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Abstract : In this work, the common fixed point theorems for a pair of hybrid
generalized multivalued ¢-weak contraction are proven. Consequently, since the
concept of hybrid generalized multivalued ¢-weak contraction includes almost con-
cepts of the generalizations of Banach contraction principle as special cases, our
results can be viewed as a refinement and improvement of the previously known
results for metric fixed-point theory.
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1 Introduction and Preliminaries

Let E be a complete metric space with distance d(-, -). Let 2¥ denote the family
consisting of all nonempty subsets of E. We define the Hausdorff pseudometric,
H :2F x 2F — [0, 00] by

H(A, B) = max{D(a, B),D(A,b)},

where D(a, B) = bingd(a, b), D(A,b) = ingd(a, b).
€ ac
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Definition 1.1. Let E be a metric space. A subset C' C F is said to be approxi-
mative if the multivalued mapping

Po(z) ={ce C:d(x,c) = D(z,C)}, VxeE

has nonempty values. The multivalued mapping 7 : E — 2F is said to have
approzimative values if T'(z) is approximative for each x € E.

Let oce (0,00], RE = [0, ). Let ¢ : RE — [0, 00) satisfy
(i) o(t) <t for each t € (0, oc);
(ii) ¢ is nondecreasing on RZ;
(iii) ¢ is upper-semicontinuous.
Define ®[0, <) = {¢ : ¢ satisfies (i)-(iii) above}.

From now on, for a metric space E, we let I' = sup{d(x,y) : x,y € E} and set
oc=TifI' =00, and o> T if " < 0.
Definition 1.2. Let E be a matric space. Suppose that S,T : E — 2F and
© € P[0, x) satisty
H(Sz, Ty) < ¢(p(z,y)),

for each x,y € F, where

N =

p(,y) = max {d@:, y). D(S.2), D(Ty,y)., & [D(y, S2) + D(a, Ty)]} |

Then the pair S, T is called the hybrid generalized multivalued p-weak contraction
mapping.

Remark 1.3. Let E be a Banach algebra with the norm || - || and the metric d(-, )
generated by it. In Definition 1.2, let p(x,y) = d(z,y); so

H(Tz,Ty) < ¢(d(z,y))

for all z,y € E. Then the multivalued mapping T is called a nonlinear D-
contraction with a contraction function ¢ (see [1, 2]). In addition, let p(t) = kt
with k > 0 and p(z,y) = d(z,y); then

H(Tz,Ty) < p(d(z,y))
forallx,y € E. In this case the mapping T is nothing but the multivalued Lipschitz

operator defined by [3]. Moreover, if 0 < k < 1 then the mapping T is called a
multivalued contraction on E which was first studied by Markin [{] and Nadler [5].
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During the last few decades, since the pioneering works of Markin [4] and
Nadler [5], an extensive literature has been developed, consisting in many theorems
which deal with fixed points for multi-valued mappings (see [6, 7, 8, 9, 10]), or
may be related to various classes of ¢-contractions, which are obtained for different
collection of properties of the function ¢ (see for example, [11, 12, 13]), especially
the monograph of Rus [14, 15], for the good survey and several still open problems.
Equally important is the concept of hybrid contractive mapping of the metric fixed-
point theory which have been obtained by mathematical researcher, for example
[16, 17, 18, 19, 20].

Motivated and spirted by the research going on this field, in this work we prove
that there is a common fixed point of hybrid generalized multivalued p-weak con-
tractions .S, T on complete metric spaces E. Since the concept of hybrid generalized
multivalued ¢-weak contraction includes almost concepts of the generalization of
Banach contraction principle as special cases (both singlevalued and multivalued
settings), results obtained in this paper continue to hold for those problems. Our
results can be viewed as a refinement and improvement of the previously known
results for metric fixed-point theory. To reach the goal, we also need the following
concepts:

Let J denotes an interval on [0,00) containing 0, that is an interval of the
form [0, 7], [0,7) or [0,00), and we use the abbreviation ¢™ for the nth iterate of a
function ¢.

Definition 1.4. A nondecreasing function ¢ : J — J is said to be a Bianchini-
Grandolfi gauge function [21] on J if 322 0™ (t) < oo for all ¢t € J.

As for the investigations of the Bianchini-Grandolfi gauge function we also
refer to [22]. The following lemma is quite important one.

Lemma 1.5 ([23]). Let E be a metric space and B be a nonempty subset of E.
Then D(z,B) < d(z,y) + D(y, B), for any z,y € E.

2 Common Fixed Point Theorems

Theorem 2.1. Let (E,d) be a complete metric space. Let S, T be a pair of hybrid
generalized multivalued @-weak contractions on E. Assume that S,T have the
approzimative values and |, is a Bianchini-Grandolfi gauge function on some
interval J C RE. If there is © € E such that either D(z,Sx) € J or D(z,Tx) € J
then the mappings S and T have a common fized point u € E.

Proof. Without loss of generality, we will assume that there is ug € E such that
D(ug, Sup) € J. Take ug € FE, since Sug is approximative it follows that there ex-
ists u1 € Sug such that d(ug,u1) = D(ug, Sug). Next, since Tu; is approximative,
there exists uy € Tuy such that d(uy,us) = D(u1,Tu1). Moreover,

d(uy,us) = D(u1,Tur) < sup D(z,Tur) < H(Sug, Tuq).
TESuo



420 Thai J. Math. 9 (2011)/ J. Suwannawit and N. Petrot

It follows that
d(u1,uz) < H(Sug, Tuy) < o(p(ug,ur))

d(UQ, ul), D(ul,Tul), D(UQ, SUQ), [D(uo,Tul) + D(ul, SUO)]}>

N | =

max {d(uo, up), d(ug,usz), d(ug, u1), % [d(ug, u1) + d(uq, uz)]})
< ¢ (max{d(ug,u1),d(us,uz)}). (2.1)

Write w = max{d(ug, u1),d(u1,us)}. Observe that, if w = 0 then ug = u; = us
and it follows that ug = u1 € Sug and ug = us € Tuy = T'ug, i.e., ug is a common
fixed point of mappings S and T, and then our proof is completed. On the other
hand, if 0 < w = d(u1,u2) then using ¢(t) <t for ¢t € (0, ), from (2.1) we have

d(ur,u2) < o(d(ur,uz)) < d(ug, uz)
which is a contradiction. Therefore, w = d(ug,u;) and from (2.1) we obtain
d(ur, uz) < (p(uo, u1)) < @(d(uo, ur)) < d(uo,un). (2.2)

We continue the procedure of constructing w, inductively, we can choose a
sequence {u,} in F such that for all n > 1, us, € Tugn—1, Uant1 € Suay, and

d(uan, Uznt1) = D(U2n, Suan), d(Unt1, Uon+2) = D(uont1, Tuoni1).
Moreover,

D(u2n7 Su?n) S sup D(:Eu Su2n) S H(TUZn—la Su?n)u

rETUusp—1
and

D(uznt1,Tuznt+1) < sup  D(z, Suapn) < H(Suzn, Tuznt1)

€T Uan+1

for all n > 1. Therefore, by using an argument similar to the above we get,

d(uzn, u2n+1) < @(p(uzn—1,u2n)) < d(tzn—1,u2,) (2.3)

and
d(uznt1,u2n+2) < @(p(u2n, u2n+1)) < d(uzn, U2n+1) (2.4)

for all n > 1. Thus, from (2.3) and (2.4), we get
d(umun-i-l) < go(p(un_l,un)) < d(un—lvun) (2'5)
for all n > 1. Using (2.2) and (2.5), we repeat the procedure to obtain

d(un,un+1) < <p(p(un,1,un)) < @Q(d(unf%unfl)) <--e < gp”(d(uo,ul))
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for all n > 1. Therefore, for positive integers m, k, we get

d(uk, Wkpm) < d(wp, Ugg1) + d(Ukg1, Ukt2) + -+ + d(Ukgm—1, Uktm)

k+m—1 ) k4+m—1 .
< Y Pd(ug,m)) = > @ (D(uo, Sug)).
i=k i=k

Since D(ug, S(uo)) € J and ¢|, is a Bainchini-Grandolfi gauging function on .J,
the above inequality implies that {u,} is a Cauchy sequence in E. By virtue of
the completeness of F, there exists u € F such that u,, — u for n — co. Now, we
prove that v € Tu and v € Su, i.e., v is a common fixed point of S and T'. To do
this, we note that

D(uzp, Su) < H(Tuzn—1,5u) < ¢(p(ugn—1,u))
= (max {d('Uanlvu)a D(ugn—1,Tu2n-1), D(u, Su),

LD (g 1, Su) + D(u, TUQH)]})

2
<y (max {d(ugn_l,u), d(u2n—1,u2n), D(u, Su),
%[d(ugn_l, u) + D(u, Su) + d(u, ugn)]}>

Denote by

a(un,u) =: max {d(u%,l, w), d(uon—1, U2n), D(u, Su),

1

2

the right hand side of the above inequality. Then, a(uy,u) — D(u, Su) as n — oo.

Therefore, in view of Lemma 1.5 and the upper semi-continuity of ¢, we get

D(u, Su) = lim D(ugy,, Su) < limsup o(a(u,,w)) < @(D(u, Su)).

n—oo

[D(uzn_1,u) + D(u, Su) + d(u, usn )] }

This implies D(u, Su) = 0. Since Su is approximative, there exists y € Su such
that d(u,y) =0, i.e., u = y. Hence u € Su. As

D(u,Tu) < H(Su,Tu)

<y (max {d(u,u), D(u, Tu), D(u, Su), = [D(u, T) + D(u, Su)]})

1

2
= (D (u, Tu)),

which gives D(u,Tu) = 0, and this reduces to w € Twu. This completes the

proof. O

Remark 2.2. Under the hypothesis of Theorem 2.1, S and T have a unique com-
mon fized point if the following condition is satisfied:

d(z,y) < H(Sz,Ty), Vz,y € E. (C)
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Proof. Let u and v be common fixed points of S and T'. Then, by the condition
(C), we have

d(u,v) < H(Su,Tv) < @(p(u, v))

[D(u, Tv) + D(v, Su)]})

[d(u,v) + D(v, Tv) + d(v,u) + D(u, Su)]}) = @(d(u,v)).

N =

< ¢ (max atu o),

Hence u = v. The proof is completed. O

By Theorem 2.1, we get the following results immediately.

Corollary 2.3. Let (E,d) be a complete metric space. Let T be a hybrid general-
ized multivalued p-weak contractions on E. Assume that T has the approzimative
values and |, is a Bianchini-Grandolfi gauge function on some interval J C R;
If there is © € E such that D(x,Tx) € J then the mapping T has a fized point
u ekl

Corollary 2.4. Let (E,d) be a complete metric space. Let S,T be a pair of hybrid
generalized multivalued p-weak contractions on E. If S;T have the approximative
values and Y .o, p'(t) < oo for all t € (0,), then the pair S,T has a common
fized point u € E.

3 Further Results
Let oc€ (0,00], RE = [0, 00). Let f: [0,00) — [0, 00) satisfy
(i) f(0) =0 and f(t) > 0 for each t € (0, c);
(i)
(iii)
)

(iv

f is nondecreasing on R;;
f is continuous on R;;

fla+0b) < f(a)+ f(b) for all a,b € [0, 00).

Define F[0,oc) = {f : f satisfies (i)-(iv) above}.

Example 3.1. The following examples were partially given in [24]:

(i) Let ¢ is nonnegative, nondecreasing, Lebesgue integrable on [0, ) and sat-
isfies

/t @(s)ds >0, te(0,cx).
0

Define f(t) = fot @(s)ds then f € F[0,x).
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(i1) Let 1 be a nonnegative, Lebesgue integrable on [0, o) and satisfies
t
/ P(s)ds >0, te(0,x)
0

and 6 be a nonnegative, Lebesgue integrable on [0, fOO( Y(s)ds) and satisfies

/OtH(s)ds S0, te [o,/:ms)ds).

If ¢ and 0 are nondecreasing and we define f(t) = fof”tw(s)ds O(T)dr, then
[ e Fl0,x).

Using above concepts, Theorem 2.1 could be further extended to more general
results. In fact, the proof of next Theorem is similar to that of Theorem 2.1,
however, for the sake of completeness we will present it.

Theorem 3.2. Let (E,d) be a complete metric space and S, T : E — 2F be a pair
of multivalued mappings. Suppose that ¢ € ®[0,x) and f € F[0,x) satisfy

fH(Sz,Ty)) < o(f(p(z,y))) (3.1)

for each x,y € E. Assume that S,T have the approzimative values and |, is a

Bianchini- Grandolfi gauge function on some interval J C R; If there is x € B
such that either f(D(z,Sz)) € J or f(D(x,Tx)) € J then the mappings S and T
have a common fized point u € E.

Proof. Without loss of generality, we will assume that there is ug € E such that
f(D(ug, Sup)) € J. Take ug € E, since Suy is approximative it follows that there
exists u; € Sug such that d(ug, u;) = D(ug, Sup). Next, since T'uy is approxima-
tive, there exists us € Tuy such that d(u1,u2) = D(u1, Tuy). Moreover,

d(uy,us) = D(u1,Tur) < sup D(z,Tur) < H(Sug, Tuq).
zrESuo

It follows that

fld(u1,u2)) < f(H(Suo, Tu1)) < o(f(p(uo, u1)))
o (s (et 00 7 Bt 500
( ( x{duo,u1 d(ur,us), d(uo,ul),%[d(uo,ul)—i—d(ul,ug)]}))

< o(f (max{d(ug, u1), d(u1,uz2)})). (3.2)

[D(uo, Tur) + D(uq, Suo)]})>

N~

Write w = max{d(ug, u1),d(u1,us)}. Observe that, if w = 0 then ug = u1 = us
and it follows that ug = u1; € Sug and ug = ug € Tuy = T'ug, i.e., ug is a common
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fixed point of mappings S and T, and then our proof is completed. On the other
hand, if 0 < w = d(u1,u2) then using ¢(t) <t for ¢t € (0, ), from (3.2) we have

fld(ur,u2)) < o(f(d(ur,uz2))) < f(d(ui,uz))

which is a contradiction. Therefore, w = d(ug,u;) and from (3.2) we obtain

fd(ur,u2)) < @(f(p(uo, u1))) < (f(d(uo, ur)))- (3.3)

We continue the procedure of constructing u, inductively, we can choose a
sequence {u,} in F such that for all n > 1, us, € Tugn—1, Uant1 € Suay, and

d(uan, Uznt1) = D(U2n, Suan), d(Unt1, Uan+2) = D(uont1, Tuony1).
Moreover,

D(u2n7 Su?n) S sup D(‘T? Su2n) S H(TUZn—la Su?n)u

rx€ET Uy 1
and

D(ugni1, Tusni1) < sup  D(x, Suzyn) < H(Suzn, Tuzni1)

r€TU2n 41

for all n > 1. Therefore, by using an argument similar to the above we get,

Fd(uzn, u2nt1)) < o(f(p(u2n—1,u2,))) < f(d(u2n—1,u2n)), (3.4)

" fld(uznt1, uzn+2)) < ©(f(p(u2n, uzni1))) < fd(uzn, uzni1)) (3.5)
for all n > 1. Thus, from (3.4) and (3.5), we get

fd(tn, ung1)) < o(f(p(un—1,un))) < f(d(un—1,un)) (3.6)
for all n > 1. Using (3.3) and (3.6), we repeat the procedure to obtain
Fld(un, uni1)) < @(f(p(un—1,un))) < ¢ (f(d(un—2,un-1))) < - < " (f(d(uo,u1)))

for all n > 1. Therefore, for positive integers m, k, we get

Fd(ups wrtm)) < f(d(uky wkt1) + d(Uptr, Ug2) + -+ d(Ukpm—1, Wktm)
< fld(ug, ups1)) + fd(ups1, urg2)) + -+ f(d(Urim—1, Uktm))

k+m—1 . k+m—1 )
< D @ (fduo,m) = Y ¢ (f(D(uo, Sug))).
ik i—k

Since f(D(uo,S(uo))) € J and ¢, is a Bainchini-Grandolfi gauging function on
J, in light of the continuity of the function f, the above inequality implies that
{un} is a Cauchy sequence in E. By virtue of the completeness of F, there exists
u € E such that u,, — u for n — oco. Now, we prove that u € Tw and u € Su, i.e.,
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u is a common fixed point of S and T. Now, since f is a nondecreasing function,
we have

f(D(uzn, Su)) < f(H(Tuzp-1,5u)) < o(f(p(uzn-1,u)))
= (f (max {d(u%,l,u), D(ugn—1,Tuon—1), D(u, Su),

% [D(ugn_1,Su) + D(u, Tuzpn_1)] }))

< (f (max {d(ugn_1,u), d(u2n—1,u2n), D(u, Su),

1

5 [d(uzn-1,u) + D(u, Su) + d(u,uz)] }) ).

Denote by
a(up,u) =: max {d(u%,l, u), d(uon—1, U2n), D(u, Su),

% [D(uzn-1,) + D(uw, Su) + d(u, uzn)] }

the right hand side of the above inequality. Then a(u,,u) — D(u, Su) as n — oo,

and consequently, f(a(un,u)) — f(D(u,Su)) as n — oo. Therefore, in view of
Lemma 1.5 and the upper semi-continuity of , we get

F(D(u, Su)) = f (JH& D(uzn, Su)) = lim f (D(uzn, Su))
< limsup @(f(a(un,u))) < o(f(D(u, Su))).

n—oo

Thus f(D(u,Swu)) = 0, which implies that D(u, Su) = 0. Since Su is approxi-
mative, there exists y € Su such that d(u,y) = 0, i.e., u = y. Hence u € Su.
As

f(D(u, Tu)) < f(H(Su,Tu))
<o (f (max {d(u, w), D(u, Tw), D(u, Su), % [D(u, Tu) + D(u, &m}))
= o(f(D(u, Tu))),

which gives f(D(u,Tu)) = 0, and this reduces to u € Tu. This completes the
proof. O

Remark 3.3. Theorem 3.2 is a genuine generalization of Lemma 3.1 of a paper
by Hong et al. [25], which is the important result for such paper. However, it has
been observed that a proof of such lemma contains an error. The proof of such
lemma at line 14, p. 5, presented as:

fld(umi1; uny1)) < fH(Tum, Tun)) < (f (p(tm; tn, 6))), 3.7)
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where § € (0,1]. It is related to the procedure of constructing the sequence {u,},
that we only have

d(up—1,un) < H(Tup—2,Tup—1)), for n=2,3 ...

Hence, the first inequality is not assuredly hold and this is a point which may break
down the conclusion of such lemma. Because, if the first inequality is not true,
then the conclusion that {uy,} is a Cauchy sequence would be failed, but this result
is an tmportant step in the proof of the lemma.

Acknowledgements : The author would like to thank the referees for his com-
ments and suggestions on the manuscript.

References

[1] B.C. Dhage, A fixed point theorem for multivalued mappings on ordered
Banach spaces with applications I, Nonlinear Anal. Forum 10 (2005) 105—
126.

[2] B.C. Dhage, Hybrid fixed point theory for strictly monotone increasing multi-
valued mappings with applications, Comput. Math. Appl. 53 (2007) 803—-824.

[3] B.C. Dhage, Multi-valued operators and fixed point theorems in Banach al-
gebras I, Taiwanese J. Math. 10 (2006) 1025-1045.

[4] J.T. Markin, A fixed point theorem for set-valued mappings, Bull. Amer.
Math. Soc. 74 (1968) 639—640.

[5] S.B. Nadler Jr., Multivalued contraction mappings, Pacific, J. Math. 30 (1969)
475-488.

[6] N.A. Assad, W.A. Kirk, Fixed point theorems for set-valued mappings of
contractive type, Pacific J. Math. 43 (1972) 553-562.

[7] L.B. Ciric, J.S. Ume, Common fixed point theorems for multi-valued non-self
mappings, Publ. Math. Debrecen 60 (3-4) (2002) 359-371.

[8] P.Z. Daffer, H. Kaneko, Fixed points of generalized contractive multi-valued
mappings, J. Math. Anal. Appl. 192 (1995) 655-666.

[9] S.Itoh, Multi-valued generalized contractions and fixed point theorems, Com-
ment. Math. Univ. Carolin. 18 (1977) 247-258.

[10] N. Mizoguchi, W. Takahashi, Fixed point theorems for multi-valued mappings
on complete metric spaces, J. Math. Anal. Appl. 141 (1989) 177-188.

[11] Ya.I. Alber, S. Guerre-Delabriere, Principles of weakly contractive maps in
Hilbert spaces, in: I. Gohberg, Yu. Lyubich (Eds.), New Results in Operator
Theory, in: Advances and Appl., vol. 98, Birkhuser, Basel, 1997, 7-22.



Common Fixed Point Theorem for Hybrid Generalized Multivalued 427

[12]
[13]
[14]
[15]
[16]

[17]

[18]
[19]
[20]

[21]

[22]

23]

[24]

[25]

B.E. Rhoades, Some theorems on weakly contractive maps, Nonlinear Anal.
47 (2001) 2683-2693.

D.W. Boyd, T.S.W. Wong, On nonlinear contractions, Proc. Amer. Math.
Soc. 20 (1969) 458-464.

I.A. Rus, Principles and Applications of the Fixed Point Theory, Editura
Dacia, Cluj-Napoca, (1979) (in Romanian).

I.A. Rus, Generalized Contractions and Applications, Cluj University Press,
Cluj-Napoca, 2001.

M.A. Al-Thagafi, N. Shahzad, Noncommuting selfmaps and invariant approx-
imations, Nonlinear Anal. 64 (2006) 2778-2786.

N. Hussain, G. Jungck, Common fixed point and invariant approximation re-
sults for noncommuting generalized (f, g)-nonexpansive maps, J. Math. Anal.
Appl. 321 (2006) 851-861.

Y. Song, Common fixed points and invariant approximations for generalized
(f; g)-nonexpansive mappings, Commun. Math. Anal. 2 (2007) 17-26.

Y. Song, S. Xu, A note on common fixed-points for Banach operator pairs,
Int. J. Contemp. Math. Sci. 2 (2007) 1163-1166.

Q. Zhang, Y. Song, Fixed point theory for generalized ¢-weak contractions,
Appl. Math. Lett. 22 (2009) 75-78.

R.M. Bianchini, M. Grandolfi, Transformazioni di tipo contracttivo general-
izzato in uno spazio metrico, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fiz. Mat.
Natur. 45 (1968) 212-216.

V. Ptak, The rate of convergence of Newtons process, Numer. Math. 25 (1976)
279-285.

H.M. Abu-Donia, Common fixed points theorems for fuzzy mappings in metric
space under @-contraction condition. Chaos, Solitons & Fractals 34 (2007)
538-543.

X. Zhang, Common fixed point theorems for some new generalized contractive
type mappings, J. Math. Anal. Appl. 333 (2007) 780-786.

S. Hong, D. Guan, L. Wang, Hybrid fixed points of multivalued operators in
metric spaces with applications, Nonlinear Analysis 70 (11) (2008) 4106-4117.

(Received 9 February 2011)
(Accepted 15 March 2011)

THAI J. MATH. Online @ http://www.math.science.cmu.ac.th/thaijournal



