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1 Hermite polynomials of three variables

Hermite polynomials of three variable H, (z,y, z) is defined as follows:
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where H,(z,y) is Hermite polynomial of two variables [2]. The definition (1.1)
can also be written as
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where H,,(z) is the well-known Hermite polynomial of one variable [3].
The definition (1.2) is equivalent to the following explicit representation of

Hn(xayu Z):
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(1.3)
In terms of triple hypergeometric function, Hermite polynomials of three variables
can be written as

Hn('rvya Z)

_ﬂ+l::_._._: T
’ 2 2 » Ty [ 1 1 1
= (2zyz)" F® - -5
(1.4)

where for right hand side of (1.4), it may be recalled that the definition of a general
triple hypergeometric F() [x, y, z] (ref. Srivastava and Manocha [4, p. 428]) is
defined as :

(a) == (b) 5 (B) 5 (b") = (d) 5 (d) 5 (A7) ;
F(3) [X7 y, Z] = F(g) Xy, z
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where, for convenience
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where (a) abbreviates, the array of a parameters aj, ag, ..., aa, with similar

interpretations for (b), (b’), (b”), etc. The triple hypergeometric series in (1.5)
converges absolutely when

1+E+G+G"+H-A-B-B"—-C > 0
I1+E+G+G'+H -A-B-B -C" > 0 (1.7)
1+E+G +G"+H'"—A-B' —-B"-C" > 0
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where the equalities hold true for suitable constrained values of |z],|y| and |z|.

The paper contains generating functions, recurrence relations, Rodrigues for-
mula, relationship with Hermite polynomials of one variables, some special prop-
erties and expansion of Legendre polynomials in terms of Hermite polynomials of
two variables.

2 Generating function for H,(z,y, 2)

Some generating functions for Hermite polynomials of three variables H,, (z,y, z)
are as follows:
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3 Special Properties

In this section we obtain some special properties for Hermite polynomials of
three variables H,(z,y, z) as given below:
Consider the identity

eszztf(xzszryzzerzzzz)t2 _ eQz(yzt)f(yziE)zefothQefxzzzif2

or,
[e'e) H n] [n ] r-l—s 2r+2s, n—2s .n—2r tn
PR R S e
rl sl (n —2r — 2s)!
n=0 n=0r=0 s=0

Equating the coefficients of t”, we get
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Similarly, by considering different identities we obtain the following special prop-
erties for Hy(z,y, 2):

[2] [E_T] r4s n—2r, 2r+2s.n—2s
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(3.3)
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4 Recurrence Relations
The following recurrence relations hold for H,(z,y, 2):

82 Hy(z,y,2) =2nyz Hy,—1(x,y,2) —2n(n— 1)x(y2—|—22) Hy o(z,y,2) (4.1)
x

6_ Hn(I, Y, Z) =2nzz anl(xv Y, Z) _2n(n_ 1)y(22+172) ang(I, Y, Z) (42)

Y

82 Hy(z,y,2) = 2nxy Hy_1(z,y,2) —2n(n—1)z(z* +9%) H,_2(z, vy, 2) (4.3)
z

Hn('rvya Z) = 2Iyz anl('rvya Z) - 2(” - 1)($2y2 + y2Z2 + Z2$2) Hn72($,y, Z)

(4.4)
5 Relation Between H,(z,y,z) and H,(z)
We obtain the following relation between H,(x,y,z) and H,(x):
H,(z,y,2) = (2%y® + 9222 + 2% % H, ki . 5.1
(z,y,2) = (z7y" +y ) N (5.1)
Now
Hy(=2,y,2) = (=1)" Hn(z,y,2). (5.2)
For =0, (5.1) reduces to
Hy(0,y,2) = (y2)" Ha(0). (5:3)
And for y=0, (5.1) reduces to
H,(z,0,2) = (za)" H,(0). (5.4)
Also for z=0, (5.1) reduces to
Hy(2,y,0) = (zy)" Hn(0). (5:5)
But
Hn(0) = (=1)" 22" (3),, }
H2n+1 (O) = 0
(5.6)

So using (5.6) in (5.3), (5.4) and (5.5), we obtain

Hy, (0,9, 2) = (=1)"(2y2)™" (3),, }
H2n+1(07y5 Z) = 0
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and
Hop(2,0,2) = (—1)"(222)*" (%)n
H2n+1(xa 07 Z) =0
(5.8)
also
Hon(2,9,0) = (=1)"(229)*" (3),, }
H2n+l(x7y7 0) =0.
(5.9)
For x = y = 2=0, (5.1) reduces to
H,(0,0,0) = 0 = H,(0) (5.10)
which in the light of (5.6), gives
1
H2,(0,0.0) = (12 (5) = Han(0) (5.11)
Haps1(0,0,0) = 0 = Hapi1(0). (5.12)

Now

3
|3
|

(3] (3]
B (_1)r+sn! H’ﬂ—QT‘—QS(x) x2r+25yn—2szn—2r
Hn(@,y,2) = . = rl sl (n—2r — 2s)! ’ (5:13)

(=)

T

and H},(z) = L H,(z). If we denote [%Hn(a@,y,z)} weo DY %Hn(o,y,z), then

& Hy,(0,y,2) = 0 = Hj,(0)

(5.14)
%H2n+1(0,y72) = (_1)n(2yz)2n+l (%)n = HénJrl(O)
and
& Hay(,0,2) = 0 = Hj,(0)
(5.15)
ain2n+1 (.’II,O,Z) = (_1)n(2wz)2n+l (%)n = Hén—i—l(o)
also
(5.16)

%H%H-l (x,y,O) = (_1)n(2xy)2n+l (%)n = HénJrl(O)
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6 The Rodrigues Formula

The Rodrigue’s formula for H,(z,y, z) is given by the following relation:

222

Hy(2,y,2) = (—1)"(22y + y222 + 222%) 3 e PPt 27737

dm 224222
% e =2yZ+y22242222 (6.1)

n
d Yz
[02y2 +y222 4222
a formula of the same nature as Rodrigue’s formula for Hermite polynomial of one
variable H, ().

7 Expansion of Polynomials

Since
= H, t"
eZmyzt—(m2y2+y2z2+z2m2)t2 — § : n(ZC,y, Z)
n!
n=0

it follows that
oo H n
eZmyzt _ e(w2y2+y2z2+z2w2)t2 Z n(xvyu Z)t
= n!

or,

e o] [Z] 2 p] % 2p+2r 2p+2qz2q+2rtn

21:yzt 27
Z ZZ qZO TZO plglrl (n—2p—2q—2r)!

n=0 n=0 p=0

><Ii[n—2p—2q—2r (LC, Y, Z)

Equating coefficients of t", we get

2p+2r 2p+2q22q+2r

p
(2Iy2t)n Z Hn72p72q727“ (Ia Y, Z) € Y (7 1)

n! = = pl gl rl (n—2p—2q—2r)!

Let we employ (7.1) to expand the Legendre polynomial in a series of Hermite
polynomials. Consider the series

%) %) [%] k(1 n—2kyn
. (-1) (E)n— (2zyz) t

Z P, (zyz)t" = Z k!(nk— o]

n=0 n=0 k=0

(1)t (B, Gryayens

-3y gl &




A Note on a New Three Variable Analogue of Hermite Polynomials of I Kind 401

Hence by using (7.1), we may write (7.2) as

o 00 00 00 00 1 tn+2k+2p+2q+2r

ZP o =335 35 I e

n=0 k=0 p=0 q=0 r=0

an(xvy, Z) x2p+2r y2p+2q 22q+2r

P& (_k)qu(l+n+k)pqr
DI IE

p=0 q=0 r=0
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NE

x2p+2ry2p+2q22q+2r }

3
Il
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Il
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(_1)k (%)nJrk Hn(xv Y, Z)tn+2k
k! n!

[e%} : y Ty
§ F x2y2,y222,z2:172

(D (8 Hni (e, 22"
k! (n — 2k)!

Equating the coefficients of t", we get

%] —k,%—i—n—k::—;—;—:—;—;—;
P, (zyz) = F® 22y? 222, 22a?

k= —n——— i — = —

(—1)k (%)n— Hn72k(x7ya Z)
% k! (rf —2k)! ' (73)

We now employ (7.1) to expand the Legendre polynomial of two variables (defined
and studied by Khan and Shakeel [5]) in a series of Hermite polynomials of two
variables. We have

[5] k(1 n—2k k
(=D* (3) iy, (22)" (1 + w)
Pa(w,y) = W (20 '

k=0

Now consider the series

;P"(“’yz’“’)tn =2 R (= 2h)!

0O 0O o0 00 00 l 1+w)k tn+2k+2p+2q+2r

n T (
N Z ZZ Z 2 +k+2p+12£;2! q' ! n!

n=0 k=0 p=0 ¢g=0 r=0

< H ({E, v, Z) I2p+2ry2p+2q22q+2r
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n 1. 1 L e e e e e e
e e 1w It w T w

(—1)* (%)n—k Hy op(x,y,2) (1+w)k "
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n 1
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V() o) (4 ) -
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8 Binomial and Trinomial Operator Representa-
tions

In a recent paper in 2008, Khan and Shukla [6] obtained binomial and trinomial
operator representations of certain polynomials. Using their technique we have
obtained certain results of binomial and trinomial operator representation type for

three variables Hermite polynomials H,,(z,y, z) by using their Rodrigues formula.
Here we need the following results of [6]:

(Dy + D" () o)} =3 ( n ) DT @) DY gly)  (81)

r
r=0

and

(DzDy + D2D. + DyD.)" {f(x) g(y) h(2)}
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=> e CUT e () Dy gy) D2 o).

== rls!
The results obtained are as follows: Let d = D; and
d = D>, then

d uvw
V202 to2 w2 tw2u?

n _ m2y2z2 _ w2y2w?2
(Dl +D2) e w22 +u22212222 | o uloZtolw?twlal

ng2.2, .2 2, 2 2\—2 — 22y? 2 - uly2y?
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- n 22y2 4+ 9222 + 2222 "
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Again let jyz = Dy, d = Dy
( /2242 +y222+z212) ( /u2U2+v2w2+w2u2)
and d = D3, then
fgh
( Vi292+92h2+h2f2 )

224252 2.2,,.2 £24%n2
n — Yy _ uTvTw — g
(D1 + Dy + D3)" { € #%@+2225:%2 ¢~ uBo?hotwl twlu? ¢ 1292 +gh2Th2

22y2 22 w2022
_ (_1)11($2y2+y2z2+z2x2)—%e* 22y2 122242222 ¢ ulul+vlwltwlal

n n—r
e T Sy (7 n—r \/ a?y? + y?2? + 2%
g g
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r=0 s=0
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Hn—r—s(xu y7 Z) H’r(uu Ua ’U}) HS(fﬂ.Q? h)

and

22y222 w2022

(D1D2 + D1 D3 + Dy D3)" {6_ e2y21y22242202 o uZvZtoZwltwZu?
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22422
e ZyZ+y22212222

n
2

— (I2y2+y222+22x2)7§(u2v2+02w2+w2u2)

— w22 w? _ f252h2 noRer n n—r
xe wlvZtolultwlal g f2g2+g2h2h2 72 E E
T S

r=0 s=0
r s
w202 + 202 + w2u2 2292 + 4222 + 2222 H,\(2.9.2)
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(8.4)

(8.5)

(8.6)
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