∣
≤ k−s

(
m−1∑
i=0

(−1)i

(
m− 1

i

)
(k + i)m ∣∣v−1

k+iuk+i

∣∣ (k + i)−m
vk+ixk+i

)

+ k−s

(
m−1∑
i=0

(−1)i

(
m− 1

i

)
(k + i + 1)m ∣∣v−1

k+i+1uk+i+1

∣∣
× (k + i + 1)−m |vk+i+1xk+i+1|

)
.

So, we obtain x ∈ l∞ (∆m
u , s) . This completes the proof. �

If we take u = (1, 1, 1, ...) in Theorem 2.5, then we have the Corollary 2.6.

Corollary 2.6 The following statements are hold :

(i) If supk km
∣∣v−1

k

∣∣ < ∞, then l∞ (∆m
v , s) ⊂ l∞ (∆m, s) ,

(ii) If km
∣∣v−1

k

∣∣→ L (k →∞) for some L, then c (∆m
v , s) ⊂ c (∆m, s) ,

(iii) If km
∣∣v−1

k

∣∣→ 0 (k →∞) , then c0 (∆m
v , s) ⊂ c0 (∆m, s) .

If we take v = (1, 1, 1, ...) in Theorem 2.5, then we have the Corollary 2.7.

Corollary 2.7 The following statements are hold :

(i) If supk km |uk| < ∞, then l∞ (∆m, s) ⊂ l∞ (∆m
u , s) ,

(ii) If km |uk| → L (k →∞) for some L, then c (∆m, s) ⊂ c (∆m
u , s) ,

(iii) If km |uk| → 0 (k →∞) , then c0 (∆m, s) ⊂ c0 (∆m
u , s) .

For a subspace Ψ of a linear space is said to be sequence algebra if x, y ∈ Ψ
implies that x.y = (x

k
yk) ∈ Ψ, see Kamptan and Gupta [7]. It is well-known that

the sequence space c0 is sequence algebra. A sequence E is said to be solid (or
normal) if (λkx

k
) ∈ E, whenever (x

k
) ∈ E for all sequences of scalars (λk) with

|λk| ≤ 1.
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Proposition 2.8 For X = l∞, c and c0, then we obtain

(i) X (∆m
v , s, p) is not sequence algebra, in general.

(ii) X (∆m
v , s, p) is not solid, in general.

Proof. (i) This result is clear the following example.

Example 2.9 Let p
k

= 1, vk = 1
k2 , x

k
= k2 and yk = k2 for all k. Then we have

x, y ∈ c0 (∆, 0, p) but x.y /∈ c0 (∆, 0, p) with m = 1 and s = 0.

(ii) This result is clear the following example.

Example 2.10 Let p
k

= 1, λk = (−1)k
, v

k
= 1

k2 and x
k

= k2 for all k, then by
∆vx = (1, 1, 1, ...) and |∆vλ

k
x

k
| = (−2, 0,−2, 0...) , we have x ∈ c (∆m

v , s, p) but
λx /∈ c (∆m

v , s, p) with m = 1 and s = 0.

The following proposition’s proof is a routine verification.

Proposition 2.11 For X = l∞, c and c0, the we obtain

(i) s1 ≤ s2 implies X (∆m
v , s1, p) ⊂ X (∆m

v , s2, p) ,

(ii) Let 0 < inf p
k
≤ p

k
≤ 1, then X (∆m

v , s, p) ⊂ X (∆m
v , s) ,

(iii) Let 1 ≤ p
k
≤ supk p

k
< ∞, then X (∆m

v , s) ⊂ X (∆m
v , s, p) ,

(iv) Let 0 < p
k
≤ q

k
and

(
q

k

p
k

)
be bounded, then X (∆m

v , s, q) ⊂ X (∆m
v , s, p) .
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[3] M. Et and A. Esi, On Köthe-Toeplitz duals of generalized difference sequence
spaces, Bull. Malaysian Math. Soc. (Second Series), 23(2000), 25-32.

[4] I. J. Maddox, Spaces of strongly summable sequences, Quart. Jour. Math.,
2(18)(1967), 345-355.

[5] I. J. Maddox, Elements of Functional Analysis, Camb. Univ. Press, 1970.



Some Generalized Difference Sequence Spaces 247

[6] M. Basarir, Some new sequence spaces and related matrix transformations,
100.Year University Press, 6(1990), 32-38.

[7] P. K. Kamptan and M. Gupta, Sequence Spaces and Series, Marcel Dekker
Inc., New York, 1981.

(Received 12 July 2005)

Ayhan Esi
Department of Mathematics
Adiyaman University
02200 Adiyaman-Turkey.
e-mail : aesi@hotmail.com

Mahmut Işık
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