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1 Introduction

Let K be a nonempty, closed convex subset of a real Hilbert space H . A
mapping T : K → K is said to be nonexpansive if

||Tx − Ty|| ≤ ||x − y||, (1.1)

for all x, y ∈ K. Many authors have worked extensively on the approximation of
fixed points of nonexpansive mappings. For example, the reader can consult the
recent monographs of Berinde [1] and Chidume [2].
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A mapping T : K → K is said to be asymptotically nonexpansive if there exists
a sequence {γn}

∞
n=1 with lim γn = 0 such that

||T nx − T ny|| ≤ (1 + γn)||x − y||, (1.2)

for all x, y ∈ K, for all n ≥ 1. The class of asymptotically nonexpansive mappings
was introduced by Goebel and Kirk [3] as a generalization of the class of nonexpan-
sive mappings. They also proved existence of fixed point of such maps in uniformly
convex Banach space. Iterative methods for approximation of fixed points of as-
ymptotically nonexpansive mappings have been studied by many authors (see, for
example, [3–11], and the references therein). It not difficult to see that the class
of nonexpansive mappings is a subclass of asymptotically nonexpansive mappings.

A mapping T : K → K is said to be uniformly-L-Lipschitzian if there exists
L > 0 such that

||T nx − T ny|| ≤ L||x − y||, (1.3)

for all x, y ∈ K, for all n ≥ 1. We remark here immediately that the class
of asymptotically nonexpansive mappings is a subclass of uniformly Lipschitzian
mappings.

A mapping T : K → K is said to be asymptotically nonexpansive in the
intermediate sense if T is uniformly continuous and

lim sup
n→∞

sup
x,y∈K

{

||T nx − T ny|| − ||x − y||
}

≤ 0. (1.4)

Observe that if we define

σn := max
{

0, sup
x,y∈K

(||T nx − T ny|| − ||x − y||)
}

.

Then σn → 0, n → ∞ and (1.4) reduces to

||T nx − T ny|| ≤ ||x − y|| + σn, (1.5)

for all x, y ∈ K and for all n ≥ 1. The class of asymptotically nonexpansive map-
pings in the intermediate sense was introduced by Bruck, Kuczumow and Reich
[12]. Iterative methods for the approximation of such types of non-Lipschitzian
mappings have been studied in [12–14] and many others.

A mapping T : K → K is said to be an asymptotically λ-strict pseudocontrac-
tive mapping with sequence {γn}

∞
n=1 if there exists a constant λ ∈ [0, 1) and a

sequence {γn}
∞
n=1 ⊂ [0,∞) with lim γn = 0 such that

||T nx − T ny||2 ≤ (1 + γn)||x − y||2 + λ||x − T nx − (y − T ny)||2,

for all x, y ∈ K and n ≥ 1. This class of mappings has been studied by several
authors (see, for example, [15–18], and it includes the important class of asymp-
totically nonexpansive maps. It is well known ( see, for example, [15, 16]) that if
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T is an asymptotically λ-strict pseudocontractive mapping, then T is uniformly
L- Lipschitzian.

A mapping T : K → K is said to be an asymptotically λ-strict pseudocon-
tractive mapping in the intermediate sense with sequence {γn}

∞
n=1 if there exist a

constant λ ∈ [0, 1) and a sequence {γn}
∞
n=1 ⊂ [0,∞) with lim γn = 0 such that

lim sup
n→∞

sup
x,y∈K

{

||T nx − T ny||2 − (1 + γn)||x − y||2 − λ||x − T nx − (y − T ny)||2
}

≤ 0.

If we set

cn := max
{

0, sup
x,y∈K

(

||T nx−T ny||2−(1+γn)||x−y||2−λ||x−T nx−(y−T ny)||2
)

}

,

then cn ≥ 0 ∀ n ≥ 1, cn → 0, as n → ∞ and the last inequality reduces to

||T nx − T ny||2 ≤ (1 + γn)||x − y||2 + λ||x − T nx − (y − T ny)||2 + cn

for all x, y ∈ K and n ≥ 1. We remark here immediately that the class of as-
ymptotically λ-strict pseudocontractive mappings is a subclass of asymptotically
λ-strict pseudocontractive mappings in the intermediate sense. The class of as-
ymptotically λ-strict pseudocontractive mappings in the intermediate sense was
recently introduced by Sahu et al. [19] in a real Hilbert space. They showed with
example that an asymptotically λ-strict pseudocontractive mapping in the inter-
mediate sense is not necessary uniformly L-Lipschitzian and proved the following
strong convergence theorem.

Theorem 1.1 (Sahu et al. [19]). Let K be a nonempty closed convex subset of a
real Hilbert space H and T : K → K a uniformly continuous asymptotically λ−
strict pseudocontractive mapping in the intermediate sense with sequence {γn}

∞
n=1

such that F (T ) is nonempty and bounded. Let {αn} be a sequence in [0, 1] such
that 0 < δ ≤ αn ≤ 1−λ for all n ≥ 1. Let {xn}

∞
n=1 be the sequence in C generated

by the following algorithm.






























u = x1 ∈ C chosen arbitrary,

yn = (1 − αn)xn + αnT nxn, n ≥ 1

Cn =
{

z ∈ C : ||yn − z||2 ≤ ||xn − z||2 + θn

}

Qn =
{

z ∈ C : 〈xn − z, u − xn〉 ≥ 0
}

xn+1 = PCn∩Qn
u, n ≥ 1,

(1.6)

where θn = cn + γn∆n, ∆n = sup{||xn − p||2 : p ∈ F (T )} < ∞. Then {xn}
∞
n=1

converges strongly to PF (T )u.

Motivated by the results of Sahu et al. [19], we introduce two hybrid iteration
schemes for approximating a common fixed point of a countable infinite family of
asymptotically λ−strict pseudocontractive mappings in the intermediate sense in
a real Hilbert space. Consequently, we show that our iterative schemes converge
strongly to a common fixed point of a countable infinite family of asymptotically
λ−strict pseudocontractive mappings in the intermediate sense.
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2 Preliminaries

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm || · || and let
K be a nonempty closed convex subset of H . The strong convergence of {xn}

∞
n=1

to x is written xn → x as n → ∞.

For any point u ∈ H , there exists a unique point PKu ∈ K such that

||u − PKu|| ≤ ||u − y||, ∀y ∈ K. (2.1)

PK is called the metric projection of H onto K. We know that PK is a nonex-
pansive mapping of H onto K. It is also known that PK satisfies

〈x − y, PKx − PKy〉 ≥ ||PKx − PKy||2, (2.2)

for all x, y ∈ H. Furthermore, PKx is characterized by the properties PKx ∈ K

and

〈x − PKx, PKx − y〉 ≥ 0, (2.3)

for all y ∈ K and

||x − PKx||2 ≤ ||x − y||2 − ||y − PKx||2, ∀x ∈ H, y ∈ K. (2.4)

Lemma 2.1 (Sahu et al. [19]). Let K be a nonempty subset of a real Hilbert space
H and T : K → K be a uniformly continuous asymptotically λ-strict pseudocon-
tractive mapping in the intermediate sense with sequence {γn}

∞
n=1. Let {xn}

∞
n=1

be a sequence in K such that ||xn −xn+1|| → 0 and ||xn −T nxn|| → 0, as n → ∞.
Then ||xn − Txn|| → 0, as n → ∞.

Lemma 2.2. Let H be a real Hilbert space, and K a nonempty closed convex
subset of H. Then

(i) ||x − y||2 = ||x||2 − ||y||2 − 2〈x − y, y〉 ∀ x, y ∈ H.

(ii) ||tx+(1−t)y||2 = t||x||2 +(1−t)||y||2−t(1−t)||x−y||2, ∀x, y ∈ H and ∀t ∈
[0, 1].

(iii) For all x, y, z ∈ H and a real number a ∈ R, the set
{v ∈ K : ||y − v||2 ≤ ||x − v||2 + 〈z, v〉 + a} is closed and convex.

(iv) If T : K → K uniformly continuous asymptotically λ−strict pseudocontrac-
tive mapping in the intermediate sense. Then, F (T ) := {x ∈ C : Tx = x}
is closed and convex.

(i) and (ii) are very well known results, (iii) is proved in [10] while (iv) is proved
in [19].
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3 Main Results

Theorem 3.1. Let K be a nonempty closed convex subset of a real Hilbert space
H. For each i = 1, 2, ..., let Ti : K → K be a uniformly continuous asymptotically
λi− strict pseudocontraction in the intermediate sense with sequence {γn,i}

∞
n=1 ⊂

[0,∞) such that limn→∞ γn,i = 0, (i = 1, 2, ...). Let F :=
⋂∞

i=1 F (Ti) be nonempty
and bounded. Let {yn,i}

∞
n=1, (i = 1, 2, ...) and {xn}

∞
n=1 be generated iteratively by















































x1 ∈ K,

yn,i = (1 − αn,i)xn + αn,iT
n
i xn, n ≥ 1

Cn,i =
{

z ∈ K : ||yn,i − z||2 ≤ ||xn − z||2 + θn,i

}

Cn =
∞
∩

i=1
Cn,i

Q1 = K

Qn = {z ∈ Qn−1 : 〈z − xn, x1 − xn〉 ≤ 0}, n ≥ 2
xn+1 = PCn∩Qn

x1, n ≥ 1,

(3.1)

where θn,i = cn,i + γn,i∆n, where ∆n := sup{||xn − p||2 : p ∈ F} < ∞. Assume
that {αn,i}

∞
n=1 ⊂ [0, 1), (i = 1, 2, ...) and 0 < δi ≤ αn,i ≤ 1 − λi < 1. Then

{xn}
∞
n=1 converges strongly to PF x0.

Proof. We split the proof into seven steps for convenience.
Step 1. We show that PF x0 is well defined. By Lemma 2.2 (iv), we know

that F (Ti) is closed convex for each i = 1, 2, .... Hence, F =
⋂∞

i=1 F (Ti) is closed
and convex so that PF x0 is well defined.

Step 2. We show that both Cn and Qn are both closed and convex. Observe
that Lemma 2.2 (iii) implies that Cn is closed and convex. Also, Qn is closed and
convex from its definition in (3.1).

Step 3. We show that F ⊂ Cn ∩Qn. We first show that F ⊂ Cn. Let x∗ ∈ F

be arbitrary. For n ≥ 1, then, from (3.1) we have

||yn,i − x∗||2 = ||(1 − αn,i)(xn − x∗) + αn,i(T
n
i xn − x∗)||2

= (1 − αn,i)||xn − x∗||2 + αn,i||T
n
i xn − x∗||2 − αn,i(1 − αn,i)||xn − T n

i xn||
2

≤ (1 − αn,i)||xn − x∗||2 + αn,i[(1 + γn,i)||xn − x∗||2 + λi||xn − T n
i xn||

2 + cn,i]

− αn,i(1 − αn,i)||xn − T n
i xn||

2

≤ ||xn − x∗||2 + γn,i||xn − x∗||2 − αn,i((1 − αn,i) − λi)||xn − T n
i xn||

2 + cn,i

≤ ||xn − x∗||2 + θn,i.

which shows that x∗ ∈ Cn,i, ∀n ≥ 1, ∀i = 1, 2, .... Thus, F ⊂ Cn,i, ∀n ≥ 1, ∀i =
1, 2, .... Hence, it follows that F ⊂ Cn, ∀n ≥ 1. Next, we show that F ⊂ Qn

for all n ≥ 1. Observe that for n = 1, Q1 = K so that F ⊂ Q1. Assume now
that F ⊂ Qm, we show that F ⊂ Qm+1. Since xm+1 is the projection of x1 onto
Cm ∩ Qm, it follows from (2.3) that

〈xm+1 − z, x1 − xm+1〉 ≥ 0, ∀z ∈ Cm ∩ Qm.
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Since F ⊂ Cm ∩ Qm, we have

〈xm+1 − p, x1 − xm+1〉 ≥ 0, ∀p ∈ F.

Thus F ⊂ Qm+1, and by induction we have F ⊂ Qn, ∀n ≥ 1. Therefore, F ⊂
Cn ∩ Qn.

Step 4. We show that limn→∞ ||xn − x1|| exists. Since the definition of Qn

implies that xn = PQn
x1, we have

||x1 − PQn
x1|| ≤ ||x1 − y||, ∀y ∈ Qn.

Thus
||xn − x1|| ≤ ||x1 − y||, ∀y ∈ Qn.

Since F ⊂ Qn, we have

||xn − x1|| ≤ ||x1 − p||, ∀p ∈ F,

and in particular
||xn − x1|| ≤ ||x1 − q||, q = PF x1.

Since xn+1 ∈ Qn, we have 〈xn+1 − xn, xn − x1〉 ≥ 0 and using Lemma 2.2 (i), we
obtain

||xn+1 − xn||
2 = ||(xn+1 − x1) − (xn − x1)||

2

= ||xn+1 − x1||
2 − ||xn − x1||

2 − 2〈xn+1 − xn, xn − x1〉

≤ ||xn+1 − x1||
2 − ||xn − x1||

2.

Thus
||xn − x1|| ≤ ||xn+1 − x1||.

Since {||xn − x1||}
∞
n=1 is also bounded, we have that limn→∞ ||xn − x1|| exists.

Furthermore, {xn}
∞
n=1 is bounded, and so also are {T n

i xn}
∞
n=1 and {yn,i}

∞
n=1, i =

1, 2, ....
Step 5. We show that xn → z ∈ K. For m > n ≥ 1, from the definition of

Qn, we have that xm = PQm
x1 ∈ Qm ⊂ Qn. By (2.4), we obtain

||xm − xn||
2 ≤ ||xn − x1||

2 − ||xm − x1||
2. (3.2)

Letting m, n → ∞ and taking the limit in (3.2), we have ||xm − xn|| → 0, m, n →
∞, which shows that {xn}

∞
n=1 is Cauchy. In particular, limn→∞ ||xn+1 −xn|| = 0.

Since {xn}
∞
n=1 is Cauchy, there exists z ∈ K such that xn → z, n → ∞.

Step 6. We show that limn→∞ ||xn − Tixn|| = 0. Since xn+1 ∈ Cn, then

||yn,i − xn+1||
2 ≤ ||xn − xn+1||

2 + θn,i. (3.3)

But yn,i = (1 − αn,i)xn + αn,iT
n
i xn implies that

||yn,i − xn+1||
2 = (1 − αn,i)||xn − xn+1||

2 + αn,i||T
n
i xn − xn+1||

2

−αn,i(1 − αn,i)||xn − T n
i xn||

2. (3.4)
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Putting (3.4) into (3.3), we have

αn,i||T
n
i xn − xn+1||

2 ≤ αn,i(1 − αn,i)||xn − T n
i xn||

2 + ||xn − xn+1||
2 + θn,i.

Thus,

||T n
i xn − xn+1||

2 ≤ (1 − αn,i)||xn − T n
i xn||

2 +
1

αn,i

||xn − xn+1||
2 +

1

αn,i

θn,i

≤ (1 − αn,i)||xn − T n
i xn||

2 +
1

δi

||xn − xn+1||
2 +

1

δi

θn,i.(3.5)

But

||T n
i xn − xn+1||

2 = ||xn+1 − xn||
2 + 2〈xn+1 − xn, xn − T n

i xn〉

+||xn − T n
i xn||

2. (3.6)

Putting (3.6) into (3.5), after some manipulations, we have

δi||xn − T n
i xn||

2 ≤ αn,i||xn − T n
i xn||

2

≤
1

δi

||xn − xn+1||
2 − 2〈xn+1 − xn, xn − T n

i xn〉 +
1

δi

θn,i

≤
1

δi

||xn − xn+1||
2 + 2||xn+1 − xn||||xn − T n

i xn|| +
1

δi

θn,i.

Hence, limn→∞ ||xn − T n
i xn|| = 0, i = 1, 2, ... (noting that limn→∞ θn,i = 0).

Thus by Lemma 2.1, we have ||xn − Tixn|| → 0, n → ∞. Furthermore, by
limn→∞ ||xn − z|| = 0, limn→∞ ||xn − Tixn|| = 0 and uniform continuity of Ti for
each i = 1, 2, ..., we have that z ∈

⋂∞

i=1 F (Ti).
Step 7. We show that z = PF x1. Noting that F ⊂ Qn, we have that

〈x1 − xn, y − xn〉 ≤ 0,

for all y ∈ F . Since limn→∞ ||xn − z|| = 0, we obtain from the above inequality
that

〈x1 − z, y − z〉 ≤ 0,

for all y ∈ F . By (2.3), we conclude that z = PF x1. This completes the proof.

Corollary 3.1. Let K be a nonempty closed convex subset of a real Hilbert space
H. For each i = 1, 2, ..., let Ti : K → K be an asymptotically nonexpansive map-
ping with sequence {γn,i}

∞
n=1 ⊂ [0,∞), (i = 1, 2, ...) such that limn→∞ γn,i = 0, (i =

1, 2, ...). Let F :=
⋂∞

i=1 F (Ti) be nonempty and bounded. Let {yn,i}
∞
n=1, (i =

1, 2, ...) and {xn}
∞
n=1 be generated iteratively by















































x1 ∈ K,

yn,i = (1 − αn,i)xn + αn,iT
n
i xn, n ≥ 1

Cn,i =
{

z ∈ K : ||yn,i − z||2 ≤ ||xn − z||2 + θn,i

}

Cn =
∞
∩

i=1
Cn,i

Q1 = K

Qn = {z ∈ Qn−1 : 〈z − xn, x1 − xn〉 ≤ 0}, n ≥ 2
xn+1 = PCn∩Qn

x1, n ≥ 1,

(3.7)
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where θn,i = γn,i∆n, where ∆n = sup{||xn − p||2 : p ∈ F} < ∞. Assume that
{αn,i}

∞
n=1 ⊂ [0, 1), (i = 1, 2, ...) and 0 < δi ≤ αn,i < 1. Then {xn}

∞
n=1 converges

strongly to PF (x1).

For our next result, we give a simpler iterative scheme for finding a common
fixed point of countable infinite family of uniformly continuous asymptotically λ−
strict pseudocontractive mappings in the intermediate sense. In particular, we
have the following theorem

Theorem 3.2. Let K be a nonempty closed convex subset of a real Hilbert space
H. For each i = 1, 2, ..., let Ti : K → K be a uniformly continuous asymptotically
λi− strict pseudocontraction in the intermediate sense with sequence {γn,i}

∞
n=1 ⊂

[0,∞) such that limn→∞ γn,i = 0, (i = 1, 2, ...). Let F :=
⋂∞

i=1 F (Ti) be nonempty
and bounded. Let {yn,i}

∞
n=1, (i = 1, 2, ...) and {xn}

∞
n=1 be generated iteratively by











































x1 ∈ K

C1,i = K, C1 =
∞
⋂

i=1

C1,i

yn,i = (1 − αn,i)xn + αn,iT
n
i xn, n ≥ 1

Cn+1,i = {z ∈ Cn,i : ||yn,i − z||2 ≤ ||xn − z||2 + θn,i}, n ≥ 1

Cn+1 =
∞
⋂

i=1

Cn+1,i

xn+1 = PCn+1
x1, n ≥ 1,

(3.8)

where θn,i := cn,i + γn,i∆n, where ∆n := sup{||xn −x∗||2 : x∗ ∈ F} < ∞. Assume
that {αn,i}

∞
n=1 ⊂ (0, 1), (i = 1, 2, ...) such that 0 < δi ≤ αn,i ≤ 1 − λi < 1. Then,

{xn}n≥1 converges strongly to PF (x1).

Proof. Let n = 1, then C1,i = K is closed convex for each i = 1, 2, .... Now assume
that Cn,i is closed convex for some n > 1. Then, from definition of Cn+1,i, we
know that Cn+1,i is closed convex for the same n > 1. Hence, Cn,i is closed convex
for n ≥ 1 and for each i = 1, 2, .... This implies that Cn is closed convex for n ≥ 1
and for each i = 1, 2, .... Furthermore, for n = 1, F ⊂ K = C1,i. For n ≥ 2, let
x∗ ∈ F . Then, from (3.8), we obtain

||yn,i − x∗||2 = ||(1 − αn,i)(xn − x∗) + αn,i(T
n
i xn − x∗)||2

= (1 − αn,i)||xn − x∗||2 + αn,i||(T
n
i xn − x∗)||2 − αn,i(1 − αn,i)||xn − T n

i xn||
2

≤ (1 − αn,i)||xn − x∗||2 + αn,i[(1 + γn,i)||xn − x∗||2 + λi||xn − T n
i xn||

2 + cn,i]

− αn,i(1 − αn,i)||xn − T n
i xn||

2

≤ ||xn − x∗||2 + γn,i||xn − x∗||2 − αn,i((1 − αn,i) − λi)||xn − T n
i xn||

2 + cn,i

≤ ||xn − x∗||2 + θn,i,

which shows that x∗ ∈ Cn,i, ∀n ≥ 2, ∀i = 1, 2, .... Thus, F ⊂ Cn,i, ∀n ≥ 1, ∀i =
1, 2, .... Hence, it follows that F ⊂ Cn, ∀n ≥ 1. Since xn+1 ∈ Cn+1 ⊂ Cn, ∀n ≥
1, xn = PCn

x1, ∀n ≥ 1, we have

||xn − x1|| ≤ ||xn+1 − x1||, ∀n ≥ 1. (3.9)
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Also, as F ⊂ Cn by (2.1), it follows that

||xn − x1|| ≤ ||z − x1||, z ∈ F, ∀n ≥ 1. (3.10)

From (3.9) and (3.10), we have that limn→∞ ||xn−x1|| exists and so {||xn−x1||}
∞
n=1

is bounded. Consequently, {xn}
∞
n=1, {T n

i xn}
∞
n=1 and {yn,i}

∞
n=1, i = 1, 2, ... are all

bounded. For m > n ≥ 1, we have that xm = PCm
x1 ∈ Cm ⊂ Cn. By (2.4), we

obtain

||xm − xn||
2 ≤ ||xn − x1||

2 − ||xm − x1||
2. (3.11)

Letting m, n → ∞ and taking the limit in (3.11), we have ||xm−xn|| → 0, m, n →
∞, which shows that {xn}

∞
n=1 is Cauchy. In particular, limn→∞ ||xn+1 −xn|| = 0.

Since {xn}
∞
n=1 is Cauchy, there exists z ∈ K such that xn → z, n → ∞.

By repeating the same arguments as in step 6 of the proof of Theorem 3.1, we
can show that limn→∞ ||xn−T n

i xn|| = 0, i = 1, 2, .... Consequently, by Lemma 2.1,
we have limn→∞ ||xn−Tixn|| = 0, i = 1, 2, .... Furthermore, by limn→∞ ||xn−z|| =
0, limn→∞ ||xn − Tixn|| = 0 and uniform continuity of Ti for each i = 1, 2, ... we
have that z ∈

⋂∞

i=1 F (Ti). Noting that F ⊂ Qn, we have that

〈x1 − xn, y − xn〉 ≤ 0,

for all y ∈ F . Since limn→∞ ||xn − z|| = 0, we obtain from the above inequality
that

〈x1 − z, y − z〉 ≤ 0,

for all y ∈ F . By (2.3), we conclude that z = PF x1. This completes the proof.

Corollary 3.3. Let K be a nonempty closed convex subset of a real Hilbert space
H. For each i = 1, 2, ..., let Ti : K → K be an asymptotically nonexpansive
mapping with sequence {γn,i}

∞
n=1 ⊂ [0,∞) such that limn→∞ γn,i = 0, (i = 1, 2, ...).

Let F :=
⋂∞

i=1 F (Ti) be nonempty and bounded. Let {yn,i}
∞
n=1, (i = 1, 2, ...) and

{xn}
∞
n=1 be generated iteratively by



































C1,i = K, C1 =
∞
⋂

i=1

C1,i

yn,i = (1 − αn,i)xn + αn,iT
n
i xn, n ≥ 1

Cn+1,i = {z ∈ Cn,i : ||yn,i − z||2 ≤ ||xn − z||2 + θn,i}

Cn+1 =
∞
⋂

i=1

Cn+1,i

xn+1 = PCn+1
x1, n ≥ 1,

(3.12)

where θn,i := γn,i∆n,where ∆n = sup{||xn − x∗||2 : x∗ ∈ F} < ∞. Assume that
{αn,i}

∞
n=1 ⊂ (0, 1) (i = 1, 2, ...) such that 0 < δi ≤ αn,i < 1. Then, {xn}

∞
n=1

converges strongly to PF (x1).
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