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1 Introduction

Let D be a nonempty and convex subset of a Banach spaces E. The set D is
called proziminal if for each x € E, there exists an element y € D such that ||z —
yl| = d(z, D), where d(z, D) = inf{||x — z|| : z € D}. Let CB(D),CCB(D), K(D)
and P(D) denote the families of nonempty closed bounded subsets, nonempty
closed convex bounded subsets, nonempty compact subsets, and nonempty prox-
iminal bounded subsets of D, respectively. The Hausdorff metric on CB(D) is
defined by

H(A,B) = max{ sup d(z, B), sup d(y, A)}

€A yeB
for A,B € CB(D). A single-valued map T : D — D is called nonexpansive if
Tz — Ty|| < ||z —yl| for all z,y € D. A multi-valued mapping T : D — CB(D)
is called nonezpansive if H(Txz,Ty) < |z — y|| for all 2,y € D. An element
p € D is called a fized point of T : D — D (respectively, T : D — CB(D)) if
p = T'p (respectively, p € Tp). The set of fixed points of T is denoted by F(T).
The mapping T : D — CB(D) is called quasi-nonezpansive [1] if F(T) # ) and
H(Tz,Tp) < |lx —p|| for all z € D and all p € F(T). It is clear that every
nonexpansive multi-valued mapping T with F(T') # () is quasi-nonexpansive. But
there exist quasi-nonexpansive mappings that are not nonexpansive (see [2]). It
is known that if T is a quasi-nonexpansive multi-valued mapping, then F(T) is
closed.

Throughout this paper, we denote the weak convergence and the strong con-
vergence by — and —, respectively. The mapping T : D — CB(D) is called
hemicompact if, for any sequence {z,} in D such that d(z,,Tz,) — 0 as n — oo,
there exists a subsequence {z,, } of {z,} such that x,, — p € D. We note that if
D is compact, then every multi-valued mapping T : D — CB(D) is hemicompact.

A Banach space F is said to satisfy Opial’s condition [3] if for each z € F
and a sequence {x,} in E such that z,, — z, the following condition holds for all
T #y:

liminf ||z, — z|| < liminf |z, —y|.
n—oo n—oo

The mapping T : D — CB(D) is called demi-closed if for every sequence {z,} C D
and any y, € Tz, such that z,, = = and y,, — y, we have z € D and y € Tx.

Remark 1.1 ([4]). If the space E satisfies Opial’s condition, then I —T is demi-
closed at 0, where T : D — K (D) is a nonexpansive multi-valued mapping.

For a single-valued case, in 1953, Mann [5] introduced the following iterative
procedure to approximate a fixed point of a nonexpansive mapping 7" in a real
Hilbert space H:

Tnt1 = @nZp + (1 — ap)Tx,, VYn €N, (1.1)

where the initial point z is taken in D arbitrarily and {o,} is a sequence in (0, 1).
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However, we note that Mann’s iteration process (1.1) has only weak conver-
gence, in general; for instance, see [6-8].

Since 1953, Mann’s iteration has extensively been studied by many authors
(see, for examples, [9-18]). However, the studying of multivalued nonexpansive
mappings is harder than that of single-valued nonexpansive mappings in both
Hilbert spaces and Banach spaces. The result of fixed points for multi-valued con-
tractions and nonexpansive mappings by using the Hausdorff metric was initiated
by Markin [19]. Later, different iterative processes have been used to approximate
fixed points of multi-valued nonexpansive mappings (see also [1, 20-26]).

In 2009, Song and Wang [26] proved strong and weak convergence theorems
for Mann’s iteration of a multi-valued nonexpansive mapping 7" in a Banach space.
They studied strong convergence of the modified Mann iteration which is indepen-
dent of the implicit anchor-like continuous path z; € tu + (1 —¢)T'z.

Let D be a nonempty and closed subset of a Banach space E, {8,} C [0,1],
{an} C [0,1] and {v,} C (0, 4+00) such that lim,, o vn = 0.

(A) Choose g € D,

Tnt1 = (1 — an)Tn + anyn, ¥n >0,

where y,, € Tz, such that ||yn+1 — ynl|| < H(TZpt1, TTn) + Vn-
(B) For fixed u € D, the sequence of modified Mann iteration is defined by
zo €D,
Tn+1 = 6nu + apTy + (1 — Op — ﬁn)ynv Vn > 0,

where y,, € Txy, such that ||yn+1 — ynl|l < H(TZpt1, TTn) + Vn-

Very recently, Shahzad and Zegeye [2] obtained the strong convergence the-
orems for a quasi-nonexpansive multi-valued mapping. They relaxed the com-
pactness of domain of T" and constructed an iterative scheme which removes the
restriction of T' namely Tp = {p} for any p € F(T). The results provided an affir-
mative answer to some questions raised in [21]. In fact, they introduced iterations
as follows:

Let D be a nonempty and convex subset of a Banach space F, let T : D —
CB(D) and let {an}, {al,} C[0,1].

(C) The sequence of Ishikawa’s iteration is defined by zg € D,

Yn = a;z;l + (1 - a%)xm
Tnt1 = pzn+ (1 —an)x,, Yn >0,

where 2!, € Tz, and z, € Ty,.

(D) Let T: D — P(D) and Prz = {y € Tz : |z —vy| = d(z, Tx)}, where Py is
the best approximation operator. The sequence of Ishikawa’s iteration is defined
by z¢ € D,

Yn = O‘;LZ; +(1— O‘:z)xnv

Tpnt1 = Qpzn+ (1 —an)x,, Yn >0,

where 2!, € Prx,, and z, € Pry,.
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It is remarked that Hussain and Khan [27], in 2003, employed the best approx-
imation operator Pr to study fixed points of *-nonexpansive multi-valued mapping
T and strong convergence of its iterates to a fixed point of T defined on a closed
and convex subset of a real Hilbert space.

Let D be a nonempty, closed and convex subset of a Banach space E. Let
{T},}22_; be a family of multi-valued mappings from D into 2 and let Pr,z =
{yn € Tpz : || — yn| = d(z, Thz)}, n > 1. Let {ay,} be a sequence in (0,1).

(E) The sequence of the modified Mann’s iteration is defined by 1 € D and

i1 € nZpn + (1 — ap)Pr,xy,, ¥n > 1. (1.2)

In this paper, we modify Mann’s iteration by using the best approximation
operator Pr,, n > 1 to find common fixed points of a countable family of nonex-
pansive multi-valued mappings {7,,}52,, n > 1. Then we prove weak and strong
convergence theorems for a countable family of multi-valued mappings in Banach
spaces. Finally, we apply our main result to the problem of finding a common
fixed point of a family of nonexpansive multi-valued mappings.

2 Preliminaries

In this section, we give some characterizations and properties of the metric
projection in a real Hilbert space.

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let D
be a closed and convex subset of H. If, for any point x € H, there exists a unique
nearest point in D, denoted by Ppz, such that

| — Ppz|| < ||z —yl|, Vy € D,

then Pp is called the metric projection of H onto D. We know that Pp is a
nonexpansive mapping of H onto D.

Lemma 2.1 ([28]). Let D be a closed and convex subset of a real Hilbert space H
and Pp be the metric projection from H onto D. Then, for any x € H and z € D,
z = Ppx if and only if the following holds:

(x—z,y—2)<0, VyeD.
Using the proof line in Lemma 3.1.3 of [28], we obtain the following result.

Proposition 2.2. Let D be a closed and convex subset of a real Hilbert space H.
Let T : D — CCB(D) be a multi-valued mapping and Pr the best approrimation
operator. Then, for any x € D, z € Prx if and only if the following holds:

(x —z,y—2) <0, Vy € Tx.

Lemma 2.3 ([28]). Let H be a real Hilbert space. Then the following equations
hold:
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(1) llz = yl* = llzl* = ly]* = 2(z = y,y) for all x,y € H;

(2) Itz + (1 = t)yl* = tll=|* + @ = )yl* = tQ = t)llz — y[|* for all t € [0,1]
and x,y € H.

We next show that Pr is nonexpansive under some suitable conditions imposed
onT.

Remark 2.4. Let D be a closed and convex subset of a real Hilbert space H. Let
T :D — CCB(D) be a multi-valued mapping. If Tx = Ty, Va,y € D, then Pr is
a nonexrpansive multi-valued mapping.

In fact, let =,y € D. For each a € Prx, we have
d(a, Pry) <lla—19|, Vb € Pry. (2.1)
From Proposition 2.2, we have
(xt—y—(a—0b),a—b)={x—a,a—b)+{y—0b,b—a)>0.

It follows that

la—b||*>=(x—y,a—b)+(a—b—(x—vy),a—b)
S <‘T —Y,a— b>
< [lz —yll[la -] (2.2)
This implies that
la—bl <z -yl (2.3)

From (2.1) and (2.3), we obtain
d(a, Pry) < ||z —y||

for every a € Prx. Hence sup,¢p,., d(a, Pry) < ||z —y|. Similarly, we can show
that sup,c p,., d(Prx,b) < ||z — y||. Therefore H(Prz, Pry) < ||z — y|.

It is clear that if a nonexpansive multi-valued mapping 7" satisfies the condition
that Tx = Ty, Vx,y € D, then Pr is nonexpansive. The following example shows
that if T is a nonexpansive multi-valued mapping satisfying the property that
Tx =Ty, Vr,y € D, then Tz is not a singleton for all x € D.

Example 2.5. Consider D = [0,1] with the usual norm. Define T : D — K(D)
by
Tz =10,a], a € (0,1].

For z,y € D, we have H(Tz,Ty) = 0 < ||z — y||. Hence T is nonexpansive
and F(T) = [0, a].

Next, we show that there exists a nonexpansive multi-valued mapping 7" which
Pr is nonexpansive but Tz # Ty, Vx,y € D, x # y.
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Example 2.6. Consider D = [0,1] with the usual norm. Define T : D — K (D)
by
Tz = [0, z].

For z,y € D, « # y, we have Pra = {z} and Pry = {y}. Then H(Tz,Ty) =
|z — y|| = H(Pra, Pry). Hence T and Pr are nonexpansive.

Question: Can we remove the assumption that Pr is nonexpansive?

Now, we give an example which 7" is not nonexpansive, but Pr is nonexpansive.

Example 2.7. Consider D = [0,1] with the usual norm. Define T : D — K (D)
by
[07 X 07 l]u
Tx = 2
{ {3} ze(51l.

Since H(T (), T(2)) = H([0,%],{3}) =3 > 2 = ||z — £||, T is not nonexpan-

sive. However, Pr is nonexpansive. In fact,
Case 1: if z,y € [0, 3] then H(Prz, Pry) = |z — y||.
Case 2: if z € [0,4] and y € (5, 1] then H(Prz, Pry) = ||z — || < [lo — y]|.
Case 3: if z,y € (3,1] then H(Prz, Pry) = 0.

It would be interesting to study the convergence of a multivalued mapping T
by using the best approximation operator Pr.

In order to deal with a family of mappings, we consider the following condi-
tions. Let F be a Banach space and D a subset of F.

(1) Let {T,,} and 7 be two families of mappings of D into itself with (§ #
F(r) = N,—, F(Ty,), where F(T),,) is the set of all fixed points of T, and F(7)
is the set of all common fixed points of 7. The family {7},} is said to satisfy the
NST-condition [29] with respect to 7 if, for each bounded sequence {z,} in C,

lim ||z, — Thzn|| =0 = lim ||z, — Tz,]| =0, VT €.

(2) Let {T,,} and T be two families of multi-valued mappings of D into 2°
with @ # F(r) = (,—, F(T,), where F(T,,) is the set of all fixed points of T}, and
F(7) is the set of all common fixed points of 7. The family {7}, } is said to satisfy
the SC-condition with respect to 7 if, for each bounded sequence {z,} in D and
Sn € Thzn,

lim ||z, —spl| =0 = lim |z, —cy|| =0, 3Fe, €Tz, VT €T
n—oo n—oo

It is easy to see that, if the family {7},} of nonexpansive mappings satisfies the
NST — condition, then {T,,} satisfies the SC' — condition for single-valued map-
pings.

(3) Let T be a multi-valued mapping from D into 2P with F(T) # 0. The
mapping T is said to satisfy Condition I if there is a nondecreasing function
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f:[0,00) — [0,00) with f(0) =0, f(r) > 0 for r € (0,00) such that d(z,Tx) >
f(d(z, F(T))) for all x € D.

The following result can be found in [30].

Lemma 2.8 ([30]). Let D be a bounded and closed subset of a Banach space E.
Suppose that a nonexpansive multi-valued mapping T : D — P(D) has a nonempty
fixed point set. If I —T is closed, then T satisfies Condition I on D.

(4) Let {T,,} and 7 be two families of multi-valued mappings of D into 2P with
0 # F(r) =, F(T,), where F(T},) is the set of all fixed points of T}, and F(1) is
the set of all common fixed points of 7. The family {7}, } is said to satisfy Condition
(A) if there is a nondecreasing function f : [0, 00) — [0, 00) with f(0) =0, f(r) >0
for r € (0, 00) such that there exists T € 7, d(z, Tx) > f(d(z, F(7))) for all z € D.

We will give examples of a sequence mappings {7}, } which satisfy the SC-
condition and Condition (A) in the last section.
Now, we need the following lemmas to prove our main results.

Lemma 2.9 ([31]). Let X be uniformly convex Banach space and B,(0) be a closed
ball of X. Then there exists a continuous, strictly increasing and convex function
g:[0,00) — [0,00) with g(0) =0 such that

A2 + (1= Nyll* < Alal® + (1 = Vlly[* = A1 = Ng(l|lz = y])
for all z,y € B,(0) and A € [0,1].

Lemma 2.10 ([32]). Let E be a uniformly convexr Banach space and B,(0) =
{z € E : ||z|| <7} be a closed ball of E. Then there exists a continuous, strictly
increasing and convex function g : [0,00) — [0,00) with g(0) = 0 such that, for
any j € {1,2,...,m},

| Y| <> aulleil? = == (- augle; —il))
=1 i=1 =1

for allm €N, z; € B.(0) and o; € [0,1] for all i =1,2,...,m with 3", o; = 1.

3 Strong and Weak Convergence of the Modified
Mann’s Iteration in Banach Spaces

In this section, we first prove a strong convergence theorem for a countable
family of multi-valued mappings under the SC-condition and Condition (A) and
then prove a weak convergence theorem under the SC-condition in Banach spaces.

Theorem 3.1. Let D be a closed and convez subset of a uniformly convexr Banach
space E which satisfies Opial’s condition. Let {T,} and T be two families of multi-
valued mappings from D into P(D) with F(1) = NS, F(T,) # 0. Let {a,} be a
sequence in (0,1) such that 0 < liminf, o oy, < limsup,,_,., an < 1. Let {x,}
be generated by (1.2). Assume that
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(A1) for eachn € N, H(Pp, x, Pr,p) < ||z —pl||, Ve € D, p € F(7);
(A2) I =T is demi-closed at O for all T € 7.

If {T,,} satisfies the SC-condition, then {x,} converges weakly to an element in
F(r).

Proof. Since xp4+1 € apz, + (1 — ay)Pr, @, there exists z,, € Pr x, such that
Tnt1 = anTpn + (1 — ap)zy. We note that Pp p = {p} for all p € F(r) and n € N.
It follows from (A1) that

[#n1 —pll < anllzn —pll + (1 = an)llzn — p
= anllzn = pll + (1 — an)d(zn, Pr,p)
< anl|@n = pll + (1 = an) H(Pr, 0, Pr,p)
< flzn — pll (3.1)
for every p € F(7). Then {||z,—pl||} is a decreasing sequence and hence lim,_, s ||2n—
pl|| exists for every p € F(r). For p € F(7), since {z,} and {z,} are bounded,

by Lemma 2.9, there exists a continuous, strictly increasing and convex function
g :]0,00) — [0, 00) with g(0) = 0 such that

Hxn—i-l _p||2 = ||O‘n($n _p) + (1 - an)('zn _p)||2

< anlln —p||2 (1 —an)llzn — p||2 —an(1 = an)g(l|zn — 2al])

(1 — an)d(zn, PTnp)2 —an(1—=an)g(||[zn — 2al|)

(1 — an)H(Pr,wn, PTnp)2 —an(1 —an)g(l|zn — 2all)
( )

< |lzn —p||2 —an(1 —an)g(||zn — zall)

_|_
= ayl|zn —p||2 +
_l’_

< ol — pl®

It follows that
an(l = an)g(llzn = zall) < 20 = plI* = 201 — plI*.
Since lim, 0 |2, — p|| exists and 0 < liminf,, o oy < limsup,,_, . @, < 1,
lim g(||xn — zn]]) = 0.
n—oo
By the properties of g, we can conclude that
lim @, — z,|| = 0.
n—oo
Since {T;,} satisfies the SC-condition, there exists ¢,, € Tz, such that

lim ||z, —cu|| =0 (3.2)
for every T' € 7. Since {z,,} is bounded, there exists a subsequence {z, } of {z,}
converges weakly to some ¢; € D. It follows from (A2) and (3.2) that ¢ € Tq
for every T' € 7. Next, we show that {z,,} converges weakly to ¢1, take another
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subsequence {z,, } of {x,} converging weakly to some g2 € D. Again, as above,
we can conclude that go € Tqq for every T' € 7. Finally, we show that ¢1 = go.
Assume ¢; # ¢2. Then by the Opial’s condition of E, we have

lim [lzn, —qif| = lm [z, —aqll
n— o0 k—o0
< lim |[Jzn, — g
k—o0
= lim [lz, — g2
n— 00
= lim [lzm, — gl
k—oo
< lm [|zm, —aqll
k—o0

= lim |[zn —q,
n— oo

which is a contradiction. Therefore g1 = g2. This shows that {z,} converges
weakly to a fixed point of T for every T' € 7. This completes the proof. |

Using the above results and Remark 1.1, we obtain the following:

Corollary 3.2. Let D be a closed and conver subset of a uniformly convex Banach
space E which satisfies Opial’s condition. Let {T,} and T be two families of non-
expansive multi-valued mappings from D into K (D) with F(1) = NS, F(T,,) # 0.
Let {an} be a sequence in (0,1) such that 0 < liminf, o oy, < limsup,,_, . an <
1. Let {x,} be generated by (1.2). Assume that for each n € N,

H(Pr,z, Pr,p) < ||z —p|,

Ve € D, pe F(r). If{T,} satisfies the SC-condition, then {x,} converges weakly
to an element in F(1).

Theorem 3.3. Let D be a closed and convex subset of a uniformly convexr Banach
space E. Let {T,,} and T be two families of multi-valued mappings from D into
P(D) with F(1) = "%, F(T,) # 0. Let {an} be a sequence in (0,1) such that
0 < liminf,, oo o, < limsup,,_, an < 1. Let {x,} be generated by (1.2). Assume
that

(B1) for eachn € N, H(Pr,xz, Pr,p) < ||z —p|, Vx € D, p € F(7);

(B2) the best approzimation operator Pr is nonexpansive for every T € T;

(B3) F(t) is closed.

If{T,} satisfies the SC-condition and Condition (A), then {x,} converges strongly
to an element in F(T).

Proof. Tt follows from the proof of Theorem 3.1 that lim, . ||z, — p|| exists for
every p € F(r) and lim,,— ||, — 2| = 0 where 2,, € Pp, x,,. Since {T),} satisfies
the SC-condition, there exists ¢,, € Tz, such that

lim ||z, —cn|| =0
n—oo
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for every T' € 7. This implies that

lim d(x,,Tz,) < lim d(z,, Prez,) < lim ||z, —c,|]| =0

n—oo n—oo

for every T' € 7. Since that {7}, } satisfies Condition (A), we have lim,, .o d(zy, F(7)) =
0. It follows from (B3), there is subsequence {z,,} of {z,} and a sequence
{pr} C F(7) such that

1
=Pl < 57 (3.3)
for all k. From (3.1), we obtain

”‘r"k+1 _p” < ||‘T"k+1—1 _pH

S ||Ink+172 - p”

< lzn, = pll

for all p € F(7). This implies that

1
Hxnk+1 _pk” < ||‘T"k _pkH < 2_k (34)

Next, we show that {px} is a Cauchy sequence in D. From (3.3) and (3.4), we
have

”pk-l-l _pk” < ”pk-l-l - ‘T"k+1|| + Hxnk+1 _pk”
1

< W- (3-5)
This implies that {px} is a Cauchy sequence in D and thus converges to ¢ € D.

Since Pr is nonexpansive for every T € T,

d(pk, Tq) < d(pk, Prq) < H(Prpx, Prq) < |lpr — 4| (3.6)

for every T € 7. It follows that d(q,Tq) = 0 for every T € 7 and thus g € F(7). It
implies by (3.3) that {z,, } converges strongly to ¢. Since lim,,_, |2, — q|| exists,
it follows that {x,} converges strongly to ¢. This completes the proof.

We know that if T' is a quasi-nonexpansive multi-valued mapping, then F(T')
is closed. So we have the following result:

Corollary 3.4. Let D be a closed and conver subset of a uniformly convex Banach
space E. Let {T,} and 7 be two families of nonexpansive multi-valued mappings
from D into P(D) with F(1) =N, F(T,) #0. Let {a,} be a sequence in (0,1)
such that 0 < liminf, . a, < limsup,_, o, < 1. Let {z,} be generated by
(1.2). Assume that for each n € N, H(Pr,z, Pr,p) < ||z —p||, Va € D, p € F(7)
and the best approximation operator Pr is nonexpansive for every T € T.

If {T,} satisfies the SC-condition and Condition (A), then {z,} converges
strongly to an element in F(T).
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4 Application

Let E be a Banach space and D a nonempty, closed and convex subset of F.
Let {T;} Y, be a family of nonexpanswe multi-valued mappings of D into CB(D)

and let {G;,} C [0,1] be such that SN (B, = 1 for all n € N. We define the
mapping S, : D — 2P as follows:

N
Sn=>_ BinPr,, (4.1)
=0

where T = I the identity mapping. We also show that the mapping S,, defined
by (4.1) satisfies the condition imposed on our main theorem.

Lemma 4.1. Let D be a closed and convex subset of a uniformly convex Banach
space E. Let {T;}Y., be a family of nonexpansive multi-valued mappings of D
into P(D) and let {B; n} ., be sequences in (0,1) such that 0 < liminf, . Bin <

limsup,,_,o Bin < 1 for all i € {0,1,..., N} and Efio Bin =1 for all n € N.
For all m € N, let S, be the mapping defined by (4.1). Assume that the best
approzimation operator Pr, is nonexpansive for all i € {1,2,....N}. Then the
followings hold:

(1) ML F(Sn) = ﬂﬁioF(Ti);

(2) {Sn} satisfies the SC-condition;

(3) for eachn € N, H(Ps,x, Ps,p) < ||z —p|| for allz € D and p € NN F(T;).
Proof. (1) It is easy to see that NN F(T;) C NS 1F(S ). Next, we show that
N, F(S,) € NN F(T;). Let p € N2 1F(Sn) and z* € ﬂNOF(T). Then there
exists z; € Pr,p such that p = By n,p + Eizl Binzi for all n € N. From Lemma

2.10, there exists a continuous, strictly increasing and convex function g : [0, 00) —
[0,00) with ¢g(0) = 0 such that

N
lp = 2| = [ Bon(p — ) + Y Bin(zi — 27|
i=1

< oulp =P+ 3 fonllzi— 2| = Bon Zﬂmg I — D)

=1

= Bomllp —*|* + Zﬁi,nd(zi, Pra*)? — %(Zﬁi,nﬂ(”zi —pl))

=1

N
< Bomlp — 21>+ BinH(Pr,p, Pr,z*)* — Zﬁz ng(llzi = pll))

=1

< flp— a2~ 2o Zﬁmg Iz — pl)).
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By the properties of g, we can conclude that
zi=p, Yi=1,2,...,N.

Hence p € NI, F(T;). This completes the proof.

(2) Let {v,} C D be a bounded sequence and a,, € S,v, be such that
lim,, o0 ||@n, — vn|| = 0. Then there exists z;, € Pru,, ¢ = 1,2,...,N such
that a, = Bonvn + Zfil BimZin. Since {v,} and {z;,} are bounded, by Lemma
2.10, there exists a continuous, strictly increasing and convex function g : [0, 00) —
[0, 00) with ¢g(0) = 0 such that

||an p||2 = ||60n Un +Zﬁzn Zzn - H2

60
< Bonllvn — p||2+26m||zm ol - = ng 25,0 — all))

=1

Bon
= ﬁO,nH’Un _p||2 + Zﬁi,nd(zi,nu PTip)2 - OT(ZBL’ILQ(HZLH - Un”))

i=1 i=1

N
< Bomllvn —plI> +>_ BinH(Pr,on, Prp)? Zﬁmg I2im — vall))

i=1

Bom (-
< lon = pl* = (D Bing(lzin = val)). Vo€ NLF(T:).

This implies that

N

60,71

T(Zﬁi,ng(nzi,n —nl))) < llon = anll(lon = pll +llan = pll),  Vp € N F(T5).
i=1

By assumptions, we get limy, o0 g(||zin — vn]]) = 0 for all ¢ = 1,2, ..., N. By the
properties of g, we can conclude that

lim ||zin —vn]| =0, Vi=1,2,...,N.

Hence {5, } satisfies the SC-condition.

(3) For p € N, F(T;), we know that Pr,p = {p} for every i € {1,2,..., N}.
Let n € N. Then for each z € D and a,, € Ps,x, there exists z;, € Pr,x such
that an = Bo.n2 + S0y Bimzim. It follows that
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N
lan = pll < Boulle = pll + D Binllzin — pl
i=1

N
= Bonllz —pll + Z Bind(2in, Pr,p)

=1

N
< Bomllz = pll + > BinH(Pr,z, Pr,p)
=1
< |z = pl. (4.2)

This implies that d(Ps,2,p) < |la, —p|| < [z — p[|. It follows from (4.2) that
SupanGPsnzd(anvpsnp) S H{E - pH Since Psnp = {p}v suppepsnp d(PSn{E,p) S
|lz—p||. This shows that H(Ps, x, Ps, p) < |[z—p|| forallz € D and p € NN, F(T;).
This completes the proof. [l

Lemma 4.2. Let D be a closed and convexr subset of a Banach space E. Let
{T;}N., be a family of nonexpansive multi-valued mappings of D into P(D) and, let
{6zn}£\;0 be sequences in (0, 1) such that 0 < liminf, o Bin < lmsup,_,. Gin <
1 for alli € {0,1,....,N} and Zij\io Bim =1 for alln € N. For each n € N, let S,
be the mapping defined by (4.1). Assume that there exists ig € {1,2,..., N} such
that F(T;,) = NN, F(T;) # 0 and I —T;, is closed. Then {S,} satisfies Condition
(A).

Proof. Since I —T;, is closed, it follows by Lemma 2.8 that T}, satisfies Condition
I. Then there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0,
f(r) >0 for r € (0,00) such that

d(z, Tjyx) > f(d(w, F(T3,))) = f(d(z, 0L F(T;))
for all x € D. This completes the proof. O
Using Lemma 4.1, we obtain the following:

Corollary 4.3. Let D be a closed and conver subset of a uniformly convex Banach
space E which satisfies Opial’s condition. Let {T;}Y | be a family of nonexpansive
multi-valued mappings of D into P(D) with NN, F(T;) # 0 and, let {B;n}Y, be
sequences in (0,1) such that 0 < lminf, o Bin < limsup,_,o Bin < 1 for all
1€ {0,1,...,N} and Efioﬂzn =1 for all n € N. For each n € N, let S, be
the mapping defined by (4.1). Assume that the best approximation operator Pr, is
nonezxpansive for all i € {1,2,..., N}. Let {z,} be generated by

Tnt1 € Qnpn + (1 — ap)Ps, y, n>1. (4.3)

If 0 < liminf, oy, < limsup,,_,o an < 1, then {x,} converges weakly to an
element in NN, F(T;).
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Proof. Putting T;, = S, for all n > 1 in the Theorem 3.1, we obtain the desired
result. O

Now, using Lemma 4.1 and Lemma 4.2, we obtain the following:

Corollary 4.4. Let D be a closed and conver subset of a uniformly convex Banach
space E. Let {T;}X., be a family of nonexpansive multi-valued mappings of D into
P(D) with NN, F(T;) # 0 and, let {Bin}X o be sequences in (0,1) such that 0 <
liminf, oo Bin < limsup,,_. Bin <1 for alli€{0,1,...,N} and Zfio Bin=1
for all n € N. For each n € N, let S, be the mapping defined by (4.1). Assume
that the best approximation operator Pr, is nonexpansive for all i € {1,2,..., N}
and there exists ig € {1,2,..., N} such that F(T;,) = NN, F(T;) with I —T;, is
closed. Let {x,} be generated by

Tnt1 € anxn + (1 — ap)Ps, x,, n>1. (4.4)

If 0 < liminf,, o o < limsup,,_,., an < 1, then {z,} converges strongly to an
element in NN, F(T;).

Proof. Putting T;, = S, for all n > 1 in the Theorem 3.3, we obtain the desired
result. O
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