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1 Introduction

The concept of asymptotically nonexpansive self-mappings which is a gener-
alization of the class of nonexpansive self-mappings was first introduced in 1972
by Goebel and Kirk [1]. They proved that any asymptotically nonexpansive self-
mapping of a nonempty closed convex bounded subset of a uniformly convex Ba-
nach space possesses a fixed point. Since then, the weak and strong convergence
problems of iterative sequences (with errors) for asymptotically nonexpansive self-
mappings have been studied by many authors (see, for examples, [2-7]). In 2003,
Chidume et al. [8] introduced the concept of asymptotically nonexpansive nonself-
mappings. Such a nonself mapping is defined as follows. Let X be a real normed
space, C' a nonempty subset of X and P : X — C the nonexpansive retraction of
X onto C. A nonself mapping T': C — X is called asymptotically nonexpansive if
there exists a sequence {k,} C [1,00) with k, — 1 as n — oo such that

IT(PT)" 2 — T(PT)"y|| < knllz - yl,
for all z,y € C' and n > 1. They proved the following.

Theorem 1.1. Let E be a real uniformly convexr Banach space, K closed convex
nonempty subset of E. LetT : K — E be completely continuous and asymptotically
nonexpansive mapping with sequence {k,} C [1,00) such that 3, < (k,*> —1) < 0o
and F(T) # 0. Let ay, € (0,1) be such that e <1 —a, <1—¢, Vn >1 and some
e > 0. From arbitrary 1 € K, define the sequence {x,} by

z, = P((1 — )y + a, T(PT)" '2,), n>1.
Then {x,} converges strongly to some fized point of T.

They also proved the following theorem which was about the weak convergence
of {z,} to some fixed point of T.

Theorem 1.2. Let E be a real uniformly convexr Banach space which has a Frechet
differentiable norm, K closed conver nonempty subset of E. Let T : K — FE
be asymptotically nonexpansive mapping with sequence {k,} C [1,00) such that
S oy (kn® —1) < 00 and F(T) # 0. Let o, € (0,1) be such that ¢ < 1 — a, <
1—¢€, Vn>1 and some ¢ > 0. From arbitrary z1 € K, define the sequence {x,}
by

z, = P((1 — ay)zp + 0, T(PT)" '2,), n>1.

Then {x,} converges weakly to some fized point of T.
Recently, in 2008, Lou et al. [6] studied the viscosity approximation fixed point

for asymptotically nonexpansive self-mappings in Banach spaces. They proved the
following theorems.
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Theorem 1.3. Let K be a nonempty closed convex subset of a Banach space X
which has a uniformly Gateaux differentiable norm and T : K — K an asymp-
totically nonexpansive mapping with F(T) # 0 and f a contraction on C. Let
{an}, {Bn} be sequences in (0,1) satisfying

Cl: lim a, =0; C2: lim P = 1

n—oo n—oo an

Then the sequence {z,} defined by

=0.

Znt1 = W f(zn) + (1 — )T 2,
converges strongly to the unique solution of the variational inequality:
p € F(T) such that (I — f)p,j(p— %)) <0 Va* € F(T).

Theorem 1.4. Let K be a nonempty closed convex subset of a uniformly convex
Banach space X which has a uniformly Gateaux differentiable norm and T : K —
K an asymptotically nonexpansive mapping with F(T) # O and f a contraction
on C. Let {an},{Bn} be sequences in (0,1) satisfying

kp—1

Qn

Cl: lim «, =0; C’2:Zan:oo C3: lim

n—oo

= 0.
n=1

For arbitrary xy € K, let the sequence {x,} be defined iteratively by
Tnt1 = A f(Xn) + Onn + T " Tn.
Assume
(i) o, By ¥n € [0,1], apn + B + v = 1;
(#1) 0 <liminf, o B, < limsup,,_, . Bn < 1;
(iii) T satisfies the asymptotically reqularity; lim, o [|T" 2, — T"x,|| = 0.

Then the sequence {x,} converges strongly to the unique solution of the variational
inequality:

p € F(T) such that (I — f)p,j(p—2*)) <0 Va* € F(T).

2 Preliminaries

In this paper, we study a viscosity approximation for some common fixed point
of asymptotically nonexpansive nonself mappings in Banach spaces as follows.

Let X be a real arbitrary Banach space and let C' be a nonempty closed
convex nonexpansive retract of X with P as a nonexpansive retraction. A mapping
f:C — Ciscalled a contractive mapping if there exists a constant « € (0, 1) such
that

1 (@) = fW)ll < allz =yl
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for all z,y € C. We use d(z, F') for the distance from the point x to the set F and
F(T) for the set of all fixed points of the mapping T. For i =1,2,let T; : C — X
be an asymptotically nonexpansive nonself mapping such that F(T1) N F(T) # 0.
Let f: C — C be a contractive mapping and let {o,},{6n}, {7} and {d,} be
real sequences in [0, 1]. For arbitrary z; € C, let {x,} and {y,} be the iterative
sequences defined by

Yn = P(O‘nf(xn) + (1 - an)(ﬁnxn + (1 - 5n)T2(PT2)niliEn)),
Tn41 = P(’Ynf(yn) + (1 - Vn)(ényn + (1 - 5n)T1(PT1)n71yn))7 n=>1. (21)

Here, for convenience, we use the following definition of asymptotically nonexpan-
sive nonself mapping. A nonself mapping T : C — X is called asymptotically
nonezpansive if there exists a sequence {r,} C [0,1) with r,, — 0 as n — oo such
that

IT(PT)"~ e = T(PT)"'yl| < (1 + 1)z —yll,
for all z,y € C and n > 1.

We need the following lemmas for the main results in this paper.

Lemma 2.1 (|9, Lemma 2.1]). Let {an}, {bn} and {d,} be sequences of nonnega-
tive real numbers satisfying the inequality

an+1 < (14 0n)an + by for all n.
If >0 6, < oo and Y .2 by, < o0, then
(1) limy, o a, exists.

(2) limp_00 an, = 0 if {an} has a subsequence converging to zero.

Lemma 2.2. Let C be a nonempty closed subset of a Banach space X and T :
C — X be an asymptotically nonexpansive nonself mapping with the fixed point
set F(T) # (). Then F(T) is a closed subset in C.

Proof. Assume that T : C' — X is an asymptotically nonexpansive nonself map-
ping with respect to {r,}. Let {p,} be a sequence in F(T) such that p, — p as
n — o0o. Since C is closed and {p,} is a sequence in C, we must have p € C. Since
T : C — X is asymptotically nonexpansive, we obtain

ITp = pull = TP — Tpnll < (1 +r1)llp = pall-

Taking limit as n — oo and using the continuity of the norm, we obtain | Tp—p| <
0, which implies that T’p = p. The proof is complete. o
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3 Main Results

In this section, we present our main results. The first theorem gives the nec-
essary and sufficient condition for the convergence of the sequence {z,} defined
by (2.1).

Theorem 3.1. Let X be a real arbitrary Banach space and let C' be a nonempty
closed conver nonexpansive retract of X with P as a nonexrpansive retraction. For
1=1,2, let T; : C' — X be an asymptotically nonexpansive nonself mapping with
respect to {rgn)} such that F(Tv) N F(Ty) # 0 and Y2 rn < o0, where 1, =
max{rin), ré")}. Let f : C — C be a contractive mapping and let {an}, {Bn}, {Vn}
and {6,} be real sequences in [0,1] such that .~ | an < 00 and Y ;" | Yn < 00.
Then, the iterative sequence {xyn} defined by (2.1) converges to a common fized
point of Ty and T if and only if liminf,, o d(x,, F(Th) N F(T3)) = 0.

Proof. The necessity is obvious, so it is omitted. We now prove the sufficiency.
Assume that T; : ¢ — X is an asymptotically nonexpansive nonself mapping
with respect to {ri’}. Let p € F(Ty) N F(Ty). Note that T;(PT;)""'p = p. By
assumption, we have
[yn = pll = [[P(anf(zn) + (1 = @) (Bazn + (1 = Bu)T2(PT2)" " xy)) — Pp|
<l f(an) + (1 = an)(Bazn + (1 — ﬁn)T2(PT2)nilxn) —pll
< anllf(@n) = pll + (1 = an)Bnllzn — pll
+ (1= an)(1 = o) T2(PT2)" 'y — p
< anallzn — pll + anl[f(p) — pll + (1 = on)Bullzn — p
+ (1= an)(1 = B) (1 + )|z, — pll
< analzn = pll + anll f(p) —pll + (1 — an)Bullzn — pl
+ (1= an)(L = Ba)llan = pll + 73 (1 = an)(1 = o)z — pll
<A =1 =a)an +ra)llzn —pl +anlf(p) - pll
< @+ r)llzn = pll + anllf(p) — - (3.1)

Similarly we have that

|Zns1 =2l < (1 +70)llyn — 2l + 7 llf(p) — Il

From this and (3.1), we have

< (L r) {1+ ra)llen — pll + allf®) = pI} +all £ () — pl

< (L )L+ 72 — pll 4+ [(L+ o) +7alll £ (2) —

< (L4 a2+ )2 — pll 4+ [(1+ ) +7all £ (2) = ]

— (14 c)llen = pll + b, (3.2)

[

where ¢,, = r,(2+ry,) and b, = [(14+7, ) +7]|1 f (p) —pl|- Since Y7 | 7, < 00, we
have that {2+r,} and {1+, } are bounded. Thus Y~ , ¢, < oo and Y~ b, <
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oo because Y07 @, < oo and > oo, < co. Hence Lemma 2.1 implies that
lim,, oo |2, — pl| exists. Thus {z,} is bounded and so are {T}(PT%)" %x,} and
{f(zn)} because T} is asymptotically nonexpansive and f is contractive. Now
since {x,} is bounded and from (3.1), we conclude that {y,} is bounded and so

are {T1(PT1)" " 'yn} and {f(yn)}.
We next turn to another calculation for ||y, — p| and ||z,4+1 — p|| as follows.

[yn = pll = [ P(anf(zn) + (1 = an) (Bazn + (1 = Ba)T2(PT2)" " 2,)) — Pp|
<o f(@n) + (1 = an)(Bnayn + (1 — 6n)T2(PT2)n7133n) —pll
< anllf(@n) = To(PT2)" " @l + (1 = an)Ballzn — p]
+ (1= Bn+ anﬁn)||T2(PT2)n71$n =7l
< anllf(@n) = To(PT2)" " @l + (1 = an)Ballzn — p]
+ (1= o+ anf) (1 + D) |@n - p]
< apl[f(zn) — T2(PT2)n7133n|| + (1 = an)Bullzn — pll
+ (1= B + anfu)llen = pll + (1= B+ anfp)l|zn — pll
=1+ (1 + anfo))llzn — pll + anllf(2n) — T2(PT2)nilxn”
< (I +2m)[lzn —pll + anllf(2n) — T2(PT2)n_lxn||- (3.3)
Similarly, we have that
lns1 = pll < 1+ 2r) [y = Pl + 70 llf () = T1(PT2)" ™ gl (34)
Putting (3.3) in (3.4), we obtain that
241 =l < (14 2m)2 20 = pll + (14 2r0)an|| f(zn) — To(PT2)" ey |
+Ynll f (yn) = TL(PTL)™ |
= (14 dn)llzn — pll + €n, (3.5)

where d,, = 47, (1+7,) and e, = (1427, an || f(n) = To(PT2)" L0 || +3n | f (yn) —
T1(PT1)" y,||. By the assumption that ", 7, < 00, >0 | < 00, > one ) Yo <
oo, and {To(PT)" ta,}, {Th(PTY)" Yy, }, {f(xn)} and {f(yn)} are bounded, we
have that Y 2 d, < oo and > - e, < co. Hence Lemma 2.1 tells us that
lim;, 00 ||@n — p|| exists. Thus {||, —p||} is bounded. Let L = sup,, ||z, —p||. We
can rewrite (3.5) as

lznt1 — pll < |xn —p|| + Ldy + €5, for n > 1. (3.6)

From this and by induction, we obtain, for m,n > 1 and p € F(T1) N F(T3), that

n+m—1 n+m—1
|Znim = ol <llzn —pll+L > dit Y e (3.7)

Also from (3.6), we obtain

d(InJrl, F(Tl) n F(TQ)) S d({En, F(Tl) n F(TQ)) + Ldn + én.
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But, the assumption lim inf,,_, o d(2,, F(T1)NF(Tz)) = 0 implies that there exists
a subsequence of {d(x,,, F(T1)NF(T2))} converging to zero. From this and because
Yoo 1 (Ldy, + e,) < 00, Lemma 2.1 tells us that

lim d(z,, F(T1) N F(Ty)) = 0. (3.8)

n—oo

We now show that {z,} is a Cauchy sequence in X. Let ¢ > 0. From (3.8),
220:1 d, < oo and 220:1 en < 00, there exists ng such that, for n > ng, we have

d(l‘n,F(Tl) n F(Tz)) < E/G,idi < 6/(3L) and iei < 6/3. (39)

By the first inequality in (3.9) and the definition of infimum, there exists py €
F(T1) N F(T3) such that

[[ne — pol| < €/6. (3.10)
Combining (3.6), (3.9) and (3.10), we obtain

1 Zno+m = Tl < [|Tngtm — poll + [ Zny — Pol|

no+m—1 no+m—1
< 2||zn, — poll + L Z d; + Z e
i:no i:’n()

<e€/34+¢€/3+¢€/3 =k,

which implies that {z,} is a Cauchy sequence in X. But X is a Banach space,
so there must be some ¢ € X such that x,, — ¢. Since C is closed and {z,} is a
sequence in C, we have that ¢ € C. Now d(z,, F'(T1) N F(Tz)) — 0 and x, — ¢ as
n — o0, the continuity of d(-, F(T1) N F(T%)) implies that d(q, F(T1)NF(T3)) = 0.
Thus g € F(T1)NF(T3) because F(T1)NF(T») is closed, by Lemma 2.2. Therefore
{zn} converges to a common fixed point of T} and T5, as desired. O

If Ty =T, =T, then the iterative sequences (2.1) become

Yn = Planf(zn) + (1 = an)(Bnon + (1 - ﬂn)T(PT)n_liFn)),
Tn41 = P('Ynf(yn) + (1 - ”Yn)((snyn + (1 - 5n)T(PT)nilyn))v n>1. (3-11)

We then have the following result for a fixed point of a single asymptotically
nonexpansive nonself mapping.

Corollary 3.2. Let X be a real Banach space and let C be a nonempty closed
conver nonexpansive retract of X with P as a nonexpansive retraction. Let T :
C — X be an asymptotically nonexpansive nonself mapping with respect to {ry}
such that F(T) # 0 in C and > 0" 1, < 0o. Let f : C — C be a contractive
mapping and let {an},{Bn}, {1} and {0,} be real sequences in [0,1] such that
Yo ian < oo and Yol v < oo. Then, the sequence {x,}, defined by (5.11),
converges to a fized point of T if and only if liminf, . d(x,, F(T)) = 0.
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We also have the following results involving asymptotic regularity as in Lou
et al. [6] and an auxiliary strictly increasing nonnegative function as in Ayaragar-
nchanakul [10].

Corollary 3.3. Let X,C,T; (i = 1,2) and the iterative sequence {x,} be as in
Theorem 3.1. Suppose that the conditions in Theorem 3.1 hold and

(1) the mapping T; (i = 1,2) is asymptotically reqular in x,, i.e.,

liminf |z, — Tizy| =0, i=1,2;

(2) liminf, o ||2n — Tizn|| = 0 implies that

lim inf d(x,,, F(Th) N F(T3)) = 0.

n—oo
Then the sequences {x,} converges to a common fized point of Ty and To.

Theorem 3.4. Let X,C,T; (i = 1,2) and the iterative sequence {x,} be as in
Theorem 3.1. Suppose that the conditions in Theorem 3.1 hold, the mapping T; is
asymptotically regular in x,, and there exists an increasing function g : Rt — R*
with g(r) > 0 for all r > 0 such that fori=1,2,

|zn — Tizn| > g(d(zn, F(T1) N F(T3)), ¥Yn>1.
Then the sequence {x,} converges to a common fized point of Ty and Ts.

Proof. To apply Theorem 3.1, we prove that liminf,, o d(x,, F(Th)NF(T2)) = 0.
From the assumption that ||z, — Tiz, || > g(d(zy,, F(T1) N F(Ty))) for i = 1,2 and
for all n > 1, we have

5 e Tl > gld(an, F(T) 0 F(T))),
i=1

for all n > 1. Since T; is asymptotically regular in x,, this implies that

lim inf g(d(x,, F(T1) N F(T2))) = 0. (3.12)

Suppose that lim inf,, .. d(zy, F(T1) N F(T2)) = L > 0. By definition of infimum,

there exists an IV such that

L
inf d(z,, F(T1) N F(T2)) — L| < 7 for all m > N.

n>m

Equivalently,

d(l‘n, F(Tl) n F(Tg)) >

g, for all n > m > N.
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Since g is increasing, we have that
L
gld(xn, F(Th) N F(T2))) > g 5] for all n > m > N.
This implies that

liminf g(d(z,, F(Ty) N F(T2))) > g (g) >0,

n—oo

which contradicts (3.12). Hence liminf,, o d(xy, F(Th) N F(T2)) = 0, as desired.

O
If T; is a self-mapping, then the iterative sequences (2.1) become
Yn = anf(@n) + (1 = an)(Buzn + (1 = B)T5'zn),
Tn4+1 = an(yn) + (1 - ’Yn)(ényn + (1 - 5n)T1nyn)u n > 1. (313)

We have the following theorem for common fixed point of two asymptotically
nonexpansive self-mappings.

Corollary 3.5. Let X be a real Banach space and let C be a nonempty closed
convex subset of X. Fori=1,2,letT; : C — C be an asymptotically nonexpansive
self-mapping with respect to {7‘5”)} such that F(T1)NF(T2) # 0 and >0 1 < 00,
where r, = max{rin),rén)}. Let f : C — C be a contractive mapping and let
{an}, {Bn}. {1} and {6,} be real sequences in [0,1] such that Y > | o, < o0 and
Yoo 1 < 00. Then, the iterative sequence {x,} defined by (3.13) converges to a
common fized point of Ty and Ts if and only if iminf,, o d(z,, F(T1)NF(T2)) = 0.
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