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1 Introduction and Preliminaries

Throughout this paper, we always assume that H is a real Hilbert space with
inner product (-,-) and norm || - ||. Let C be a nonempty closed convex subset of
H. Let f: C xC — R be a bifunction and B : C — H a monotone mapping. The
generalized equilibrium problem (for short, GEP) for f and B is to find u € C
such that

f(u,v) + (Bu,v —u) >0, Yv € C. (1.1)

The set of solutions for the problem (1.1) is denoted by GEP(f, B), i.e.,
GEP(f,B) ={uecC: f(u,v)+ (Bu,v —u) > 0,Yv € C}.

If B =0 in (1.1), then GEP reduces to the classical equilibrium problem and
GEP(f,0) is denoted by EP(f), i.e.,

EP(f)={ueC: f(u,v) > 0,Yv € C}.

If f =0in (1.1), then GEP reduces to the classical variational inequality and
GEP(0, B) is denoted by VI(C, B), i.e.,

VI(C,B)={ueC:{(Bu,v—u)>0,VveC}
It is easy to see that the following is true:
uw€eVI(C,B) & u=Pc(u—ABu), A>0. (1.2)

The problem (1.1) is very general in the sense that it includes, as special cases, op-
timization problems, variational inequalities, Min-max problems, the Nash equilib-
rium problems in noncooperative games and others; see, for example, Blum-Oettli
[1] and Moudafi [2].

For solving the generalized equilibrium problem, let us assume that f satisfies
the following conditions:

(A1) f(xz,z) =0 for all x € C;

(A2) f is monotone, that is, f(z,y)+ f(y,z) <0 for all z,y € C;

(A3) for each x,y,z € C, limy_o f(tz + (1 —t)z,y) < f(z,y);

(A4) for each z € C, the function y — f(z,y) is convex and lower semicontinuous.

A mapping A of C' into H is called monotone if
(Au — Av,u —v) >0

for all u,v € C. A is called y-inverse strongly monotone if there exists a positive
real number v such that

(Au — Av,u — v) > || Au — Av|?
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for all u,v € C. It is obvious that any -inverse strongly monotone mapping A is
monotone and Lipschitz continuous.

It is well known that for every point « € H, there exists a unique nearest point
in C, denoted by Pcox, such that

|z — Pox| < |z =yl

forall y € C. P¢ is called the metric projection of H onto C. P¢ is a nonexpansive
mapping of H onto C and satisfies the following properties:

(x — vy, Pcx — Pcy) > ||Pox — Poyl|?, Yo,y € H,
o — Pox|? < |lz = ylI* = |y — Pex|?, Yo e H, y € C, (1.3)
|l = Poyl® < ||z = yl* — ly — Peyll®, Ve € C, y € H. (14)
Moreover, given x € H, z € C, z = Pcox if and only if
(x —z,y—2) <0, Yy € C. (1.5)

Let T : C — C be a mapping. In this paper, we denote the fixed point set of
T by F(T). Recall that T is said to be uniformly L-Lipschitzian if there exists a
constant L > 0 such that

IT"x — T"y|| < L||lx — y||, Vz,y € C,¥n > 1. (1.6)
T is said to be nonexpansive if
[Tz =Tyl < [l —yll, Y,y € C. (1.7)

T is said to be asymptotically nonexpansive if there exists a sequence {k,} in
[1,00) with lim, s kn, = 1 such that

1Tz — T"y|| < knllz —yll, Yo,y € C,Vn > 1. (1.8)

T is said to be asymptotically nonexpansive in the intermediate sense if it is
continuous and the following inequality holds:

limsup sup (||[T"x — T"y| — ||z — y||) <O0. (1.9)

n—oo x,ycC

Observe that if we define

= max{o, sup (| — Ty — o — y|>} ,
z,yeC

then 7,, — 0 as n — oco. It follows that (1.9) is reduced to

IT"z = T"y|| <[l =yl + 70, Y,y € C,Vn > 1.
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The class of mappings which are asymptotically nonexpansive in the intermediate
sense was introduced by Bruck, Kuczumow and Reich [3]. It is worth mentioning
that the class of mappings which are asymptotically nonexpansive in the interme-
diate sense contains properly the class of asymptotically nonexpansive mappings.

Recall that T is said to be a k-strict pseudocontraction if there exists a constant
k € ]0,1) such that

1Tz = Tyl < llo = yl* + KlII(I = T)x — (I = T)y||*, Vo,y € C. (1.10)

T is said to be an asymptotically s-strict pseudocontraction with sequence {puy,}
if there exist a constant x € [0,1) and a sequence {u,} C [0,00) with pu, — 0 as
n — oo such that

1Tz = T™y|* < (1 + po)llz = ylI* + &Il =T — (I =Tyl Yo,y € Cn > L.

(1.11)
It is important to note that every asymptotically x-strict pseudocontractive map-
ping with sequence {u,} is a uniformly L-Lipschitzian mapping with

14+ (11— n
L_sup{ﬁ—i_ 1—:_(% Gl :nEN}.

Recently, Sahu, Xu and Yao [4] introduced a class of new mappings: asymp-
totically k-strict pseudocontractive mappings in the intermediate sense. Recall
that T is said to be an asymptotically k-strict pseudocontraction in the interme-
diate sense with sequence {u,} if there exist a constant x € [0,1) and a sequence
{pn} C [0,00) with p, — 0 as n — oo such that

limsup sup (|72 —T"y[|* = (1+ pp)llz —y||* = & (I = T™)z — (I = T")y|]*) < 0.
n—oo x,Yyec

(1.12)
Throughout this paper we assume that

¢n = max{0, suepc(HT"a:—T"yHQ— (At )|z =yl* =6l (I =T™)z— (I =T")y|I*)}.
z,y

It follows that ¢, — 0 as n — oo and (1.12) is reduced to the relation
1T =T"y|* < tpn) a—yl*+4] (=T 2= =T")y|*+cn, Yo,y € C. (1.13)

They studied the demiclosedness principle and obtained weak and strong conver-
gence theorems of modified Mann iterative processes for the class of mappings
which is not necessarily Lipschitzian; see [4] for more details.

Recently, many authors studied the problem of finding a common element
of the set of fixed points of nonexpansive mappings or strict pseudocontractive
mappings, the set of solutions of an equilibrium problem and the set of solutions
of the variational inequality problem in the frame work of Hilbert spaces and
Banach spaces respectively; see, for instance, [5-8] and the references therein.
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For solving the variational inequality problem in the finite-dimensional Euclid-
ean space R", Korpelevich [9] (1976) introduced the following so-called extragra-
dient method:

xo=x € C,
yn = Po(z, — NAz,), (1.14)
Tnt+1 = Po(zn, — MNyy), Yn >0,

In 2006, Nadezhkina and Takahashi [10] and Zeng and Yao [11] proposed some
iterative schemes for finding a common element of the set of fixed points of a
nonexpansive mapping and the set of solutions of a variational inequality problem
by so-called extragradient method. Further, Ceng et al. [12] introduced and
studied a relaxed extragradient method for finding solutions of a general system of
variational inequalities with inverse-strongly monotone mappings in a real Hilbert
space.

Motivated and inspired by the above works, in this paper, we introduce two it-
erative processes based on extragradient method and hybrid projection method for
finding a common element of the set of a generalized equilibrium problem, the set
of solutions of the variational inequality problem for a y-inverse strongly monotone
mapping and the set of fixed points of an asymptotically k-strict pseudocontrac-
tive mappings in the intermediate sense in a real Hilbert space. We establish some
strong convergence theorems for our iterative schemes.

In order to prove our main results, we also need the following lemmas.

Lemma 1.1 ([13]). Let (E,{(-,-)) be an inner product space. Then, for all x,y,z €
E and o, 8,7 € [0,1] with a« + 5+ v = 1, we have

law+ By +2l* = allz[*+ Bllyll* +1121* — aBllz —yl* — avlla —2I* = Bylly — 2>

Lemma 1.2 ([4]). Let C be a nonempty subset of a Hilbert space H and T : C — C
a uniformly continuous asymptotically r-strict pseudocontractive mapping in the
intermediate sense with sequence {un}. Let {x,} be a sequence in C such that
|2n — Zni1l] = 0 and ||z, — T"xy|| — 0 as n — oco. Then ||z, — Ta,|| — 0 as
n — oo.

Lemma 1.3 ([4, Proposition 3.1)). Let C' be a nonempty closed convex subset of a
Hilbert space H and T : C — C a continuous asymptotically k-strict pseudo-
contractive mapping in the intermediate sense. Then I — T is demiclosed at
zero in the sense that if {xn} is a sequence in C such that x, — z € C and
limsup,,, . limsup,, o |n — T™xy,|| =0, then (I —T)xz = 0.

Lemma 1.4 ([14]). Let C be a closed convex subset of a real Hilbert space H, let
[ be a bifunction from C x C to R satisfying (A1) — (A4), and let B be a monotone
mapping from C into H. Then, for r > 0 and x € H, there exists z € C such that

1
f(Z,y)+<B£L’,y—Z>+;<y—Z,Z—JJ> 207 VyEC
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Lemma 1.5 ([14]). Let C be a closed convex subset of a real Hilbert space H. Let
f be a bifunction from C x C to R satisfying (A1) — (A4) and let B be a monotone
mapping from C into H. For r > 0 and x € H, define a mapping T, : H — C as
follows:

TT(x):{zEC:f(z,y)+<Bx,y—z>—|—%(y—z,z—@ >0, Vy e C}

for all x € H. Then, the following hold:
(1) T, is single-valued;

(2) T, is firmly nonexpansive, i.e., for any x,y € H,

Tz — TryH2 <(Trx —Try,x —y);

(3) F(T,) = GEP(J, B);
(4) GEP(f,B) is closed and convex;
(5) T, is quasi-p-nonexpansive;
(6) |Trw = ql* + | Tz — 2[|* < ||z — qlf*, Vg € F(T;).
Lemma 1.6 ([4]). Let C be a nonempty closed conver subset of a Hilbert space H

and T : C — C a continuous asymptotically k-strict pseudocontractive mapping in
the intermediate sense. Then F(T) is closed and conve.

We denote by N¢(v) the normal cone for C' C H at a point v € C, that is
Ne(w)={z € H: {(v—y,x) >0, Yy € C}. We shall use the following lemma.

Lemma 1.7 ([15]). Let C be a nonempty closed convex subset of a Banach space
E and let A be a monotone and hemicontinuous operator of C' into E* with C =
D(A). Let S C E x E* be an operator defined as follows:

Sp = Av+ N¢(v), veC,
0, v C.

Then S is mazimal monotone and S~(0) = VI(C, A).

2 Main Results

Theorem 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H
and T : C — C a uniformly continuous asymptotically k-strict pseudocontractive
mapping in the intermediate sense with sequence {u,}. Let f be a bifunction from
C x C to R satisfying (Al)—(A4) and B a continuous monotone mapping of C
into H. Let A be a ~y-inverse strongly monotone mapping of C into H such that
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F = F(T)NGEP(f,B)NVI(C,A) # 0 and F is bounded. Let {x,}5°, be a
sequence in C generated by the following iterative process:

r1€C = Cl,

2n = Po(xp — AAxy,),

Up € C, f(un,y) + (Bzn,y — un) + %(y — Up, Uy — 2p) >0, Yy € C, 2.1)
Yn = Qplipy + BnT U + YnPo(zn — AnAzy), '
Cnt1=1{2 € Cp : lyn — 2|1 < [lzn — 2] + Bnbn},

Tny1 = Po, 71, Vn2>1,

where 0, = ¢p + fn - Ap, Ap = sup{||z, —p||*> : p € F} < co. Assume that
{rn} C la,00) for some a > 0, {an}, {Bn}, {7} are sequences in [0,1] with
an + Bn + o = 1 such that o, > 1 > K, Bn > ¢ > 0 and {\,} is a sequence
in (0,2y) such that 0 < s < X\, < 2v. Then the sequence {x,} given by (2.1)
converges strongly to x* € F, where x* = Prx;.

Proof. Since p, — 0 and ¢, — 0, we get 6,, — 0 as n — oo. For any z, y € C
and A, € (0,27), we note that

(I = A A)z — (I = M A)y|?
=[lz —y — An(Az — Ay)|1?
=[lz = ylI* = 2An(z — y, Az — Ay) + Ao || Az — Ay|?
<l =yl + An(An — 29) [ Az — Ay|?
<z — ylI,

which implies that I — A, A is nonexpansive. For any p € F, from the definition
of T}, we have uy, =T z,. It follows that

||un —p|| = ||Trnzn _pH < Hzn _p” = ||PC(:En - AnA:En) _pH
< ||zn — pll-

Next, we divide the proof of Theorem 2.1 into eight steps.
Step 1. C, is closed and convex for each n > 1.

By the assumption, we see that C; = C is closed and convex. Suppose that
C,, is closed and convex for some integer n > 1. Next, we show that C, 41 is closed
and convex. For any z € C), such that

lyn = 211 < llen — 2|* + Brbn.
This inequality is equivalent to the inequality:

2Ty — Yn, 2) < ”IHH2 - Hyn||2 + Bnhn.
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It is easy to see that C), 41 is closed and convex. Then, for all n € N, C), is closed
and convex.
Step 2. F' C C, for eachn > 1.

This can be proved by induction on n € N. Indeed, for n = 1, we have
F c C = (Cy. Suppose that FF C C, for some n > 0. Let p € F. From
p = Po(I — X\, A)p, Lemma 1.1 and (2.2), we have

lyn = pII?
=[lan(un = p) + Bna(T"un — p) + Y (Po(l — AnA)zn — p)||2
=an[un = pII* + Bl T"un — plI* + 3l Pe(I = AnA)zn — pl®
— anfBn|lun — Tnun||2 — anYnllun — Po(I — /\nA)Zn||2
= Ba T un — Po(I — )‘nA)Zn||2
=an||uy, —p||2 + Bull T up — sz + Yl Pl = AnA)zn — Po(l — )‘nA)p||2
— W Bullttn — T un || = anYnl|tin — Po(I — A\ A)z, ||
= Ba T un — Po(I — )‘nA)Zn||2
<an|un —p||2 + Bn((1 + pn)lun — p||2 + kllun — Tnun||2 + ¢n)
+ Y llzn — p||2 — anOn|un — Tnun||2 — anYnlun — Po(I — )‘nA)Zn||2
<(an + B + Bapn)llun = pl1* + Bucn + vl — pll?
= Bulon — K)|[un — Tnun”Q — anYnllun — Po(I — /\nA)Zn||2
<llwn = Pl + Buttnllzn — plI* + Bacn = B lan — #)|un — T
— anYnllun — Po(l — /\nA)Zn||2
<llzn =Pl + Buttnllzn — plI* + Boca
<llzn = plI* + Bnbn,
where 0,, = ¢, + pn - Ay, and A, = sup{||z, — p||* : p € F} < oo for each n > 1.
This shows that p € C),+1 and F C C),+1. Hence F C C), for each n > 1. This
means that the iterative algorithm (2.1) is well defined.

Step 3. lim,, oo ||2n — 1] exists and {z,} is bounded.
Noticing that z, = Pc,z1 and (1.3), we have

lzn = 21[* < Jlax = plI* = 2w = plI* < [loz = p%,

which implies that ||z, — 1] < ||x1 —p|| for all p € F and n > 1. This shows that
the sequence {||z, — z1]|} is bounded. From z,, = P¢, 21 and x,41 = Po,,, 21 €
Ch+1 C C,, we obtain that

n+1

[en = 21| < [[#nta — 21|, VR = 1.

It follows that {||«,, — x1||} is nondecreasing. Therefore, lim,, o ||, — 21 || exists
and {z,} is bounded.
Step 4. 41 — 2, — 0 and x,, — 2* € C.
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For any positive integer m > n, we know x,,, = Pc,, 1 € Cp, C Cy,. It follows

from (1.4) that

[2m—=zn|? = [|2m—Po,1[|” < |zm—a1[*—|l21—Po,21[* = |2m—a1 || = [ 2n—a: ||,

In view of step 3 we deduce that ||z, — z,|| — 0 as m, n — co. Hence {z,} is a
Cauchy sequence of C and

lim ||@pt1 — zn] = 0. (2.4)
n—oo
Since H is a real Hilbert space and C is a closed subset of H, there exists a point
z* € C such that z,, — x* as n — oo.

Step 5. z* € F(T).
Noticing that 1 € C),+1, we obtain

lyn = @nral® < Nl — zaga |* + Bub-
From (2.4) and 6,, — 0 we have
lim |lyn, — Zpy1l| = 0.
n—oo
Furthermore, it follows from ||z, — yn|| < ||Zn — Tnti1l|| + [|Tnt1 — yn|l that
lim ||z, — yn| = 0. (2.5)
n—oo
For any p € F, we have
lun =0 = Ty 20 = Tr,plI* < (Tr, 20 = T, 0, 20— 1)

n

= <un_pvzn_p>

1
= 5 (llun —pl? + 20 — 2l = llun — 2all?)
and hence
tn = plI? < 20 = PI* = llun — 20ll® < llen = plI* = [lun — 2a|1*.
In view of (2.3), we obtain
yn — pl?
<(an + Bu)llun = plI? + Bubn + nllen — pl1? (2.6)

L(an + Bn)(ln = plI* = llun = 20ll?) + Bubn + Yullzn — pl1?
:”xn _p||2 - (an + ﬁn)”un - Zn||2 + ﬁnen
It follows from the assumption conditions «,, > 1 > k and 3, > ¢ > 0 that

(n+ QO llun — Zn||2 < (an + Bn)||un — Zn||2
<lzn = plI* = lyn — I + Bnbn
= (llzn = pll = llyn — D (lz0 = Il + [lyn = Pl) + Bnbn
< lzn = ynll(lzn = pll + lyn — pII) + Brbn.
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From (2.5) we arrive at
lim ||u, — 2] = 0. (2.7)

Using (2.3), we have

[yn = plI* < llzn = pI? + Batinl|zn = pII* + Bucn — Bulan — K)llun — T uq .
It follows that
¢ = K)l[un — T un||* < Bn(an — K)|[un — T™up]|”
< llzn =l = llyn = plI* + Bubn
< llen = yall(len = pll + llyn — pl) + Brbn.

and hence
lim |, — T"u,|| = 0. (2.8)

Using (2.3) again, we obtain
lyn = pII?

wn = plI* + Bnbn = Bu(an — £)lun = T"un||* = anynllun = Po(I = AnA)za|?
<llzx _pH2 + Bnbn — anyn|lun — Po(l — )\nA)ZnHQ
It follows that
Mnllun = Po(I = A A)zp||? < anynllun — Po(I = XnA) 2z |?

S Hxn _p||2 - Hyn _p”2 + ﬁnen
< len = ynll(len = pll + llyn = pll) + Bnbn

which implies that

Jim vy Jun — Po(I - A A)zn||? = 0.
So,

nh_}ngo Vnllun — Po(I — ApA)zn|| = 0. (2.9)
Since Yy, = apty + BT Uy + Y Po(zn — AnAzy), we have

It follows from (2.8) and (2.9) that

lim |y, — un| = 0. (2.10)

n—oo
Noticing that ||z, — 2z || < |20 — Ynl + [[yn — un|l + ||un — 24|, We obtain

lim ||z, — z,] =0, (2.11)



Strong Convergence Theorems for Generalized Equilibrium Problems ... 277

and hence z,, — z* as n — oo. Combining (2.7) and (2.11) we get

lim |a, — u,| =0, (2.12)

n—oo

which implies u,, — x* as n — oo. Since
[un+1 = unll < Junt1 — Tnall + [|Tn1 =zl + 20 — unl,
it follows from (2.4) and (2.12) that

lm |1 — upl = 0. (2.13)

Note that 7" is uniformly continuous, from (2.8), (2.13) and Lemma 1.2 we obtain
that ||u, —Tuy|| — 0 as n — oco. Moreover, we see that ||u, —T™uy,| — 0 for any
m € N. By Lemma 1.3 we obtain z* € F(T).
Step 6. 2* € VI(C, A).

Since A is Lipschitz continuous, from z,, — z, — 0 we have

lim ||Az, — Az,|| = 0. (2.14)

Let
S = Av+ N¢(v), veC,
0, véeC.

By Lemma 1.7, S is maximal monotone and S~1(0) = VI(C, A). Let (v,w) €
G(S). Since w € Sv = Av + N¢(v), we have w — Av € N¢(v). It follows from
zn € C that

(v = zp,w — Av) > 0. (2.15)

On the other hand, from z,, = Po(x, — A, Az, ) we obtain that
(V= 2zn,2n — (Tn — MAxy,)) >0,

and hence
Tn — Zn
. Az,) <0. (2.16)

Then, from (2.15) and (2.16), we have

(v — zn,

(v = zp,w) > (v — 2z, Av)

> (v — zp, Av) + (v — 2, In —n — Az,)

)

= (v — zpn, Av — Azp) + (0 — zp, Az, — Axy) + ( — 2,

Tn — Zn

= (v — zp, Av — Az, +

n
Tp — Zn

)

Y

—llv = zn|l - | Azn — Aznl — [[v — 24|
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Hence we have (v — z*,w) > 0 as n — oco. Since S is maximal monotone, we have
z* € S71(0) and hence z* € VI(C, A).
Step 7. «* € GEP(f,B) = F(T).

Since u,, = Tz, we obtain that

1
f(unay)+ <an7y_un>+ _<y_unuun _Zn> Z 07 Vy € C

Tn
From (A2), we have

Up — Zn

<an7y - Un> + <y — Un, > > _f(unvy) > f(yuun)v Vy € C. (2'17)

Fort with0 <t <landyeC,lety, =ty+ (1 —t)z*. Since y € C and z* € C,
we have y; € C. From (2.17) we obtain that

<Byt7 Yt — un>

Z<Byt7yt - un> - <an7yt - un> - <yt — Un,

Unp —

) 4 F(yesun)

En 220y 4 F s un).

n

:<Byt — By, ys — un> + <Bun — Bzp,ys — un> - <yt — Un,

By the continuity of B and the fact that z,, u, — z* as n — oo, we know that
Bu, — Bz, — 0 as n — oco. Since B is monotone, we obtain that (By; — Bu,, y: —
Up) > 0. Thus, it follows from (2.7), (A4) and the assumption r,, > a that

fQye,2™) <Timinf f(ys, un) < N (Bye, yp — un) = (Bye, ye — 7).
Now, from (A1) and (A4) we have

0= f(ye,ye) <tf(ye,y) + (1 —t)f(ye, )
<tf(ye,y) + (1—f)<Byt,yt—w )
<tf(ye,y) + (1 = OBy, y — z7),

and hence f(y:,y) + (1 —¢)(Byt,y — 2*) > 0. Letting t — 0, from (A3), we have
flz*,y) + (Bz*,y — z*) > 0 for all y € C. This implies that z* € GEP(f, B).
Therefore, in view of steps 5, 6 we have z* € F.
Step 8. =" = Prux;.

From x,, = Pc, x1, we get

(X — 2,21 — Tp) >0, Vz € Cp.
Since F' C C), for all n > 1, we arrive at
(xp —p,x1 — Tpn) >0, Vp € F.
Letting n — oo, we have
(" —p,x1 — 2"y >0, VpEF

and hence x* = Prx;. This completes the proof. o
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Corollary 2.2. Let C be a nonempty closed convex subset of a real Hilbert space H
and T : C — C a uniformly continuous asymptotically r-strict pseudocontractive
mapping in the intermediate sense with sequence {u,}. Let A be a ~y-inverse
strongly monotone mapping of C into H such that F = F(T)VI(C,A) # 0 and
F is bounded. Let {x,}22, be a sequence in C generated by the following iterative
process:

xr1 € C= Ol,
2n = Po(a, — ApAx,),

Cri1={2 € Cp: lyn — 2| < llzn — 2[” + Brbn},
Tpy1 = Po, 71, Yn>1,

where 0, = ¢ + pin - A, Ap = sup{||lz, —p||? : p € F} < 0o. Assume that {a,},
{Bn}, {n} are sequences in [0,1] with a, + Bn + v = 1 such that o, > n > K,
Bn > ¢ >0 and {\,} is a sequence in (0,27) such that 0 < s < A\, < 2v. Then
the sequence {xy} given by (2.18) converges strongly to * € F, where * = Ppx;.

Corollary 2.3. Let C be a nonempty closed convex subset of a real Hilbert space H
and T : C — C a uniformly continuous asymptotically k-strict pseudocontractive
mapping in the intermediate sense with sequence {un}. Let f be a bifunction
from C x C to R satisfying (A1)—(A4) such that F = F(T)(\EP(f) # 0 and F
is bounded. Let {x,}22, be a sequence in C generated by the following iterative
process:

r1€C = Ol,
up € O, f(n,y) + 7y — tn,un — 2,) >0, Wy € C,
Yn = aptn + (1 — )T up, (2.19)

Cni1= {Z €Cy: Hyn - 2”2 < Hxn - ZH2 + ﬁnen}v
Tnt1 = Pe, 21, Yn2>1,

where 0, = cp + fin - A, Ay = sup{||z, —p||* : p € F} < co. Assume that
{rn} C [a,00) for some a > 0 and {a,} is sequence in [0,1] such that 1 > ( >
apn, > n > k. Then the sequence {x,,} given by (2.19) converges strongly to x* € F,
where * = Ppxq.

As the proof of Theorem 2.1, we can prove the following strong convergence
theorem for generalized equilibrium problem, the variational inequality problem
for a y-inverse strongly monotone mapping and an asymptotically s-strict pseudo-
contractive mappings in the intermediate sense by using of routine method.

Theorem 2.4. Let C be a nonempty closed convex subset of a real Hilbert space H
and T : C — C a uniformly continuous asymptotically r-strict pseudocontractive
mapping in the intermediate sense with sequence {u,}. Let f be a bifunction from
C x C to R satisfying (Al)—(A4) and B a continuous monotone mapping of C
into H. Let A be a y-inverse strongly monotone mapping of C into H such that
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F = F(T)NGEP(f,B)NVI(C,A) # 0 and F is bounded. Let {x,}°, be a
sequence in C generated by the following iterative process:

x1 € C,

zn = Po(x, — ApAxy,),

up € C, f(un,y) + (Bzn,y — tun) + %(y — Up, Uy — 2n) >0, Yy € C,
Yn = Qpliy + BnT"upn + Y Po(z2n — AnAzy),

Hy={2€C:|lyn — 2|* < lwn — 2|1 + Bubn},

W,=1{2€C:{x,— 2,21 —x,) > 0},

Tnt1 = PHannﬂfl, Yn > 1,

(2.20)
where 0, = cp + fin - Ap, Ay = sup{|jz, —pl|? : p € F} < co. Assume that
{rn} C la,00) for some a > 0, {an}, {Bn}, {7} are sequences in [0,1] with
an + Bn + Y = 1 such that o, > 1 > K, Bn = ¢ > 0 and {\,} is a sequence
in (0,27) such that 0 < s < X\, < 2v. Then the sequence {z,} given by (2.20)
converges strongly to x* € F, where x* = Prx.

Proof. Tt is obvious that H, N W, is closed and convex for each n > 1. Now
we show that FF C H, N W, for all n > 1. Note that H, is actually C), 1 in
Theorem 2.1, so we have F' C H,, for all n > 1. Next we show by induction that
Fc H,NnW,. From W; = C, we have F' C H; N Wj. Assume that F' C Hi N Wy
for some k > 1. Then there exist a xx+1 € Hx N Wy such that

Te+1 = Pr.nw, 11
Since F' C Hi N Wy, from the definition of zp41 and (1.5), for all p € F we have
(Tht1 — P, 1 — Tpy1) >0,

and hence p € Wy1. So we have FF C Wy1. Therefore we get FF C Hg 11 NWiy1.
Thus we prove that F C H, "W, for all n > 1. This means that the iterative
algorithm (2.20) is well defined.

From the definition of W,,, we know that

(X — 2,01 — Tp) >0, V2 € W,,.

So by (1.5) we have z,, = Py, x1. If we instead C,, by W,, and C,,+1 by H,, in the
proof of Theorem 2.1 and notice that x,4+1 = PH, nw, 1 € Wy, we have

lim [|zp41 — 2| = lm ||z, — yu| = Um ||y, — 25]|
n—oo n—oo n—oo
= lim |z, — upl| = Um |Jup1 — upl = lim |Ju, — T"uy|| = 0.
n—oo n—oo n—oo

Thus the proof that {x,} converges strongly to Ppax; follows on the lines of
Theorem 2.1. O
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Corollary 2.5. Let C be a nonempty closed convex subset of a real Hilbert space H
and T : C — C a uniformly continuous asymptotically r-strict pseudocontractive
mapping in the intermediate sense with sequence {u,}. Let A be a ~y-inverse

strongly monotone mapping of C into H such that F = F(T)VI(C,A) # 0 and
F is bounded. Let {x,}22, be a sequence in C generated by the following iterative
process:

r1€C

zn = Po(x, — ApAxy,),

Yn = anzn + BT " 20 + Y Po(zn — MAzy),
Hy, ={z€C:|lyn — 21> < lzn — 2] + Bubn},
W,={2€C:{x, — 2,21 —x,) > 0},

Tpy1 = Po,ow, 21, Vn =1,

(2.21)

where 0, = ¢p + fin - A, Ap =sup{||z, —p|*:p € F} < co. Assume that {a,,},
{Bn}, {7} are sequences in [0, 1] with o + Bn + v = 1 such that o, > 1 > K,
Brn > ¢ >0 and {\,} is a sequence in (0,27) such that 0 < s < A, < 2vy. Then
the sequence {x,} given by (2.21) converges strongly to x* € F, where * = Ppx.

Corollary 2.6. Let C be a nonempty closed convex subset of a real Hilbert space H
and T : C — C a uniformly continuous asymptotically r-strict pseudocontractive
mapping in the intermediate sense with sequence {un}. Let f be a bifunction
from C x C to R satisfying (A1)—(A4) such that F = F(T)(EP(f) # 0 and F
is bounded. Let {x,}>2, be a sequence in C generated by the following iterative
process:

xr €C

un € C, f(un,y)+ %(y—un,un —xn) >0, VyeC,
Yn = aptn + (1 — )T up,

Hy={2€C: |lyn — 2|1 < llzn — 2|1> + Babn},
W,=4{2z€C:{(x, — 2,21 —x,) > 0},

Tn+1 = Py, aw, 21, Vn2>1,

(2.22)

where 0, = ¢p + fn - Ap, Ap = sup{||z, —p||*> : p € F} < co. Assume that
{rn} C [a,00) for some a > 0 and {an} is sequence in [0,1] such that 1 > ¢ >
apn, > n > k. Then the sequence {x,,} given by (2.22) converges strongly to x* € F,
where ©* = Ppx1.
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