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Abstract : If p(z) = ag + Z?:# a;jz’, 1 < p < nis a polynomial of degree n
having no zeros in |z| < k, k > 0, then for 0 < r < p < k, [A. Aziz, W.M. Shah,
Inequalities for a polynomial and its derivative, Math. Inequal. and Appl. 7 (3)
(2004) 397-391],

(0" + k)"

, W
M(p,p) <n p=1 -
(p,p) <np TS

{M(p, T) - m(p, k)}

In this paper, we have generalized as well as improved upon the above inequal-
ity by involving the coefficients of the polynomial p(z). Besides, our result gives
interesting refinements of some well-known results.
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1 Introduction and Statement of results

Let p(z) be an entire function, M(p,7) = max;—, [p(z)| and m(p,r) =
min—, [p(2)]. If p(z) = 377, a;%7 is a polynomial of degree atmost n and p'(z)
its derivative, then

M(p',1) <nM(p,1). (1.1)

Inequality (1.1) is a well known result of S. Bernstein (for reference see [1, 2].
If we restrict ourselves to a class of polynomials having no zeros in |z| < 1, then

M@,1) < gM(p,l). (1.2)

Inequality (1.2) was conjectured by Erdos and latter verified by Lax [3]. This
inequality was further improved by Aziz and Dawood [4]. In fact they proved with
the same hypothesis, that

M(p 1) < 5{M(p,1) = m(p,1)). (13)

As an extension of (1.2), Malik [5] proved that if p(z) is a polynomial of degree
n which does not vanish in |z| < k, k > 1, then

’ n
M H<—M(p,1 1.4
01 < T M) (1.9
whereas Govil [6], under the same hypothesis proved that
’ n

As a generalization of inequality (1.4), Dewan and Bidkham [7] proved that
if p(z) is a polynomial of degree n having no zeros in |z| < k, k > 1, then for
0<r<p<k,

/ (p+ k)"
M(p.p) < HW

Recently, Dewan and Mir [8] generalized inequality (1.6) and proved the fol-
lowing result:

M(p,r). (1.6)

Theorem A. If p(z) = Z?:o ajz7 is a polynomial of degree n having no zeros in
|z2| <k, k>1,then for 0 <r <p <k,

/ (p+ k)"t [ k(k=p)(nlao| = klas))n (p—r\ (k+r\""
o e il E= i Ve =) M )

As a generalization of inequality (1.5), Aziz and Shah [9] proved the following;:

Theorem B. If p(z) = ao + Z?:u ajz?, 1 < p < nis a polynomial of degree n
having no zeros in |z| < k, k > 0, then for 0 < r < p <k,

M(p',p) < np"~ {M(p,r) —m(p, k)}. (1.8)



Inequalities Concerning Maximum Modulus of Polynomials 299

In this paper, we prove the following more general result which improves as
well as generalizes Theorems A and B. More precisely, we prove:

Theorem 1.1. If p(z) = ap + Z?:# a;jz?, 1 < p <nis a polynomial of degree n
having no zeros in |z| < k, k > 0, then for 0 <r < p <k,

My, p) < M+ eyt Hl_ K (k = p)(nlao| — k" play|)n
T ()i p(nlaol (o1 + k1) + pila, | (k2 p + kiTpm))
n_q 4
p/'b_/r'yf ku_i_/r'/"/ ® /]"H_’_k/"/p,
() () o -ttt
+ p + p (p“—f—kﬂ)u

x (nlaolp + pla,|k" 1) PR —1
nlao|(KH+Y 4+ ph+Y) + pla| (k2 p + kit pr) \\ vt + k

n

Fquality in (1.9) holds for the polynomials of the form p(z) = (2 + kM) »,
n is a mutiple of p.

where

Remark 1.2. It is well known (for example see [10], proof of Lemma 2.4) that if
p(z) = ao + Z?:u a;jz?, 1 < p < n having no zeros in |z| < k, k >0, then

1 |y
_—k* <1,
nlaol —m(p, k)~

which also implies
ula

W
ni|aop

k< 1.

The above theorem with 0 < r < p < k and %

it < 1 gives a bound that is
0

mauch better than abtainable from Theorems A and B.
Again, If we put njag| = p|a,|k* in above theorem, we get the following result.

Corollary 1.3. If p(z) = agp + Z?:# a;jz?, 1 < pu<nis a polynomial of degree n
having no zeros in |z| < k, k > 0, then for 0 <r < p <k,

, o iyt T T PH o R\
M < u—l(pin M _ 1—
(P, p) < mp (kr 4 rr)i (p.7) pH + kP pH + k#

_n(pr R ET
T

The result is best possible and equality holds for p(z) = (z* + kM) i, where n is a
mutiple of .
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2 Lemmas
For the proof of Theorem 1.1, we require the following lemmas:

Lemma 2.1. If p(z) = ap + Z?:# a;jz?, 1 < pu < n be a polynomial of degree n
having no zeros in |z| <k, k > 1, then

’ n
Mp,1)< M(p,1). 2.1

0,1 < 7M1 (2.1)
The above result is due to Chan and Malik [11].

Lemma 2.2. If p(z) = ap + E?:u a;jz?, 1 < pu < n be a polynomial of degree n
having no zeros in |z| < k, k > 1, then

Qp
ag

1+ 123 ku+1

n

M(p,1) <n M(p, 1), (2.2)

1 bl g 22| e (et 1y 2

Qp
ao

where q(z) = z”p(%)
The above lemma is due to Qazi [12].

Lemma 2.3. If p(z) = ap + Z?:# a;jz?, 1 < p < n be a polynomial of degree n
having no zeros in |z| < k, k > 0, then for 0 <r < p <k,

M) = (5 ”“)ZM(p,pH - (5 +k“)z]m<p7k>. (23

p#—|—k# p#—|—k#

This lemma is due to Dewan, Yadav and Puktha [13].

Lemma 2.4. If p(z) = ap + Z?:u a;jz?, 1 < p < nis a polynomial of degree n
having no zeros in |z| < k, k > 0, then for 0 <r < p <k,

ket k#(k — p)(nlao| — k*pla,|)n
b i p(nlaol (P + k1) + prla,| (k20 p + kit 1pm))

T TR
(D) (EEN T M
k#—|—p# k#—|—p#

_ (nlaolp + pla| k1) (r# + k*)
nlao| (k¥ + prth) + play| (B2 p + kit pr)

(@) ) s

M(p,p) < (
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Proof. Since p(z) has no zeros in |z| < k, k > 0, therefore the polynomial T'(z) =
p(tz) has no zero in |z| < where 0 < ¢t < k. Applying Lemma 2.2 to the
polynomial T'(z), we get

k
T

1+ £ (k/t)ptt

I
tra,
ao

’

M(T,1)<n

M(T, 1),

L+ (k/ptt + 5 ((k/t)rtt + (k/1)%m)

tha,
ap

which implies

nlaot + prla |k
Alao (R 0770) 1 il (K20 + R 1)

M(p',t) < nt“_l{ }M(p,t) (2.5)

Now for 0 <r < p <k and 0 < 0 < 27, we have by using (2.5)

P
Ip(pc™®) — p(re®®)| < / 1 (1)) dt
P

IN

_ nlaolt + pla, |kHT1
ntt 1 — | Jr|1 | M| i — M(p,t)
nfao|(k#+h 4+ thF1) + play | (K2t + krtier)

T

Using Lemma 2.3 with p = ¢ and noting that 0 < r <t < p < k, it follows
that

P
i 0 1 nlaolt + play [kt
_ < tH
Ip(pe™)—p(re”)| < /" {n|a0|(k“+1 + ) 4 pifay| (K20t + ketTEe)

4 ke \ R A

(k" + p") nlaolp + pla, kM
kr + rﬂ)% nlao| (k1T 4+ prtl) + pla,|(k2Hp + krtlph)

T

Therefore,

M(p,p) < [1+(

p
x/nt“_l(k“—i—t“)%ldt} M(p,r)

_ nlaolp + pla, k"
nlao|(k#F1 + prtl) + pfa,| (k2 p + kit pi)

o n
tHh 4 kP # y—1
x/<(r“+k”) —1>nt dt}m(p,k)
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< { (k" + p")(n]ao|p + play k")

~ nag| (T prT) + play [ (K2 + ke pr)

(" + ") (nfaolp + pla 1) BN
nlagl (kT ) palay (2 £ kT \ B g ) [0

_ nlaolp + pla, [k*
nlao|(k# 1 + prth) + play| (k2 p + kPt pr)

P n_q
th 4 kR v
_ n—1
X/((r“—l—k“) 1>m€ dt} m(p, k)

(k — p)(nlag| — R pla, Dk
nlag|(k#+1 + pr 1) 4 play| (k24 p 4 kit pr)

(k — p)(nlao| — k" play|)k" AN
1= M
+{ nlao| (k#+1 + prt1) + play | (k2 p + kit lpm) [\ kr + re (p,7)

_ nlao|p + pla, kPt 1
nlao| (K41 -+ pr 1) + pla | (k2 p + krFLp) f (pi 4 fr) i T
P

X / ((k” S e (e k“)%l)nt“_ldt]m(p, k)

_ (N (k — p)(nlao| — K" pla|)k"
e i nlao|(k#+Y + pr+h) + play|(k2#p + ket p)

EH ol \ B
{- () J]en
_ (nlaolp + play[K*+H)(r" + k)
nlaol(K# + prth) + play| (K2 p + kit pr)

kH + p“ % n pH — /r'/'b
—1) - =
o) 1) -2
B pNEL (ke p)(lagl — Rpla b
et i nlao|(k#+Y + pr 1Y) + play | (k2p + kit p)

Bo— pht kMgl \ B
X - d kH4rH {1_ ( Rl ) }:|M(p,7’)
(kH + p“)(l - k"er“) ke + p
[ (alaolp a6 £ 1 i
Ao (b1 + ) -+ plag| (k2 + ko) | \\\ T o

(252 s




Inequalities Concerning Maximum Modulus of Polynomials 303

B\ BT k(= p)(nlao| — K alay|)n
[ (nlao] (o1 + kA7) + plag (K% + ki pi)

TRPNTE Y STRIIPSTANS it
of [ iad M(p,r)
kH + pr k# + pr
. (nlaolp + ula, ke 1) + k) Pk E
nlao|(k#+Y + prth) + play | (k2 p + ket pr) L\t o+ ke

This completes the proof. O

3 Proof of the Theorem

Proof of Theorem 1.1. Since p(z) has no zeros in |z| < k, k > 0, then for
0 < p <k, it follows that T(z) = p(pz) has no zero in |z| < %, where k/p > 1.
Applying Lemma 2.1 to the polynomial T'(z), we get

M(T,1) < 7 M(T, 1),

npt—1

which gives

M(p,p) <

< M) (31)

Now if 0 <r < p <k, then from (3.1) it follows with the help of Lemma 2.4 that

npﬂl(p“4—kﬂ>3—1[ ) B4k = p) (ool — k*ulal)n
(k# 4 i) p(nlaol (41 + k4 + pula, [(R2p + kit ph))

TR JTREITA it
(2N (BN M)
kr + pH kr + pH
-n AR (nlaolp + plau| k1)
pr + ki nlao|(k# 1 + prth) + play|(k2#p + kit pr)

X{<(i:1::>%—1>—E%%}i%%}}mnky

This completes the proof of Theorem 1.1.

M@®,p) <
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