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1 Introduction

Let E be a real Banach space with norm || - ||, C be a nonempty closed convex
subset of E. Let E* be the dual space of F and (-,-) denote the pairing between
E and E*. For g > 1, the generalized duality mapping J, : E — 2" is defined by

Jo(x) = {f € B* : (w, f) = 2| % I f = =]l 7~"}

for all x € E. In particular, if ¢ = 2, the mapping J5 is called the normalized duality
mapping and, usually, write Jo = J. Further, we have the following properties
of the generalized duality mapping J,: (i) Jy(x) = ||z]|9%J2(z) for all z € F
with z # 0; (i) Jy(tz) = t771J,(x) for all z € F and t € [0,00); and (iii)
Jq(—z) = —Jy(x) for all z € E. It is known that if X is smooth, then J is single-
valued, which is denoted by j . Recall that the duality mapping j is said to be
weakly sequentially continuous if for each x,, — = weakly, we have j(x,) — j(x)
weakly-*. We know that if X admits a weakly sequentially continuous duality
mapping, then X is smooth. For the details, see [4, 5, 3].

Let U = {x € E : ||z|| = 1}. A Banach space E is said to uniformly convex
if, for any e € (0, 2], there exists 6 > 0 such that, for any x,y € U, ||z — y|| > €
implies || 2| < 1 — 4. It is known that a uniformly convex Banach space is
reflexive and strictly convex. A Banach space F is said to be smooth if the limit
lim; o Ww exists for all z,y € U. It is also said to be uniformly smooth if
the limit is attained uniformly for z,y € U. The modulus of smoothness of E is
defined by

1
p(r) = sup{z(lz +yll +llo—yl) = 1: 2,y € E, 2] = L, [lyl| = 7},

where p : [0,00) — [0,00) is a function. It is known that E is uniformly smooth
if and only if lim,_,q @ = 0. Let ¢ be a fixed real number with 1 < ¢ < 2. A
Banach space E is said to be g-uniformly smooth if there exists a constant ¢ > 0
such that p(7) < ¢7? for all 7 > 0: see, for instance, [6, 2].

We note that E is a uniformly smooth Banach space if and only if J, is single-
valued and uniformly continuous on any bounded subset of E. Typical examples of
both uniformly convex and uniformly smooth Banach spaces are LP, where p > 1.
More precisely, LP is min{p, 2}-uniformly smooth for every p > 1. Note also that
no Banach space is g-uniformly smooth for ¢ > 2; see [4, 6, 7] for more details.

Next, we recall the following concepts (see also [4, 6] for). Let S : C —
C' a nonlinear mapping. We use F(S) to denote the set of fixed points of S,
that is, FI(S) = {x € C : Sx = z}. A mapping S is called nonexpansive if
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ISz — Sy|| < ||z —yll, Vz,y € C. Recall that a mapping f : C — C is said
to be contraction if there exists a constant o € [0,1) and z,y € C such that
Il f(z)— f(y)|| < allz—y]||. Let A be a monotone operator of C' into Hilbert spaces
H. The variational inequality problem, denote by VI(C, A), is to find z* € C such
that

(Az* . —2*) >0,

for all x € C. Recall that an operator A of C into F is said to be accretive if there
exists j(z — y) € J(x — y) such that

(Az — Ay, j(z —y)) 2 0

for all z,y € C. A mapping A : C — FE is said to be 3-strongly accretive if there
exists a constant 8 > 0 such that

(Az — Ay, j(z —y)) > Bllz —y|* Va,y € C.

An operator A of C into E is said to be B-inverse strongly accretive if, for any
B >0,
(Az — Ay, j(z —y)) = B]| Az — Ay|®

for all z,y € C. Evidently, the definition of the inverse strongly accretive operator
is based on that of the inverse strongly monotone operator.

Recently, Aoyama et al. [2] first considered the following generalized vari-
ational inequality problem in a smooth Banach space. Let A be an accretive
operator of C' into E. Find a point x € C' such that

(Az,j(y —z)) 20, (1.1)

for all y € C. This problem is connected with the fixed point problem for nonlinear
mappings, the problem of finding a zero point of an accretive operator and so on.
For the problem of finding a zero point of an accretive operator by the proximal
point algorithm, see Kamimura and Takahashi [8, 9] . In order to find a solution of
the variational inequality (1.1), Aoyama et al. [2] proved the strong convergence
theorem in the framework of Banach spaces which is generalized Tiduka et al. [10]
from Hilbert spaces.

In 2006, Aoyama, liduka and Takahashi [2] proved the following weak conver-
gence theorem.

Theorem AIT.[2, Theorem 3.1] Let E be a uniformly convex and 2-uniformly
smooth Banach space and C a monempty closed convexr subset of E. Let Q¢ be
a sunny nonexpansive retraction from E onto C, a > 0, and A be an a-inverse
strongly accretive operator of C into E with S(C, A) # (0, where

S(C,A) ={z*eC:(Az*,j(x —x*)) >0, zeC}.

If {\n} and {an} are chosen such that A, € [a, 325], for some a > 0 and o, € [b, ],
for some b,c with 0 < b < ¢ < 1, then the sequence {x,} defined by the following
manners: x1 —x € C and

Tnt1 = QnZpn + (1 — @) Qc(Tn — A Axy,),



346 Thai J. Math. 9 (2011)/ P. Katchang and P. Kumam

converges weakly to some element z of S(C, A), where K 1is the 2-uniformly smooth-
ness constant of E and Q¢ is a sunny monexpansive retraction.

Motivated by Aoyama et al. [2] and also Ceng et al. [11], Qin et al. [1] and Yao
et al. [3] first considered the following system of general variational inequalities in
Banach spaces:

Let A: C — E be an f(-inverse strongly accretive mapping. Find (z*,y*) €
C x C such that

{ MNy* +z* —y*,j(x —2*)) >0 Va € C, (1.2)

>
(uAz* +y* — o, j(x —y*)) >0 Vz e C.

Let C' be nonempty closed convex subset of a real Banach space E. For given
two operators A, B : C — E, we consider the problem of finding (z*,y*) € C x C
such that

{()\Ay +a* -y jx—2")) >0 Vz e, (1.3)

(uBz* +y* —z*,j(x —y*)) >0 Vz e C,

where \ and p are two positive real numbers. This system is called the system
of general variational inequalities in a real Banach spaces. If we add up the
requirement that A = B, then the problem (1.3) is reduced to the system (1.2).

An interesting problem to extend the above results to find a solution of a
general system of variational inequalities. In 2008, Ceng et al. [11] introduced
a relaxed extragradient method for finding solutions of a general system of vari-
ational inequalities with inverse-strongly monotone mappings in a real Hilbert
space. Suppose 1 = u € C and z,, is generated by

Yn :PC(:En _Nan)a (1 4)
Tn+1 = QU + ﬁnxn + 'YnSPC(yn - )\Ayn)a '

for all n > 1 where A € (0,2«), p € (0,28), S is a nonexpansive mapping and
A and B are a and (-inverse-strongly monotone, respectively. They proved the
strong convergence theorem under quite mild conditions. Recently, Yao et al. [3]
introduce the following iteration scheme for solving a general system of variational
inequality problem (1.3) and some fixed point problem involving the nonexpansive
mapping in Banach spaces. For arbitrarily given 2o = u € C and {z,,} is given by

{ Yn = QC(xn - Bl’n), (1 5)
Tntl = Qpu + ﬁnxn + VnQC(yn - Ayn)a '

for all n > 0 where C' C E, Q¢ is a sunny nonexpansive retraction from E onto
C and A and B are inverse-strongly accretive mappings. They obtained a strong
convergence theorem in Banach spaces.

In this paper, motivated and inspired by the idea of Ceng et al. [11], Yao et
al. [3], liduka, Takahashi and Toyoda [10], and liduka and Takahashi [27] we in-
troduce an iterative scheme for finding solutions of a general system of variational
inequalities (1.3) involving two different inverse-strongly accretive operators and
solutions of fixed point problems involving the nonexpansive mapping in a Ba-
nach space by using a modified viscosity extragradient method. Consequently,
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we obtain new strong convergence theorems for fixed point problems which solves
the system of general variational inequalities (1.2) and (1.3). Moreover, using the
above theorem, we can apply to finding solutions of zeros of accretive operators
and the class of k-strictly pseudocontractive mappings. The results presented in
this paper extend and improve the corresponding results of Yao et al. [3], Ceng et
al. [11], Qin et al. [1] and many others.

2 Preliminaries
Let D be a subset of C and @ : C'— D. Then @ is said to sunny if

Q(Qz + t(r — Q) = Qu,

whenever Qr +t(z—Qz) € C for z € C and t > 0. A subset D of C is said to be a
sunny nonexpansive retract of C' if there exists a sunny nonexpansive retraction @
of C onto D. A mapping @ : C' — C is called a retraction if Q* = Q. If a mapping
Q : C — C is aretraction, then Qz = z for all z is in the range of (). For example,
see [2, 12] for more details. The following result describes a characterization of
sunny nonexpansive retractions on a smooth Banach space.

Proposition 2.1. ([13]) Let E be a smooth Banach space and let C be a nonempty
subset of E. Let Q : E — C be a retraction and let J be the normalized duality
mapping on E. Then the following are equivalent:

(i) @Q is sunny and nonexpansive;

(”) HQ$ - QyH2 < <I - Y, J(Q:E - Qy»avxay € E;

(iii) (x — Qx, J(y — Qx)) < 0,Vz € E,y € C.

Proposition 2.2. ([14]) Let C be a nonempty closed conver subset of a uniformly
convex and uniformly smooth Banach space E and let T be a nonexpansive mapping
of Cinto itself with F(T) # 0. Then the set F(T) is a sunny nonexpansive retract
of C.

We need the following lemmas for proving our main results.

Lemma 2.3. ([7]) Let E be a real 2-uniformly smooth Banach space with the best
smooth constant K. Then the following inequality holds:

o +yll* < llel® + 2(y, Jz) + 2| Ky|?,  Va,y € E.

Lemma 2.4. ([15]) Let {x,} and {y,} be bounded sequences in a Banach space X
and let {B,} be a sequence in [0,1] with 0 < liminf, .o B, < limsup,,_ . Gn < 1.
Suppose Tpy1 = (1 — Bn)Yn + Bntn for all integers n > 0 and limsup,,_, . (||[yn+1 —
Ynll = lZns1 — @nl]) < 0. Then, limp oo [[yn — @all = 0.

Lemma 2.5. ([16]) Assume {an} is a sequence of nonnegative real numbers such
that
Gn41 S (1 - an)an + 5717 n 2 0

where {ay,} is a sequence in (0,1) and {0,} is a sequence in R such that
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(1) 3o0iyan =00
(2) limsup,, ., i—z <0 or > 07 [0, < oo
Then lim,,_ o a, = 0.

Lemma 2.6. ([17]) Let (E,{.,.)) be an inner product space. Then for all x,y,z €
E and o, 3,7 € [0,1] with o + 84 v =1, we have

law+ By +2l* = allzl*+ Bllyll* +112]1* — aBlz —yl* — arvlla —2I* = Bylly —=II*.

Lemma 2.7. ([18]) Let C be a nonempty bounded closed conver subset of a uni-
formly convex Banach space E and let T be nonexpansive mapping of C into itself.
If {x,} is a sequence of C such that x,, — x weakly and x,, — Tx, — 0 strongly,
then x is s fived point of T.

Lemma 2.8. (Yao et al. [3, Lemma 3.1]; see also [2, Lemma 2.8]) Let C be a
nonempty closed convex subset of a real 2-uniformly smooth Banach space E. Let
the mapping A : C' — E be [B-inverse-strongly accretive. Then, we have

I(I = AA)z — (I = AA)y|? < ||z — y|I” + 2AAK? — B)|| Az — Ay]|*.
If B > AK?2, then I — AA is nonexpansive.
Proof. For any x,y € C, from Lemma 2.3, we have

(I =Xz — (I = 2Apy|* = |l(z—y) — MAz — Ay)|®

[z = ylI> = 2X\(Az — Ay, j(x — y))

2N K?|| Az — Ayl?

o — ylI* — 28] Az — Ay||* + 2\ K?| Az — Ay|?
2 =yl + 2A(AK? — B)[| Az — Ay|*.

IN

If B > AK?2, then I — AA is nonexpansive. O

3 Main Results

In this section, we prove a strong convergence theorem. In order to prove our
main results, we need the following two lemmas which is proved along the proof
of Yao et al.’s lemmas as it appears in [3].

Lemma 3.1. Let C be a nonempty closed convex subset of a real 2-uniformly
smooth Banach space E. Let Q¢ be the sunny monexpansive retraction from E
onto C. Let the mapping A,B : C — E be (-inverse-strongly accretive and ~y-
inverse-strongly accretive, respectively. Let G : C' — C be a mapping defined by

G(z) = Qc(Qc(z — pBr) — MAQc(z — pBz)) Vz € C.

If B> AK? and v > pK?, then G is nonexpansive.
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Proof. For any x,y € C, from Lemma 2.8 and Q¢ is nonexpansive, we have

[G(x) =Gl = [QclQc(I —uB)x —XAQc(I — pB)x]
—Qc|Qc(I — uB)y — MAQc (I — uB)yl|

< Qe(I - uB)x — MQc(I - pB)a]
—[Qc(I — uB)y — AAQc(I — uB)y]|
= (I =AA)Qc(I — puB)z — (I = MA)Qc (I — nB)yl||
< Qe — pB)r — QeI — nB)y|
< U =pB)z = (I —puB)y||
< lz—yll
Therefore G is nonexpansive. O

Lemma 3.2. Let C be a nonempty closed convex subset of a real smooth Banach
space E. Let Q¢ be the sunny nonexpansive retraction from E onto C. Let A, B :
C — E be two possibly nonlinear mappings. For given z*,y* € C, (x*,y*) is a
solution of problem (1.3) if and only if x* = Qc(y* — AMAy™) where y* = Qc(z* —
uBx*).

Proof. From (1.3), we rewrite as

(" — (y* — My*),j(x —2*)) >0 Vo € C,
(y* — (" —pBx*),j(x —y*)) >0 Vo€ C.

From Proposition 2.1 (iii), the system (3.1) equivalent to

" = Qc(y” — AMy”),
i 32

Remark 3.3. From Lemma 3.2, we note that
2" = Qc(Qc(x™ — uBr™) — NAQc(z* — pBx™)),

which implies that x* is a fized point of the mapping G.
Throughout this paper, the set of fized points of the mapping G is denoted by
F(G).

The next result states the main result of this work.

Theorem 3.4. Let E be a uniformly conver and 2-uniformly smooth Banach
space which admits a weakly sequentially continuous duality mapping and C be a
nonempty closed convex subset of E. Let S : C — C' be a nonerpansive mapping
and Q¢ be a sunny nonexpansive retraction from E onto C. Let A,B : C — E be
B-inverse-strongly accretive with 3 > AK? and vy-inverse-strongly accretive with
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~ > ukK?, respectively and K be the best smooth constant. Let f be a contraction
of C into itself with coefficient o € [0,1). Suppose F := F(G) N F(S) # 0 where
G defined by Lemma 8.1. For arbitrary given xop = x € C, the sequence {x,}
generated by

{ Yn = Qc(wn — uBy), (3.3)

where the sequences {ay},{Bn} and {yn} in (0,1) satisfy an+ Bn+vn =1, n>1
and X\, u are positive real numbers. The following conditions are satisfied:

(C1). limy, oty =0 and "7 o = 00;

(C2). 0 < liminf, B, <limsup,,_ . Gn <1,

Then {zyn} converges strongly to T = QF f(Z) and (Z,7) is a solution of the problem
(1.3), where § = Qc(T — nBZ) and QF is the sunny nonexpansive retraction of C
onto F.

Proof. First, we prove that {x,} is bounded. Let z* € F, from Lemma 3.2, we
see that

" = Qc(Qc(z” — uBa™) — AMAQc (2™ — uBzx™)).

Put y* = Qc(a* — pBe*) and v, = Qe (yn — AMyn). Then 2* = Qc(y” — AMy").
By nonexpansiveness of I — AA, I — uB and Q¢, we have

lon —2*|| = Qc(yn — Ayn) — Qc(y™ — AAy™)||

[(yn — Ayn) — (y" — AAy")||
(I = AA)yn — (I = XA)y™||

IN

< lyn =97l

= |Qc(zn — pBzyn) — Qcla™ — puBz™)|

< |(@n — pBxy) — (2 — pBz™)|

= |[[({ —puB)zn — (I —puB)z™||

< lon =27 (3.4)

It follows that

(B A llan f(2n) + Brnan + 0 Svn — ||

< apllf(xn) — 2| + Bullzn — || + V|| Svn — ||
< aanllan — 2| + anl f@*) — 2l + Ballen — o] + ullon — 27
= (1—an+aan)|zn — 2| + onll f(2*) — 27|
z*) — x*
= (1—an(l - a))llen — 2] + an(l - ) =T
11—«
* r*) —z*
< max{||z; —z ||,W}_
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This implies that {x,} is bounded, so are {f(z,)}, {yn}, {vn}, {Svn}, {Ay,} and

{Bzp}.
Next, we show that lim,, o |[|[Zn+1 — zn|| = 0. Notice that
[vnt1 = vall = [Qc(Ynt+1 — Aynt1) — Qc(yn — AAy,)||

< [Wnt1 = AAYnt1) = (Yo — AMyn) ||
= (I =AA)ynt1 — (I = XAyl
< ynt1 =yl
= [|Qc(Tnt1 — uBxni1) — Qc(Tn — pBay )|
< |(@n+1 — pBxnt1) — (20 — pBzy)||
= (I = uB)zny1 — (I — pB)zy||
< @ngr — zall-

Setting 11 = (1 — Bn)2zn + Bnayn for all n > 0, we see that z, = %,

then we have

| Zn+1 = 2znll

IN

IN

|| Tn42 — ﬁn-ﬁ-lxn—i-l _ Tn+1 — ﬁnxn ||

1- ﬁnJrl 1-—- ﬂn
I W1 f(Znt1) + Yn4150n11  nf(@n) + 10 Svn |
1= Bnt1 1— 0,
” O‘n+1f(wn+l) + ’7n+IS'Un+1 _ Oén-i-lf(l'n) n an—i—lf(xn)
1- 6n+1 1- 6n+1 1-— 6n+1
_'7n+ISUn Vnt15Un _ anf(xn) + 1 Svn H
1- 6n+1 1- 6n+1 1- 677,
Qn 11 Yn+1
T U emen) = Jea)) 4 g (St = Sun)
Antl n Y1 Yn
+ - Tn) + — Svy,
S i A e el pac R
Qlp 41 Yn+1
— @1 — 2|+ —E oy — v
1—6n+1H i | 1—5n+1|‘ 1= n]
an+1 Qp
+ - n
1_6n+1_04n+1 1_677,_0471
+ - (Sl
1- ﬁn-{-l 1— ﬁn
Qlp 41 Yn+1
— @1 — 2]+ —E oy — v
1—6n+1H i | 1—5n+1|‘ 1= n]
an+1 Qp
_ - S n
= (@)l + el
QQn+1 Qp41 Oy
— || Tn, — Tn + — T + S'Un
gl el T~ 7 U @)+ Swal)

Hvnt+1 — vnll
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@Qn+1 Q1 o,
S 75 e = Tl £ - T + ||Sw
1_ﬁn+1 ” n+ n” |1_ﬁn+1 1_ﬁn|(||f( n)” || n”)
+||$7l+1 - xn”
Therefore
oo
2n41 = 2nll = |Tnt1 — 20| < 7n+1||3:n+1 — Ty |
1- 671—1—1
[e778S] (67%%
+ - T + ||Svn]]).
7 “ G 1 _ﬁnl(llf( )l + [1Svnll)

It follow from the condition (C1) and (C2), which implies that

limsup(|[zn+1 — 2all = |21 — zal]) < 0.
n—oo

Applying Lemma 2.4, we obtain lim, . ||z, — || = 0 and also
[Zn+1 — 2|l = (1 = Ba)llzn — nll — 0
as n — 0o. Therefore, we have
lim ||zp4+1 — zn] = 0. (3.5)

Next, we show that lim,, ., ||Sv, — v,| = 0. Since z* € F, from Lemma 2.6,
we obtain

lzns1 = 2" = llanf(@n) + Bazn + ¥nSvn — ™|
< anllf(@a) =22+ (1= an = )llzn — &) + o — 2"
= anllf(za) —2"|* + (1 = an)llzn — 2*|
—n(lzn = 2*[|* = [lvn — 2*1%)
< anllfn) =2 + 2 — 2|

—nllen = vall(lzn — 2" + [lon = 27)).

Therefore, we have
Yallzn = vnll(|2n — %[ + [lon — 2*[])
< anllf(zn) = 2|2+ flon — 2 [? = [@p1 — 2|2

< aullf@a) =22 + (lan — 2" [+ l@nss — 2" Dllzn = 2asal]

From the condition (C1) and (3.5), this implies that ||z, — v,|| — 0 as n — oo.
Now, we have

[zn = Svall < @0 = Znga | + lentr — Sva|
= |lzn — Tpgall + lonf (@0) + B + Svn — Sva||
= |lzn — Tagall + lan(f(2n) — Svn) + Bu(@n — Sva)||
< l#n — 2|l + anll f(zn) — Svall + Ballzn — Sval|.
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Therefore, we get

1 o,
< 1z G, |2 — T || + m”f(xn) — Svp .
From the condition (C1), (C2) and (3.5), this implies that ||z, — Sv,| — 0 as
n — oo. Also, observe that

|[2n — Sval|

[Svn —vnll < (IS0 — 2l + ll2n — vall,

and hence it follows that lim, . ||Sv, — v, || = 0.

Next, we show that limsup,, . ((f — I)Z, J(x, — Z)) < 0, where T = Q£ f(Z).
Since {x,} is bounded, we can choose a sequence {x,,} of {z,} which x,,, — z*
such that

limsup((f — Nz, J(xn, — Z)) = lim ((f — )T, J(xn, — T)). (3.6)

n—oo 1— 00

Next, we prove that * € F := F(G) N F(S5).

(a) First, we show that 2* € F(S). To show this, we choose a subsequence {vy, }
of {vn}. Since {vn,} is bounded, we have that a subsequence {vn, } of {vn,}
converges weakly to 2. We may assume without loss of generality that v,,, — z*.
Since || Svy, — vy || — 0, we obtain Sv,, — z*. Then we can obtain z* € F. Assume

that z* ¢ F(S). Since v,, — z* and Sx* # z*, from Opial’s condition, we have

< liminf,_||vn, — Sz*||
< liminf; oo (||vn; — Svn,
< liminf; oo ||vn, — .

lim inf; _, o ||UnZ -z ”

+ [[Svn, — Sz*)

This is a contradiction. Thus, we obtain z* € F(5).
(b) Next, we show that z* € F(G). From Lemma 3.1, we know that G is nonex-
pansive, it follows that

v = Gun)ll = [|Qc(Qc(xn — uBry) — MAQo(2n — pBry)) — G(vy,)]|
1G(xn) — G(vn)]

< zn —op]| — 0, as n— oo.
Thus lim,,—, ||vn, — G(vy)]| = 0. Since G is nonexpansive, we get
[zn — Glzn)l < llon —vall + [lon — G(on)]| + |G (vn) — G(an) ||
< 2fzn = vnll + [lvn = G(oa)]],
and so
lim |z, — G(z,)| = 0. (3.7)

According to Lemma 2.7 and (3.7), we have z* € F(G). Therefore z* € F.
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Now, from (3.6), Proposition 2.1 (iii) and the weakly sequential continuity of
the duality mapping J, we have

limsup((f — Iz, J(z,, — T))

n—oo

Jim ((f ~ 1), J (2, — 7))
= (/- Dr.J@ —m) <0 (35)

From (3.5), it follows that

limsup{(f — Iz, J(zp+1 — T)) < 0. (3.9)

n—oo

Finally, we show that {x,} converges strongly to T = Qxf(Z). Observe that

lzns1 -z

which implies that

IN

IN

IN

(Tnt1 — T, J(Tnt1 — T))

(an f(20) + Brntn + Y Svn — T, J (Tpe1 — T))

(an(f(zn) = T) + Ba(@n — T) + W (Svy — T), J(Tnt1 — 7))

an(f(@n) = f(2), J(@nt1 — 2)) + an(f(Z) = 2, J (Tn+1 — T))

+0n(@n — T, J(@n41 — @) + 1 (Svn — T, J(@n41 — 7))

aapl|zy = Z|l||[Tns1 — T + an(f(T) — T, J(@n11 — 7))

+Bnllzn = Z( 1201 — Z|| + Yo llvn — Z||[|T041 — 2|

a0 lln = Elznss — 2l + andf (@) — 7, J (s — 7))

+Bnllzn = Z(|2nt1 — Z|| + Yo llzn — Z||[|T041 — Z||

ac, + Bn + Vn
2

+an(f(Z) — %, J(zpt1 — T))

aon, +1—ap

(lzn = Z[I* + l|lzn41 — 2]1%)

(lzn = 217 + llznts — 2)1%)

2
o (f (@) = 2, J (@1 — )
1- an2(1 —a) (lzn — 2| + [|2n41 — Z)|%)
tan{f(z) = 2, J(@n+1 — 7))
lzanlza)

1
lzn = 2|* + 5 llznss — 2]

o —2)* < (1= an(l - o)z, — 7|

+20,(f (&) — Z, J (nt1 — T)). (3.10)

Now, from (C1), (3.9) and applying Lemma 2.5 to (3.10), we get |z, — Z| — 0 as
n — oo. This completes the proof. |
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Corollary 3.5. Let E be a uniformly convex and 2-uniformly smooth Banach
space which admits a weakly sequentially continuous duality mapping and C be a
nonempty closed convex subset of E. Let S : C — C be a nonepansive mapping
and Q¢ be a sunny nonexpansive retraction from E onto C. Let A, B : C — E be
B-inverse-strongly accretive with 3 > NK? and vy-inverse-strongly accretive with
~v > uK?, respectively and K be the best smooth constant. Let the sequences
{an}, {Bn} and {vn} in (0,1) satisfy an + Bn + o = 1, n > 1 and satisfy the
condition (C1) and (C2) in Theorem 3.4. Suppose F := F(G) N F(S) # 0 where
G defined by Lemma 3.1 and let \, i are positive real numbers. For arbitrary given
xo =z € C, the sequences {x,} generated by

{ Yn = Qc(wn — pBxy), (3.11)
Tpnt1l = QpU + BrnTn + ’VnSQC(yn - )\Ayn)

Then {x,} converges strongly to Qru, where Qr is the sunny nonexpansive re-
traction of C onto F.

Proof. Taking f(z,) = u for all n € N for any fixed v € C in (3.3). So, by
Theorem 3.4, we can conclude the desired conclusion easily. This completes the
proof. O

Corollary 3.6. [3, Theorem 3.1,] Let E be a uniformly convex and 2-uniformly
smooth Banach space which admits a weakly sequentially continuous duality map-
ping and C be a nonempty closed convex subset of E. Let Q¢ be a sunny nonexpan-
siwe retraction from E onto C. Let A,B : C — E be [(B-inverse-strongly accretive
with B > K? and ~y-inverse-strongly accretive with v > K2, respectively and K
be the best smooth constant. Suppose the sequences {an},{Bn} and {yn} in (0,1)
satisfy am + Bn + o = 1, n > 1 and satisfy the condition (C1) and (C2) in The-
orem 3.4. Assume F(G) # () where G defined by Lemma 3.1. For arbitrary given
x1 =u € C, the sequences {x,} generated by (1.5). Then {x,} converges strongly
to Qp(ayu, where Qp(q) is the sunny nonexpansive retraction of C onto F(G).

Proof. Taking f(x) =uforallz € C, S =TI and A = p =11n (3.3). Then, from
Theorem 3.4, we can conclude the desired conclusion easily. O

4 Applications

(I) Application to finding zeros of accretive operators.

In Banach space E, we always assume that E is a uniformly convex and 2-
uniformly smooth. Recall that an accretive operator T is m-accretive if R(I4+rT) =
E for each r > 0. We assume that T is m-accretive and has a zero (i.e., the inclusion
0 € T(z) is solvable) [19, 20, 21]. The set of zeros of T is denoted by T~1(0), that

T7Y0)={2eD(T): 0 T(2)}.

The resolvent of T, i.e., JI = (I +rT)~1, for each r > 0. If T is m-accretive,
then JI : E — E is nonexpansive and F(J!) = T~1(0),Vr > 0. For example, see
Rockafellar [22] and [13, 23, 24, 25, 26] for more details.
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From the main result Theorem 3.4, we can conclude the following result im-
mediately.

Theorem 4.1. Let E be a uniformly convex and 2-uniformly smooth Banach space
and C a nonempty closed convex subset of E. Let A)B : C — FE be (-inverse-
strongly accretive with 3 > MK? and vy-inverse-strongly accretive with v > ukK?2,
respectively, K is the 2-uniformly smoothness constant of E and let T be an m-
accretive mapping. Let f be a contraction of C into itself with coefficient « € [0,1)
and suppose the sequences {a },{Bn} and {y,} in (0,1) satisfy an + Bn+vn =1,
n > 1. Suppose  :=T~10) N A~L(0) N B~(0) # 0 and let \, i are positive real
numbers. The following conditions are satisfied:

(). imp o0 oy =0 and Y at = 00;

(ii). 0 < liminf,, o B, <limsup,_, . Gn < 1.

The sequences {xyn} generated by vo = x € C' and

{ Yn = Tn, — uBxy,

4.1
Tn+1 = anf(xn) + 6nxn + ’Yan(yn - )‘Ayn) ( )

Then {x,} converges strongly to T = Qqf(Z), where Qq is the sunny nonerpansive
retraction of E onto ().

(IT) Application to strictly pseudocontractive mappings

Let E be a Banach space and let C be a subset of E. Recall that a mapping
T :C — C is said to be k-stricly pseudocontractive if there exist k € [0,1) and
j(x —y) € J(z — y) such that

Tz~ Ty, ja—y) < oyl ~ 50N T -Tho— (T-TWl*  (12)

for all z,y € C. Then (4.2) can be written in the following form
. 1-k
(I =T)e = (I=T)y,j(x—y)) > ——II(l = T)z = (I = T)y|* (4.3)

We know that, A is 15— inverse strongly monotone and A~10 = F(T) (see [27]).

Theorem 4.2. Let E be a uniformly convex and 2-uniformly smooth Banach space
and C a nonempty closed convex subset of E. Let S : C' — C be a nonepansive
mapping and a sunny nonexpansive retraction of E. Let T,U : C — C' be k-stricly
pseudocontractive and l-stricly pseudocontractive with A < (;I_(’Z) and p < (21};9,
respectively. Let f be a contraction of C into itself with coefficient « € [0,1) and
suppose the sequences {an},{Bn} and {yn} in (0,1) satisfy an + Bn + 1 = 1,
n > 1. Suppose F := F(S)NF(T)NFU) # 0 and let A\, are positive real
numbers. The following conditions are satisfied:

(i). limy, oo 0y =0 and Y, otn, = 00;

(i1). 0 < liminf, o By, <limsup,_,. B < 1.

The sequences {xyn} generated by xo =z € C' and

Yn = (L = p)zn + pUzn,
Tpy1 = W f(Tn) + Bnon + 1S (1 = Nyn + ATyn).
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Then {x,} converges strongly to Qx, where QF is the sunny nonexpansive retrac-
tion of E onto F.

Proof. Put A =1 —T and B = I —U. Form (4.3), we get A, B are 5% and
1771— inverse strongly accretive operators, respectively. It follows that VI(C, A) =
VI(C,I-T)=F(T) #0, CI(C,B) = VI(C,I —U) = F(U) £ 0 and CI(C,T —
TYNVI(C,I-U) = F(U) = F(G) < is the solution of problems (1.2) < problems
(1.3) (see also Ceng et al. [11, Theorem 4.1 pp. 388-389]) and also have (see
Aoyama et al.[2, Theorem 4.1 pp. 10.])

(I=XN)yn+ATyr = Qc(1=N)yn—ATy,) and (1-N)x,+A\Uz, = Qo ((1=N)xp—AUzy,).

Therefore, by Theorem 3.4, {z,,} converges strongly to some element z* of
F. O

(III) Application to Hilbert spaces.
In real Hilbert spaces, by Lemma 3.2 and Remark 3.3 it follow from Lemma
4.1 of [1], we obtain the following Lemma:

Lemma 4.3. For given (z*,y*) € C, where y* = Po(z* — pBx*), (z*,y*) is a
solution of problem (1.3) if and only if x* is a fixed point of the mapping G' : C —
C defined by

G'(z) = Pc|Pc(z — pBx) — MAPc(x — uBr)),

where Po is a metric projection H onto C.

It is well known that the smooth constant K = ‘/75 in Hilbert spaces. From

Theorem 3.4, we can obtain the following result immediately.

Theorem 4.4. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let A,B: C — H are an (-inverse-strongly monotone mapping with X € (0,20)
and y-inverse-strongly monotone mapping with u € (0,27), respectively, and let f
be a contraction of C into itself with coefficient « € [0,1). Suppose the sequences
{an}, {Bn} and {yn} in (0,1) satisfy on + Bn + 0 = 1, n > 1. Assume that
F(G")YN F(S) # 0 where G' defined by Lemma 4.3 and let A\, u are positive real
numbers. The following conditions are satisfied:

(i). limy, o0 0y =0 and Y7 oty = 00;

(i1). 0 < liminf, o By, < limsup,_, . Bn < 1.

For arbitrary given xo = x € C, the sequences {x,} is generated by

{ Yn = Po(zn — pBzy), (4.5)

Then {x,} converges strongly to T = Ppcnr(s)f(Z) and (Z,7) is a solution of
the problem (1.3), where § = Po(Z — uBT).



358 Thai J. Math. 9 (2011)/ P. Katchang and P. Kumam

Acknowledgments This research was supported by the Computational Science
and Engineering Research Cluster, King Mongkut’s University of Technology Thon-
buri (KMUTT) (National Research University under CSEC Project No. E01008).
The authors would like to thank the “Centre of Excellence in Mathematics” under
the Commission on Higher Education, Ministry of Education, Thailand. They also
thank the referees for their valuable comments and suggestions.

References

[1] X. Qin, S.Y. Cho and S.M. Kang, Convergence of an iterative algorithm
for systems of variational inequalities and nonexpansive mappings with ap-
plications, Journal of Computational and Applied Mathematics, 233 (2009),
231-240.

[2] K. Aoyama, H. Tliduka and W. Takahashi, Weak convergence of an iterative
sequence for accretive operators in Banach spaces, Fized Point Theory and
Applications, vol. 2006, Article ID 35390, 1-13.

[3] Y. Yao, M. A. Noor, K. I. Noor, Y.-C. Liou and H. Yaqoob, Modified extra-
gradient methods for a system of variational inequalities in Banach spaces,
Acta Applicandae Mathematicae, 110(3) (2010), 1211-1224.

[4] W. Takahashi, Nonlinear Functional Analysis. Yokohama Publ., Yokohama,
2000.

[6] W. Takahashi, Viscosity approximation methods for resolvents of accretive
operators in Banach spaces, Journal of Fized Point Theory and its Applica-
tions, 1 (2007), 135-147.

[6] W. Takahashi, Nonlinear Functional Analysis. Fixed Point Theory and its
Applications, Yokohama Publishers, Yokohama (2000).

[7] H.K.Xu, Inequalities in Banach spaces with applications, Nonlinear Analysis,
16 (1991), 1127-1138.

[8] S. Kamimura and W. Takahashi, Approximating solutions of maximal
monotone operators in Hilbert space, Journal of Approzimation Theory, 106
(2000), 226-240.

[9] S. Kamimura and W. Takahashi, Weak and strong convergence of solutions
to accretive operator inclusions and applications, Set-Valued Analysis, 8(4)
(2000), 361-374.

[10] H.Iiduka, W. Takahashi, and M. Toyoda, Approximation of solutions of varia-
tional inequalities for monotone mappings, Panamerican Mathematical Jour-

nal, 14(2) (2004), 49-61.

[11] L.-C. Ceng, C.-Y. Wang and J.-C. Yao, Strong convergence theorems by a
relaxed extragradient method for a general system of variational inequalities,
Mathematical Methods of Operations Research, 67 (2008), 375-390.



Convergence of iterative algorithm for finding common solution of fixed points... 359

[12]
[13]

[14]

[15]

[16]

[17]

W. Takahashi, Convex Analysis and Approximation Fixed Points, Yokohama
Publishers, Yokohama (2000) (Japanese)

S. Reich, Asymptotic behavior of contractions in Banach spaces, Journal of
Mathematical Analysis and Applications, 44(1) (1973), 57-70.

S. Kitahara and W. Takahashi, Image recovery by convex combinations of
sunny nonexpansive retractions, Method Nonlinear Analysis, 2 (1993), 333~
342.

T. Suzuki, Strong convergence of Krasnoselskii and Mann’s type sequences for
one-parameter nonexpansive semigroups without Bochner integrals, Journal
of Mathematical Analysis and Applications, 305(1) (2005), 227-239.

H. K. Xu, Viscosity approximation methods for nonexpansive mappings,
Journal of Mathematical Analysis and Applications, 298 (2004), 279-291.

M.O. Osilike and D.I. Igbokwe, Weak and strong convergence theorems for
fixed points of pseudocontractions and solutions of monotone type operator
equations, Computers & Mathematics with Applications, 40 (2000), 559-567.

F. E. Browder, Nonlinear operators and nonlinear equations of evolution in
Banach spaces, Proc. Symp. Pure Math., 18 (1976), 78-81.

F. Kohsaka and W. Takahashi, Fixed point theorems for a class of nonlinear
mappings related to maximal monotone operators in Banach spaces, Archiv
der Mathematik, 91 (2008), 166177.

W. Takahashi and Y. Ueda, On Reichs strong convergence theorems for re-
solvents of accretive operators. Journal of Mathematical Analysis and Appli-
cations, 104 (1984), 546-553.

H.K. Xu, Strong convergence of an iterative method for nonexpansive and
accretive operators, Journal of Mathematical Analysis and Applications, 314
(2006), 631-643.

R. T. Rockafellar, Monotone operators and the proximal point algorithm,
SIAM Journal on Control and Optimization, 14 (1976), 877-898.

S. Reich, Strong convergence theorems for resolvents of accretive operators
in Banach spaces, Journal of Mathematical Analysis and Applications, 75
(1980), 287-292.

S. Matsushita and W. Takahashi, Existence of zero points for pseudomonotone
operators in Banach spaces, Journal of Global Optimization, 42 (2008), 549—
558.

S. Matsushita and W. Takahashi, On the existence of zeros of monotone
operators in reflexive Banach spaces, Journal of Mathematical Analysis and
Applications 323 (2006), 1354-1364.

S. Matsushita and W. Takahashi, Existence theorems for set-valued operators
in Banach spaces, Set-Valued Analysis, 15 (2007), 251-264.



360 Thai J. Math. 9 (2011)/ P. Katchang and P. Kumam
[27] H. Tiduka and W. Takahashi, Strong convergence theorems for nonexpan-

sive mapping and inverse-strong monotone mappings, Nonlinear Analysis, 61
(2005) 341-350.

(Received 24 September 2010)
(Accepted 2 February 2011)

THAI J. MATH. Online @ http://www.math.science.cmu.ac.th/thaijournal



