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1 Introduction

Let K be a nonempty, closed convex subset of a real Hilbert space H. A
mapping T : K — K is said to be nonexpansive if

[Te — Ty|| < [z — yll, (1.1)
for all z,y € K. Many authors have worked extensively on the approximation of

fixed points of nonexpansive mappings. For example, the reader can consult the
recent monographs of Berinde [1] and Chidume [2].
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A mapping T : K — K is said to be asymptotically nonexpansive if there exists
a sequence {7, }°2 ; with limy, = 0 such that

IT"x =T y|| < (1 4 vn)llz —yll, (1.2)

for all z,y € K, for all n > 1. The class of asymptotically nonexpansive mappings
was introduced by Goebel and Kirk [3] as a generalization of the class of nonexpan-
sive mappings. They also proved existence of fixed point of such maps in uniformly
convex Banach space. Iterative methods for approximation of fixed points of as-
ymptotically nonexpansive mappings have been studied by many authors (see, for
example, [3-11], and the references therein). It not difficult to see that the class
of nonexpansive mappings is a subclass of asymptotically nonexpansive mappings.

A mapping T : K — K is said to be uniformly-L-Lipschitzian if there exists
L > 0 such that

1"z =Tyl < Ll|z — yl], (1.3)

for all z,y € K, for all n > 1. We remark here immediately that the class
of asymptotically nonexpansive mappings is a subclass of uniformly Lipschitzian
mappings.

A mapping T : K — K is said to be asymptotically nonexpansive in the
intermediate sense if T is uniformly continuous and

limsup sup {||T"3:—T"y|| - ||3:—y||} <0. (1.4)

n—oo z,yeK
Observe that if we define

Op = mMax {O, sup (|[T"x —T"y|| — ||z — y||)}
z,yeK

Then 0, — 0, n — oo and (1.4) reduces to
Tz =Tyl < |z =yl + on, (1.5)

for all z,y € K and for all n > 1. The class of asymptotically nonexpansive map-
pings in the intermediate sense was introduced by Bruck, Kuczumow and Reich
[12]. Tterative methods for the approximation of such types of non-Lipschitzian
mappings have been studied in [12-14] and many others.

A mapping T : K — K is said to be an asymptotically A-strict pseudocontrac-
tive mapping with sequence {v,}52 if there exists a constant A € [0,1) and a
sequence {7V, 152, C [0,00) with lim~, = 0 such that

1Tz = Ty|1* < (14 )lle = y|[* + A[e = T = (y = T"y)||%,

for all z,y € K and n > 1. This class of mappings has been studied by several
authors (see, for example, [15-18], and it includes the important class of asymp-
totically nonexpansive maps. It is well known ( see, for example, [15, 16]) that if
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T is an asymptotically A-strict pseudocontractive mapping, then 7' is uniformly
L- Lipschitzian.

A mapping T : K — K is said to be an asymptotically \-strict pseudocon-
tractive mapping in the intermediate sense with sequence {7, }>2 ; if there exist a
constant A € [0,1) and a sequence {7v,}22; C [0,00) with lim~,, = 0 such that

limsup sup {IIT"w —T™y|? = 1+ )|z —yl? = Mz =Tz — (y —T"y)ll2} <0.

n—oo z,yecK

If we set

ni=max {0, sup (T2 —T"y|P~(ty)lle—ylP ~Allae—T"a—(=T")|*) }
x,ye

thenc, >0 V n>1,¢, — 0, as n — oo and the last inequality reduces to
1Tz — T y||* < (1 +y0)lle =yl + Alle = T"x — (y = T"y)|]* + cn

for all ,y € K and n > 1. We remark here immediately that the class of as-
ymptotically A-strict pseudocontractive mappings is a subclass of asymptotically
A-strict pseudocontractive mappings in the intermediate sense. The class of as-
ymptotically A-strict pseudocontractive mappings in the intermediate sense was
recently introduced by Sahu et al. [19] in a real Hilbert space. They showed with
example that an asymptotically A-strict pseudocontractive mapping in the inter-
mediate sense is not necessary uniformly L-Lipschitzian and proved the following
strong convergence theorem.

Theorem 1.1 (Sahu et al. [19]). Let K be a nonempty closed convex subset of a
real Hilbert space H and T : K — K a uniformly continuous asymptotically \—
strict pseudocontractive mapping in the intermediate sense with sequence {7y, }°2
such that F(T) is nonempty and bounded. Let {a,} be a sequence in [0,1] such
that 0 < 6 < ap < 1=\ for alln > 1. Let {xn}52 be the sequence in C generated
by the following algorithm.

u=ux1 € C chosen arbitrary,
Yn = (1 — an)Tn + anT"x,, n>1

Co={2€C: llyn— 212 < l[zn — 21> + 0 } (1.6)

Qn = zEC’:(azn—z,u—xn>ZO}
Tn+1 = Po,ng.u, n>1,

where 0, = ¢p + WAn, Ay = sup{||zn, —pl||> : p € F(T)} < co. Then {x,}5,
converges strongly to Prmyu.

Motivated by the results of Sahu et al. [19], we introduce two hybrid iteration
schemes for approzimating a common fixed point of a countable infinite family of
asymptotically A—strict pseudocontractive mappings in the intermediate sense in
a real Hilbert space. Consequently, we show that our iterative schemes converge
strongly to a common fixed point of a countable infinite family of asymptotically
A—strict pseudocontractive mappings in the intermediate sense.
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2 Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - || and let
K be a nonempty closed convex subset of H. The strong convergence of {z,}°,
to x is written z,, — x as n — oo.

For any point v € H, there exists a unique point Pxu € K such that

|lu = Preul| < lu—yll, VyeK. (2.1)

Py is called the metric projection of H onto K. We know that Py is a nonex-
pansive mapping of H onto K. It is also known that Py satisfies

(x —y, Pkx — Pxy) > ||Pxx — PKy||2, (2.2)

for all z,y € H. Furthermore, Pk« is characterized by the properties Pxz € K
and

(r — Pz, PRx —y) >0, (2.3)
for all y € K and
le — Pcal® < [lo —ylI* — ly — Pxal|?, VoeH, yeK. (2.4)

Lemma 2.1 (Sahu et al. [19]). Let K be a nonempty subset of a real Hilbert space
H and T : K — K be a uniformly continuous asymptotically \-strict pseudocon-
tractive mapping in the intermediate sense with sequence {vn}5% . Let {x,}22
be a sequence in K such that ||z, — pt1]| — 0 and ||z, —T"xy,|| — 0, as n — co.
Then ||z, — Txy|| — 0, as n — oo.

Lemma 2.2. Let H be a real Hilbert space, and K a monempty closed convex
subset of H. Then

(i) llz = ylI* = [l2l|* = llyl]* = 2(z —y,y) Vz,y € H.

(ii) |[tz+(1=t)yl[* = t|Jz|]>+ 1 =)[ly|]* =t = )|z —y||*, Yo,y € H and Vt €
[0,1].

(iii) For all xz,y,z € H and a real number a € R, the set
{ve K :|ly—v||*> <|lz—v||*> + (z,v) + a} is closed and convez.

(i) If T : K — K uniformly continuous asymptotically \— strict pseudocontrac-
tive mapping in the intermediate sense. Then, F(T) :={z € C : Tx = x}
is closed and convex.

(i) and (i) are very well known results, (iii) is proved in [10] while (iv) is proved
in [19].
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3 Main Results

Theorem 3.1. Let K be a nonempty closed convex subset of a real Hilbert space
H. For eachi=1,2,..., let T; : K — K be a uniformly continuous asymptotically
Ai— strict pseudocontraction in the intermediate sense with sequence {Vni}o2 1 C
[0, 00) such that limy, oo Yn; =0, (i =1,2,...). Let F:= (=, F(T}) be nonempty
and bounded. Let {yni}o>q, (1 =1,2,...) and {x,}>2, be generated iteratively by

xr1 € K,
Yn,i = (1 - an,i)xn + an,iTinxn; n = 1

Cui = {2 € Kt lyn,i = 2II% < [lon — 2|12 + i}
Cn = 0 Cns (3.1)
Q1=K

Qn=1{2€Qn1:(z—2zp, 21 —x,) <0}, n>2
Tn+1 = PCnﬁanla n > 17

where 0, ; = Cpi + Yn,iln, where A, := sup{||z, — p||> : p € F} < 0o. Assume
that {152, € [0,1), (i =1,2,...) and 0 < 0; < apy < 1— X < 1. Then
{zn}5, converges strongly to Prxg.

Proof. We split the proof into seven steps for convenience.

Step 1. We show that Ppzg is well defined. By Lemma 2.2 (iv), we know
that F(T;) is closed convex for each ¢ = 1,2,.... Hence, F = (2, F(T;) is closed
and convex so that Ppxg is well defined.

Step 2. We show that both C),, and @, are both closed and convex. Observe
that Lemma 2.2 (iii) implies that C), is closed and convex. Also, @, is closed and
convex from its definition in (3.1).

Step 3. We show that F' C C), NQ,,. We first show that FF C C,,. Let z* € F
be arbitrary. For n > 1, then, from (3.1) we have

lyn.i = 21" = 11 = ama)(@n — &%) + i (T} wp — 27|

(1= ani)llen — 2| + anill T ey — 2|7 = an,i(1 = ani)llen — T}z,

< (1= an)llen — $*||2 + i [(1+ yn,i)l[2n — $*||2 + Ailzn — Tz‘nan2 + Cnil
= ani(1—ang)l|lzn — Tinxn”Q

< lzn = 517*||2 + Yn,illTn — 33*”2 = ani (1 —ani) = N)|[zn — Tz‘nanQ +Cnyi
<z _$*||2+9n,i'

which shows that z* € Cy,;, Vn > 1, Vi =1,2,.... Thus, F C Cp;, Vn > 1, Vi =
1,2,.... Hence, it follows that F' C C,, Vn > 1. Next, we show that FF C @,
for all n > 1. Observe that for n = 1, Q1 = K so that F' C Q1. Assume now
that F' C Q,,, we show that F' C Q,41. Since x,,4+1 is the projection of x; onto
Cn N Qy, it follows from (2.3) that

(Tmt1 — 2,21 — Tg1) > 0, V2 € Cpy N Q-
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Since F C Cp, N Qup, We have
(41 — P, X1 — Tmy1) > 0, Vp € F.

Thus F' C Qm+1, and by induction we have F' C @Q,, Vn > 1. Therefore, F' C
Cn N Q.

Step 4. We show that lim,, . ||z, — 21]| exists. Since the definition of @,
implies that x,, = Pg, 1, we have

llz1 = Po, x|l < [lzr — yll, Yy € Qn.
Thus
lzn — 21| < o1 —yll, Vy € Qn.
Since F' C @, we have
lzn — 21|| < [ley —pl], VP € F,
and in particular
ln — z1]] < |l21 — qll, ¢ = Py

Since z,4+1 € Qn, we have (X411 — Tpn, T — 1) > 0 and using Lemma 2.2 (i), we
obtain

lzntr —zall® = [(@nsr —21) = (20 — 21)|?

[Tp41 — x1||2 — |7 — x1||2 = 2(Tpy1 — Tp, Ty — T1)

e+t — 21l = llzn — 21|

IN

Thus
lzn — 21| < {l#npr — aa]l-
Since {||z, — z1||}52; is also bounded, we have that lim, o ||z, — 21]| exists.
Furthermore, {z,,}5%; is bounded, and so also are {T7"x,}22; and {yn,:}°2, i =
1,2, ...
Step 5. We show that z,, — z € K. For m > n > 1, from the definition of
Qn, we have that z,, = Py, 21 € Qm C Qn. By (2.4), we obtain

lem = @nll* < llon — 21]* = [lom — 1|, (3.2)

Letting m,n — oo and taking the limit in (3.2), we have ||z, — zy|| — 0, m,n —
00, which shows that {z,,}52; is Cauchy. In particular, lim, . ||Zn+1 — Zn|| = 0.
Since {z,}52 ; is Cauchy, there exists z € K such that z,, — z, n — cc.

Step 6. We show that lim,, . ||z, — Tiz,|| = 0. Since zp,41 € Cp, then

[Yn,i — $n+1||2 < o — xn+l||2 + Oni- (3.3)
But yni = (1 — ani)zn + an T, implies that

||ynz - $n+1||2 = (1- an,i)”xn - $n+1||2 + O‘n,i”TinfEn - $n+1||2
=i (1 = anq)||Tn — Tinxn||2. (3.4)
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Putting (3.4) into (3.3), we have
| | T} — Zppa|[® < n,i(1 = ami)l[an — TP wn|® + lJen — znia || + Oni-

Thus,

1
[Tz — $n+1||2 < (1- an,i)HIn - Tz‘nInH2 + |20 — $n+1||2 + On,i
Qn g n,t
n 2 1 2 1
< (1- O‘n,i)Hxn =Tz |” + 5_||$n — Tpy1l|” + gen,i-(3'5)
1 1
But
[T 2 — $n+1||2 = lznt1 — $n||2 + 2(Tpt1 — T, Tn — T wp)

= T (3.6)

Putting (3.6) into (3.5), after some manipulations, we have

dillwn — Tz‘nanQ < angllen — Tin$n||2
1 1
S 6_||$n - $n+1||2 - 2<$n+1 — Tn,Tn — ﬂnxn> + 5_971,1
i i
1 9 n 1
< lwn = gl |® + 2l[ns 1 — wullllzn — T w0 + =0
Hence, lim,— ||z, — T/*z,|| = 0, @ = 1,2,... (noting that lim, .o 0,,; = 0).
Thus by Lemma 2.1, we have ||z, — T;z,|| — 0, n — oo. Furthermore, by
lim, o0 ||Zn — 2|| =0, limy oo ||2n — Ti2zn|| = 0 and uniform continuity of 7; for

each i = 1,2,..., we have that z € (o, F(T}).
Step 7. We show that z = Ppx;. Noting that F' C @, we have that

<I1 _xnvy_$n> <0,

for all y € F. Since lim,_, ||z, — 2|| = 0, we obtain from the above inequality
that

<JI1 _Zay_z> < 07
for all y € F. By (2.3), we conclude that z = Ppzy. This completes the proof. [

Corollary 3.1. Let K be a nonempty closed convex subset of a real Hilbert space
H. For each i1 =1,2,..., let T; : K — K be an asymptotically nonexpansive map-
ping with sequence {vy; 152, C [0,00), (i = 1,2,...) such that lim, oo Yn,; = 0, (i =
1,2,..). Let F := ;2 F(T;) be nonempty and bounded. Let {y,;}>>,, (i =
1,2,...) and {x,}22, be generated iteratively by

r1 € K,

Yn,i = (1 — ani)Tn + i I n, n>1

Cui = {2 € Kt lyni — 2II% < [[on — 2|12 + 60}
C, = .acnvi (3.7)
Q1=K

Qn:{ZGanll<Z—$n,$1—fﬂn>§0}, n22
Tnt1 = Po,ng,r1, n>1,
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where 0,,; = Vi, where A, = sup{||z, —p||> : p € F} < co. Assume that
{ani}52, C10,1),(i =1,2,...) and 0 < §; < apy < 1. Then {2,152, converges
strongly to Pp(x1).

For our next result, we give a simpler iterative scheme for finding a common
fixed point of countable infinite family of uniformly continuous asymptotically A—
strict pseudocontractive mappings in the intermediate sense. In particular, we
have the following theorem

Theorem 3.2. Let K be a nonempty closed convex subset of a real Hilbert space
H. For eachi=1,2,..., let T; : K — K be a uniformly continuous asymptotically
Ai— strict pseudocontraction in the intermediate sense with sequence {Vn}o2 1 C
[0,00) such that limy, oo Yni =0, (i = 1,2,...). Let F:= (.2, F(T;) be nonempty
and bounded. Let {yn,i},, (1=1,2,...) and {x,}2, be generated iteratively by

r1 € K
Ci,=K, Ci=()Ci;
i=1

Yn,i = (1 - an,i)fbn + Oén,iTinfEna n>1

Cnt1i = {2 € Cpi t |lyn,i — 2[1> < lan — 2|7 + 05}, n>1
oo

Cn+1 - m Cn+1,i

i=1
x’ﬂ-‘rl :Pcn+1xl7 nZ]"?

(3.8)

where O, = ¢ i+ Vn,iln, where A, := sup{||z, —z*||*> : 2* € F} < co. Assume
that {an,:}52; C (0,1), (i =1,2,...) such that 0 < 0; < ay; < 1—XA; < 1. Then,
{Zn}n>1 converges strongly to Pp(x1).

Proof. Let n =1, then C ; = K is closed convex for each i = 1,2, .... Now assume
that C),; is closed convex for some n > 1. Then, from definition of Cj 41 ;, we
know that C,41, is closed convex for the same n > 1. Hence, C), ; is closed convex
for n > 1 and for each ¢ = 1,2, .... This implies that C,, is closed convex for n > 1
and for each i = 1,2,.... Furthermore, forn =1, F C K = Cy,;. For n > 2, let
x* € F. Then, from (3.8), we obtain

1yn.i = 2*[1* = (1 = ani) (@n — &%) + o i (w0 — ")

= (1- O‘n,i)Hxn - $*||2 + an,iH(Tz‘nxn - x*)”Q - O‘n,i(l - an,i)”xn - Tinxn”Q

< (= an)llzn — $*||2 + i [(1+ ni) |20 — $*||2 + il [zn — CZ—‘in;Cn”2 + il
= ani(1—ani)llzn — Tz‘nxn”2

< lzn = 33*”2 + n,illTn — 33*”2 = ani (1 —ang) — Ao)l[on — Tz‘nInHQ +Cnyi
< lwen — 2|2 + O

which shows that z* € C),;, Vn > 2, Vi =1,2,.... Thus, F C Cy;, Vn > 1, Vi =
1,2,.... Hence, it follows that F* C C,, Vn > 1. Since z,11 € Cr41 C Cp, Yn >
1, xn = P, x1, Yn > 1, we have

2 —@1]] < lenss —2all, ¥n> 1. (3.9)
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Also, as F' C C), by (2.1), it follows that
lzn — 21|l < ||z — 21|, z2€ F, ¥n>1. (3.10)

From (3.9) and (3.10), we have that lim,, ., ||z, —x1]| exists and so {||x,—21][}52,
is bounded. Consequently, {x,}52, {T7"2, 22, and {yn}52q, 1 =1,2,... are all
bounded. For m > n > 1, we have that x,,, = Pc, 21 € Cp,, C Cp,. By (2.4), we
obtain

2 = @l < Nl — o1l = am — 211 (3.11)

Letting m,n — oo and taking the limit in (3.11), we have ||z, —2,|| — 0, m,n —
00, which shows that {z,}52; is Cauchy. In particular, lim, . ||Zn+1 — Zn|| = 0.
Since {z,}72 is Cauchy, there exists z € K such that =, — z, n — cc.

By repeating the same arguments as in step 6 of the proof of Theorem 3.1, we

can show that lim,, .« ||z, =Tz, || = 0, ¢ = 1,2, .... Consequently, by Lemma 2.1,
we have lim, oo ||2n—Tizn|| = 0, i = 1,2, .... Furthermore, by lim,,_,« ||z, —2|| =
0, lim,— oo ||xn — Tixn|| = 0 and uniform continuity of T; for each i = 1,2,... we

have that z € (2, F(T;). Noting that F C @, we have that
(@1 = Tn,y —xp) <0,

for all y € F. Since lim,_, ||z, — z|| = 0, we obtain from the above inequality
that

<JI1 —Z,y_Z> S 07

for all y € F. By (2.3), we conclude that z = Ppz;. This completes the proof. [
Corollary 3.3. Let K be a nonempty closed convex subset of a real Hilbert space
H. For each i = 1,2,..., let T; : K — K be an asymptotically nonexpansive
mapping with sequence {7V ; 152, C [0,00) such that lim,—c yn: =0, (i = 1,2, ...).
Let F := (.2, F(T;) be nonempty and bounded. Let {y,;}5>, (i =1,2,...) and
{zn}5°, be generated iteratively by
Cri=K, Ci=()Cu

i=1

Yni = (1 —ani)en + o i Tl xn, n>1

Cnt1,i = {z € Cn, ||yn,l - Z||2 <|lzn — Z||2 + en,i} (3.12)
Crt1 =) Cnt1,i
i=1

Tn+1 = Pe, 21, n>1,

where 0,,; = Yn.iAn,where A, = sup{||z, — 2*||* : 2* € F} < co. Assume that
{an,i}o2, € (0,1) (i = 1,2,...) such that 0 < §; < an; < 1. Then, {x,}32,
converges strongly to Pr(x1).
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