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1 Introduction

Let X be a Banach space and K a nonempty subset of X. We shall denote
by 2% the family of all subsets of X, CB(X) the family of all nonempty closed
bounded subsets of X and denote C'(X) by the family of nonempty compact subsets
of X. A multivalued mapping 7' : K — 2% is said to be nonexpansive (resp,
contractive) if

H(Tz,Ty) < |lz—y|, =z ye€K,

(vesp, H(Tz,Ty) < k||z — y||, for some k € (0,1)).
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where H(-,-) denotes the Hausdorff metric on CB(X) defined by
H(A, B) := max {sup inf || —y||, sup inf |z — y||} , A,Be CB(X).
zecAYEB yeB TEA

Note that a multivalued mapping T : K — 2% is said to be upper semicontinuous
on K if {r € K :Tx C V}isopen in K whenever V C X is open; T is said to be
lower semicontinuous if T-3(V) :={x € K : Tx NV # (0} is open in K whenever
V C X is open; and T is said to be continuous if it is both upper and lower
semicontinuous. There exist another kind of continuity for set-valued operators:
T : X — CB(X) is said to be continuous on X (with respect to the Hausdorff
metric H) if H(Tx,,Tx) — 0 whenever x,, — . It is not hard to see (see [1])that
both definitions of continuity are equivalent if T'x is compact for every x € X. A
point z is called a fixed point of T if x € Tz. From now on, F(T) stand for the
fixed point set of a mapping T'.

Since Banach’s Contraction Mapping Principle was extended nicely to multi-
valued mappings by Nadler in 1969 (see [2]), many authors have studied the fixed
point theory for multivalued mappings (e.g. see [3-9]). Very recently, in order
to characterize the completeness of underlying metric spaces, Suzuki introduced a
weaker notion of contractions and proved the following theorem.

Theorem 1.1 ([10]). Define a nonincreasing function 6 from [0,1) onto (1/2,1]

by
1 if 0<r<(vV5-1)/2,
Or) =< (1—r)r? if(V5-1)/2<r<271/2
(1471 if 2712 <r < 1.

Then for a metric space (X, d), the following are equivalent:
(i) X is complete.

(ii) There exists r € (0,1) such that every mapping T on X satisfying the
following has a fixed point:

O(r)d(z, Tz) < d(z,y)implies d(Tz, Ty) < rd(x,y) for all z,y € X.

Theorem 1.1 is meaningful because contractions do not characterize the metric
completeness while Caristi and Kannan mappings do; see [11-13]. Since lim,_,,- =
1/2, the author in [14] consider the following condition.

Definition 1.2. Let T be a mapping on a subset K of a Banach space X. Then
T is said to satisfy condition (C) if

1
slle =Tzll < |z —yll implies |Tz—Tyl| < |lo—yl| foralz,ye K.
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The condition is weaker than nonexpansiveness and stronger than quasinonex-
pansiveness (see [14]). Furthermore, the authors present fixed point theorems and
convergence theorems for mappings satisfying condition (C). It is a very natural
question whether we can introduce some condition the same as condition (C) on
multivalued mapping to obtain some convergence theorems for mappings satisfying
the condition. In this paper, we introduce the following condition (D).

Definition 1.3. Let T be a multivalued mapping on a subset K of a Banach space
X. Then T is said to satisfy condition (D) if

1
§d(:v,Tx) <||lz -yl implies H(Tx,Ty) < |z—yl| forallz,ye K.

where d is induced by the norm.

Obviously, the condition is weaker than the multivalued nonexpansive mapping
(with respect to the Hausdorff metric H), in fact we can give a example to show the
condition is strict. Meanwhile, we give some convergence theorems for mappings
satisfying the condition.

2 Preliminaries

A Banach space X is said to be satisfy Opial’s condition [15] if, for any sequence
{zp} in X, z, = = (n — o0) implies the following inequality

limsup ||z, — z|| < limsup ||z, — y||

n—oo n—oo

for all y € X with y # x. We know that Hilbert spaces and {,(1 < p < o) have
the Opial’s condition.
The following Lemmas will be useful in this paper.

Lemma 2.1 ([16]). Let {x,} and {y,} be bounded sequences in a Banach space
X such that

T4l = YnZn + 1 —Y)Yn, n>0

where {y,} is a sequence in [0,1] such that

0 < liminf vy, <limsup~y, < 1.

n—00 n— o0
Assume limsup,, o (|yn+1 = Ynll = [|Znt1 —zn|) <0, then limy, oo ||yn — || = 0.

Lemma 2.2 ([2]). Let X be a complete metric space and A, B € CB(X). Then,
for any a € A, there exists b € B such that

d(a,b) < H(A, B).
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Let K be a nonempty closed convex subset of Banach space X and T : K —
CB(K) be a multivalued mapping, a,, € (0,1). Choose zp € K and yo € Txg
such that

r1 = qpxo + (1 — ao)yo.

From Lemma 2.2, we can choose y; € Tz such that
lyo — w1l < H(Two, Ty).
Inductively, we can get the sequence {x,} as follows:
Tl = QT + (1 — an)yn, Yn € N, (2.1)
where, for each n € N, y,, € Tx, such that
lyn = yn-1ll < H(Tan, Tan—1).

A multivalued mapping T : K — CB(K) is said to satisfy Condition (E) if there is
a nondecreasing function f : [0, 00) — [0, 00) with f(0) =0, f(r) > 0 for r € (0, 00)
such that

d(x,Tx) > f(d(z, F(T)) for all x € K.

Examples of mappings that satisfy Condition (E) can be found in [17, 18].

3 Main Results

The following proposition is obvious.

Proposition 3.1. FEvery multivalued nonexpansive mapping satisfies condition
(D).
Example 3.2. Define a mapping T on [0, 3] by
_f {0y if w#3,
Tw= { 0,1  ifz=3.
Then T satisfies condition (D), but T is not multivalued nonexpansive.

Proof. Note that F(T) = {0}. If x < y and (z,y) € ([0, 3] x [0,3]) \ ((2,3] x {3}),
then H(Tx,Ty) < ||z — y|| holds. If x € (2,3) and y = 3, then

z
2
If x =3, y =3, then

1 1
Ed(x’TI) =—>1>|z—y| and id(y,Ty) =1> |z —y| holds.

1
(@, Tx) = 1> ||z —y|| =0.

Thus T satisfies condition (D). However, since T is not continuous, then T is
not multivalued nonexpansive. In fact, we can take a open set V = (%, %),
T-YV)={z € K:TxnV # 0} = {3} is not a open set, therefore T is

not lower semicontinuous. O
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Example 3.3. Let K = [0,00) and T be defined by Tx = [x,2z] for x € K. We
observe that

1
id(x,Tx) =0< ||z -yl for all z,y € K,
however T is not multivalued nonexpansive (see [19]).

Lemma 3.4. Let (X,d) be a complete metric space and T be a mapping from
X into CB(X). Assume that T satisfies condition (D), then for z,y € X, the
following conclusions holds:

(i) H(Tz,T?z) < d(x, Tx).
(it) Bither 3d(z,Tx) < d(z,y) or $H(Tz,T?z) < d(Tx,y).
(iii) Either H(Tx,Ty) < d(x,y) or H(T?x,Ty) < d(Tx,y).

Proof. (i) Since 3d(z,Tz) < ||z — y|| for y € T, it then follows from Definition
1.3 that

inf H(Tz,Ty) < d(z,Tx)
yeTx

for € K. From the definition of Hausdorff metric, we can get the following
inequality
H(Tx,T?*z) < inf H(Txz,Ty) holds.

yeTx

Therefore we obtain the desired result.
(iii) follows from (ii). Let us prove (ii). Suppose that

1 1
§d($,T:E) > d(z,y) and §H(Tx,T2:C) > d(Tz,y).

Then we have by (i)

d(z,Tz) < d(z,y)+d(y,Tz)
1 1
< §d(:v, Tz) + 5H(Tx, T?z)
< d(z,Tz).
This is a contraction. Therefore we obtain the desired result. O

Lemma 3.5. Let (X, d) be a complete metric space and T be a mapping from X
into CB(X). Assume that T satisfies condition (D), then

d(z,Ty) < 3d(z,Tz) + d(z,y)

holds for all x,y € X.
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Proof. By Lemma 3.4, we have either
H(Tz,Ty) < d(z,y) or H(T?z,Ty) < d(Tz,y)
holds. In the first case, we have
d(z,Ty) < d(z,Tz) + H(Tz,Ty) < d(z,Tx) + d(z,y).

In the second case, we get by Lemma 3.4,

d(z,Ty) < d(z,Tz)+ H(Tz,T?z) + H(T?z, Ty)
< 2d(z,Tz)+ d(Tz,y)
< 3d(z,Tz) + d(z,y).
Therefore we get the desired result. O

Lemma 3.6. Let X be a Banach space and T be a mapping from X into CB(X).
Assume that T satisfies condition (D). The sequence {x,} is defined by (2.1), and
ap € [1/2,1). Then we have

lim d(x,,Tx,) =0

n—oo

holds, where d is distance induced by the norm.

Proof. From the assumption, we have that

1
5d(:ﬂm Txyp) < and(xpn, yn) = d(@n, Tni1)

for n € N. From condition (D), we have
H(T2p, Tani1) < d(Tpn, Tny1).

Therefore
1Yn+1 = ynll < H(T2n, Tni1)) < [|[Tng1 — 20|

Then we have

im ([|yn41 = ynll = [ — 20l]) <0
n—oo
By the Lemma 2.1, we get
lim |2, — yn| = 0.
n—oo

Since y,, € Ty, then 0 < limy, o0 d(zp, Txy) < limy oo |2 — ynl] = 0. We get
the desired result. O
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Theorem 3.7. Let K be a nonempty compact convexr subset of a Banach space
X. Suppose that T : K — CB(K) is a multivalued mapping satisfies condition
(D) for which F(T) # 0 and T(y) = {y} for eachy € F(T). Let {x,} be defined
by (2.1). Assume that

< liminf a,, < limsup a,, < 1.

n—oo N—00

N =

Then the sequence {xy} strongly converges to a fized point of T.

Proof. Take p € F(T'), noting Tp = {p} and ||yn — p|| = d(yn,Tp). We have
1

Ed(pv Tp)=0<|p— ],

then H(Tp,Txy) < ||z, — p|| follows from T satisfies condition (D). Therefore we
have

(1 = an)l|zn = pll + anllyn —pl

(1 = an)llen = pll + an(H(Tzn, Tp))

l[#n — pl|-

[Zn+1 — Pl

IN A CIA

Then {||z, — p||} is a decreasing sequence and lim,,_, ||z, — p|| exists for each
p € F(T). From the compactness of K, there exist a subsequence {z,;} of {z,}
converging to q. By Lemma 3.5, we have

d(xn]‘ ’ Tq) S 3d(T:C’n.] I xn]‘) + d(xn] ’ q)

for all j € N. From Lemma 3.6 this implies ¢ € T'q. That is, ¢ is a fixed point of
T. Now on taking ¢ in place of p, we have that lim,, . ||z, — ¢|| exists. So we get
the desired result. O

Theorem 3.8. Let X be a Banach space satisfying Opial’s condition and K be
a nonempty weakly compact convex subset of X. Suppose that T : K — C(K)
is a multivalued mapping satisfies condition (D). Let {x,} be defined by (2.1).
Assume that F(T) # 0 and satisfies T(y) = {y} for each y € F(T) and

< liminf o, < limsup a,, < 1.

n— oo N—00

N =

Then the sequence {x,} weakly converges to a fixed point of T.

Proof. From the proof of Theorem 3.7 that lim,, . ||zn — p|| exists for each p €
F(T). Since K is weakly compact, there exists a subsequence {z,, } of {z,} such
that z,, — 2* for some x* € K. Suppose z* does not belong to T'xz*. By the
compactness of T'z*, for any given z,,, we can choose a convergent subsequence
pr € Tx* such that ||x,, — pk|| = d(zp,, Tx*) and pr — p € Ta*. Then x* # p.
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From Lemma 3.6 we have lim,,_, oo d(2, Tx,) = 0, then we can take Ny, such that
when k > Ng,

1
§d(:1cnk yTan,) < d(zp,,z"),

since T satisfies condition (D), then H(Txy,, Tx*) < ||x,, —x*||. Since X satisfies
Opial’s condition, then we get

limsup [lzn, —pl| < limsupll|zn, —pel + lpx — pll] = limsup ||z, — prl
k—o0 k—o0 k—o0
< limsupld(zpn,, Tz, ) + H(Tzp,, Tz")]
k—o0
< limsup ||z, — 27| <limsup ||z, —p|.
k—o0 k—o00

This is a contraction. Hence x* € T'z™.

Next, we will show x,, — z*. Arguing by contraction, assume that there exists
another subsequence {z,,} of {z,} such that x,, — = # x*. Then, we also have
x € Tx. From Opial’s property,

lim ||z, —z| = limsupl|z,, — |
n— oo i—00
< limsup ||z,, — 2¥|| = limsup ||z, — z"||
1—00 —00
< limsup ||z,, —z| = lm |z, —z|.
00 n— o0
Which is a contraction. So the conclusion of Theorem follows. O

Theorem 3.1. Let K be a nonempty closed convex subset of a Banach space X .
Suppose that T : K — CB(K) is a multivalued mapping that satisfies condition
(E) and condition (D). Let {x,} be the sequence of defined by (2.1). Assume that
F(T) # 0 and satisfies T(y) = {y} for each y € F(T) and

1
— < liminf o, <limsupa,, < 1.

n— o0 n—oo
Then the sequence {x,} strongly converges to a fized point of T.

Proof. From the proof of Theorem 3.5 that lim,, . ||z, — pl| exists for each p €
F(T) and lim,, o0 d(2y, Tx,) = 0 from Lemma 3.4. Then condition (E) implies

lim d(x,, F(T)) =0.

Thus, for arbitrary given € > 0, there exists N, € N such that
d(z,,F(T)) <e forall n> N..

We can take ¢, = _21,;, then there exist N}, € N and p}' € F(T') such that Ny < Ngiq
and .
zn —prll < —: for all n > Nj.
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Thus, we have

Ehtl |k _ 3€k+1

Hpg-i-l _pZ” < sz-i-l - ‘TNk+l|| + HxNk+1 _pZ” < 4 4 4

We denote S(p,r) = {z € X;||lz —p| < r}. For x € S(pi,,,€xt1), we have
Pk ==l < Pk —piyall + Pk — =l

3€k+1
4

< + €p41 < 26k+1 = €k.

Therefore we have S(pj, |, ex+1) C S(py,ex) for all n > Nyy ;. By Cantor inter-
section theorem, there exists a single point z* such that

) Sk ) = {=*}.
k=1

Thus we get
llpp — 2*|| < e forall k€N and n > Ngtq.

That is, limj_.oo [P} — *| = 0. Which assures lim, . ||z, — 2*| = 0 since
limy—, o0 Nj; = 00 implies n — oco. For any « € Tz*, noting Tp} = {p}'}, we have

1 *
0= Ed(pZ,TpZ) < d(pp,z"),

since T satisfies condition (D), we have H(Tp},Tz*) < ||py — «*||. Thus we get

=" =zl < [la" —pgll +d(z,Tpg) < |[lz" —pg|| + H(Tpy, Tz")
< 22" —pill — 0.
So z* is a fixed point of T and {z,} strongly converges to z*. O
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