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Abstract : In this article we introduce the difference paranormed sequence spaces
co{M,A,p,q}, c{M,A,p,q} and Lo{M, A, p,q} defined by Orlicz functions. We
study its different properties like solidness, symmetricity, completeness etc. and
prove some inclusion results.
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1 Introduction

Throughout the article w, ¢, ¢y and £, denote the spaces of all convergent, null
and bounded sequences, respectively. The zero sequence (0,0,0,...) is denoted
by 6 and p = (pi) is a sequence of strictly positive real numbers. Further the

-1 . .
sequence (p, ) will be represented by (¢). The notion of paranormed sequences
was introduced by Nakano [6] and Simons [8]. It was further investigated by
Maddox [5], Lascarides [4] and many others.

The notion of difference sequence space was introduced by Kizmaz [1] as fol-
lows:

2(8) = {z = () : (Awy) € 2},

for Z = ¢, ¢o and Lo, where (Axy) = (v — T41)-

An Orlicz function is a function M : [0,00) — [0,00), which is continuous,
non-decreasing and convex with M(0) =0, M(z) > 0 for z > 0 and M (z) — oo,
as ¢ — o00. If the convexity of the Orlicz function M is replaced by

M(z +y) < M(z) + M(y),

then this function is called modulus function, introduced by Nakano [6] and studied
by Ruckle [7] and further investigated by many others.
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Lindenstrauss and Tzafriri [3] used the idea of Orlicz function to construct the
sequence space

||

> < oo for some p>0}.
P

Oy = {:17 cw: M (
k=1
The space £;; with the norm

. .- ||
[|z]| =inf{p>0: M()gl .
{p>0: 300 (5F) <1)

becomes a Banach space, called as an Orlicz sequence space. The space £); is
closely related to the space ¢, which is an Orlicz sequence space with M (z) = |z|P
for 1 < p < 0.

An Orlicz function M is said to satisfy As-condition for all values of u, if there
exists a constant K > 0, such that

M(2u) < KM (u), (u > 0).

The As-condition is equivalent to the inequality M (Lu) < KLM (u) for all values
of u and for L > 1 (see for instance Krasnosleskii and Rutitsky [2]).

2 Definitions and Preliminaries

A sequence space F is said to be solid (or normal ) if (apxy) € E, whenever
(zr) € E, for all sequence (ay,) of scalars with |ag| <1 for all & € N.

A sequence space E is said to be symmetric if (z,(,)) € E, whenever (z,,) € E,
where 7 is a permutation on N.

Let H = suppy, and D = max(1,2771), then it is well known that

Jar + bl < D Jaxl™ + oy |

Remark 1 Let M be an Orlicz function and 0 < A < 1, then for all z > 0,
M(Azx) < AM(x).

Let M be an Orlicz function, then we have the following known Orlicz sequence
spaces:

Pk
co(M,A,p) = {(xk) Ew: {M (mxkﬂ — 0, as k — oo, for some p > 0}.
p
|A£k—L| Pr
e(M,A,p) = {(a:k) cw: |M T — 0, as k — oo, for some

L € C and for some p > O}.



Some Classes of Difference Paranormed Sequence Spaces 211

|A.Z‘k‘

Pr
EOO(M,A,p):{(:Ek)Ew:sup {M( ﬂ < o0, for some p>0}.
k

Let (X,q) be a seminormed space seminormed by ¢. Now we introduce the
following sequence spaces.

A Pk
co{M,A,p,q} = {(xk) cw: {M (Q(;k))] ty — 0, as k — oo, for some p > O}.

A — L Pk
c{M,A,p,q} = {(xk) Ew: {M (W)] ty, — 0, as k — oo, for some

L e X and for some p > O}.

Pk
Lo {M, A p,q} = {(xk) Ew: sup{ [M (q(Afk)>] tk} < oo, for some p > O}.
k

Lascarides [4] has shown that the sequence spaces co{p} and ¢, {p} are linear
spaces for any positive sequence p = (pg).

Two sets of sequences E and F are said to be equivalent if there exists a
sequence u = (uy) of strictly positive numbers such that the mapping v : £ — F
defined by (ugzy) € F, whenever (x) € E is a one to one correspondence. We
write £ = F(u). Clearly E = F(u) implies F = E(u™"), where u™! = (u;').

The following results will be used for establishing some results of this article.
It were proved in Lascarides [4] :

Lemma 2.1 Let h = inf p;, and H = sup pg, then the following are equivalent :
(1) H<oo and h>0.
(i) co(p) = co or oo (p) = loo.
(iii) Loo{p} = loc(p)-
(iv) co{p} = co(p).
(v) Hp} = €(p).
Lemma 2.2 Let p,q be two sequences of strictly positive numbers. Then co{p} =

co{q} if and only if there exists a sequence u = (ug) of strictly positive numbers
such that

(uipf N HR0)m

lim lim su =0 1
im lim sup ” (1)
and )
q5 N—(1+%) Dr
lim lim sup (kg ) =0. (2)
N k Pk
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—1 -1
Lemma 2.3 Let the sequence a = (ax) = (q* p."* ). Then co{p} = co{q} if
and only if the following conditions hold

lim lim sup Na(+p) — (3)
N k
and .
limlimsup N ~P+(1Fa ) — 0. (4)
N k

-1 —1

Lemma 2.4 Let the sequence a = (ay) = (qZ’“ p,:p" ). Then
. 1 1 . .
lim ( - ) =0 implies co{p} = co{q}.
Lemma 2.5 Let f, = L& for every k € N. Let (fx) and (fo!) be both in ls.
Then loo{p} = loc{a}(f)-
Lemma 2.6 Let q € {o,. Then loo{p} C lo{q} if and only if

limjinf qu(Npy)~ 7% ">, (5)
for every integer N > 1.

Lemma 2.7 Let q € {oo and co{p} = co{q}, then co(p) = co(q).

3 Main Results

In this section we prove the results of this article.

Theorem 3.1 The classes co{ M, A,p,q}, c{M,A,p,q} and Loc{M,A,p,q} are
linear spaces, for any sequence p = (pi) of strictly positive numbers.

Proof. We establish it for the case co{M, A, p, ¢} and rest of the cases will follow
similarly. Let (zx), (yx) € co{M,A,p,q} and a, 3 € C. Then there exists p; > 0
and pa > 0 such that

o ()" 0wk 0
o0 ()], "

Let p = max{2|a|p1, 2|8|p2}. By (6) and (7), we then have

() o () (152

— 0, as k — oo.

Hence (axy + Byx) € co{M, A, p,q}. Therefore co{M, A, p,q} is a linear space. (]
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Theorem 3.2 The space {o{M, A, p,q} is paranormed by
Pl A 1
ole) = a(e) +int {pF sup {ar (L520) 0] <, > o)
P

k>1

where J = max(1, H).

Proof. Clearly g(0) = 0,g(—x) = g(z). Nextlet x = (z1),y = (yr) € loo{M, A, p,q}.
Then there exists some p; > 0 and py > 0 such that

A 2 A 2
M(EAI) )5 and ar (LB i <
P1 P2
Let p = p1 + p2. Then we have
A A +
sup{ M (q(wﬁyw) o)
E>1 P
A 2 A a1
< Pr sup{M <q( mk)) tor } + Pz Sup{M (q( yk)) tk }
p1+ P2 k>1 p P1+ P2 k>1 p
<1.

Now we have

g +y)=q(z1 +y1) +inf{(m +p2) :sup{M (Q(Mkwyk)) }t;’“ < 1}

E>1 p
<o) +int {(p)% ssup{ar (152 Jaft < 1)
o sl (1520) i <

<g(@)+9(y).
Let n € C, then the continuity of the product follows from the following equality.

. PE Ax o
g(nz) = q(nz1) +mf{p T Sup{M (q(nk)> }tk" <1 p> 0}
k>1 P

. P q(Axy) s
= J 8 - <
Inlg(z1) +mf{(\77|7“) Z‘;‘?{M ( . ) }tk <1, r> 0},

where % = Il (|
P

Theorem 3.3 Let p € U, then the spaces co{M,A,p,q}, c{M,A,p,q} and

Lo {M, A, p,q} are complete paranormed spaces, paranormed by g.

Proof. We prove it for the case (oo{M,A,p,q} and the other cases can be
established similarly. Let (2") be a Cauchy sequence in (oo {M,A,p,q}, where
2" = (z})52, for all n € N. Then g(z* —27) — 0, as 4, j — oo.
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For a given € > 0, let 7 and zo be such that =~ >0 and M(%3*) > ililf (pr)te.

Now g(x* — 27) — 0, as i, j — oo implies that there exists mg € N such that
g(z* —a?) < —, for all 4, j > my.
)

Then we obtain q(z¢ — CL‘Jl) < ﬁ and

irlf{;)L}c :sup{M <¢M_Ax]k)> tf’“} <1, p> O} <= (8)

k>1 P Txo

This shows that (z%) is a Cauchy sequence in X. Since X is complete then
(x%) is convergent in X.

. . . e
Let lim 2] = 21, thus we have lim ¢q(2}] — 2) < —, which imply that
rxo

1—00 j—o0
, €
1
—z1) < —.
q(zy — 1) o

Again from (8), we have

v J 1
M (qu’? A_”Tk)> tk < 1.
g(xt —a9)

These implies that

o (M) s o< ().

Thus we obtain ) rrg € €
A i A J < — < =,
4(Az} ) 2 ‘rzg 2

Therefore, (Az},) is a Cauchy sequence in X for all k € N.
Hence (Az}) converges in X. Let lim Az =y, for all k£ € N. Thus we have

1— 00
lim Azb = y; — 1. Proceeding in this way, lim Az} | =y, — 2y for all k € N.
11— 00

11— 00

Next we have by continuity of M,

Azt — A J 1
lim sup M (M%)) tr <1,
J—00 E>1 P

Azl — A e
sup M <W> <1
k>1 1Y

which implies that

Let i > my, then taking infimum of such p’s we have g(z’ — x) < ¢.
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Thus (2! — 1) € loo{M,A,p,q}. Hence x = 2 — (2° — ) € loo{M,A,p,q},
since oo {M, A, p,q} is a linear space. Therefore £oo{M, A, p,q} is complete. O

Using the technique applied in establishing the above result, one can prove the
following result.

Proposition 3.4 The spaces co{ M, A,p,q}, c{M,A,p,q} and boo{ M, A, p,q} are
K-spaces.

Since the inclusions co{ M, A, p, ¢} C loo{M,A,p,q} and c{M,A,p,q} C lox{M,A,p,q}
are proper, in view of Theorem 3.3 we have the following result.

Proposition 3.5 The spaces co{ M, A, p,q} and c{M,A,p,q} are nowhere dense
subsets of loc{M, A, p,q}.

Theorem 3.6 The spaces co{M,A,p,q}, c{M,A,p,q} and l-c{M,A,p,q} are
not solid in general.

The spaces co{ M, A, p,q}, c{M, A, p,q} and o {M, A, p, q} are not solid follow
from the following examples.

Example 3.1 Let X = ¢, M(x) =z and p; = 1 for all k¥ € N. Let the sequence
(zx) be defined by zp = (2%) where 2, = (1,1,1,...) for all ¥ € N which is
in co{M,A,p,q}. Now consider the sequence (aj) defined by aj, = (—1)* for
all k € N. Then (apzy) does not belong to co{M,A,p,q}. Hence the space
co{M, A, p, q} is not solid in general.

Example 3.2 Let X = ¢, M(z) =« and p; = 1 for all k € N. Let the sequence
(zx) be defined by z = (z%) where 2, = (k,k+ 1,k +2,...) for all k € N. Then
the sequence (xy) is in ¢{M, A, p,q} as well as in £o{M,A,p,q}. Now consider
the sequence () defined by aj = (—1)F for all k € N. Then (o) belong
to neither £ {M, A, p,q} nor ¢{M,A,p,q}. Hence the spaces ¢{M,A,p,q} and
loo{M, A, p,q} are not solid in general.

Theorem 3.7 The spaces co{M,A,p,q}, c{M,A,p,q} and L-oc{M,A,p,q} are
not symmetric in general.

To show that the spaces are not symmetric in general, consider the following
example.

Example 3.3 Let X = ¢, M(z) =« and p; = 2 for all k € N. Let the sequence
(z1) be defined by x), = (z%) where 2} = (k,k+ 1,k +2,...) for all k € N. Then
the sequence (xy) is in ¢{M, A, p,q} as well as in £o{M,A,p,q}. Now consider
the rearrangement (yx) of (x) defined as

(yk?) = (xi7xiaxé7xéa$éa 37%67.'13%, o )

Then (yi) neither belongs to ¢{M, A, p, q} nor to Loo{M,A,p,q}.
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Theorem 3.8 Let My and My be two Orlicz functions satisfying the As-condition
then

(1) if (pr) € loo then Z{ M1, A, p,q} C Z{MaoM;,A,p,q} for Z = ¢, cp and £.
(“’) Z{M17A5p7q}mZ{M27A7paq} g Z{M1+M23Aap7q} fOTZ = ¢, Co and Eoo

Proof. (i) Let (zx) € co{M,A,p,q}. Then from the definition we have, there
exists p > 0 such that

(o (S]] 0w

Let yr = M, (@) for all Kk € N. Let 0 < § < 1 be chosen. For y; > § we

have

Yk Yk
< Yr gy YR
Uk <5 <At

Since M, satisfies As-condition, therefore there exists a K > 1 such that

I My (2) = K Ma(2) 22

K
Ma(ye) < S5 Ma(2) + =

20
Then we have

o (S5 s
= [Ma(yx)]™ ti

< max {SI;P([Mz(l)]pk), s:p([KMz(ml]pk)} et

— 0, as k — oo.

The other cases can be proved following the above technique.

(ii) Let (xg) € co{ M1, A, p,q} Nco{Ma, A, p,q}, then there exists p; > 0 and

p2 > 0 such that
Pk
{{Ml (M)] tk} — 0, ask —
P1

[ ()] 0w

Let p = max{p1, p2}. The rest follows from the following inequality.

(oo (A52) [ <o fan (5) e o (52)]

Thus CO{M17 A7p7 Q}QCO{MQa Aapa q} - CO{M1+M23 Aap7 Q} The cases C{M7 Aapa q}
and (o {M, A, p,q} can be proved in a similar way. O

It can be easily shown that:
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Proposition 3.9 Z{M,p,q} C Z{M,A,p,q} for Z = ¢, ¢y and l.
The following results can be obtained from the lemmas listed in section 2.

Proposition 3.10 Let h = infpy and H = sup p then the following are equiva-
lent

(1) H<oo and h>0,
(ii) co{M,A,p,q} = co(M,A,p,q)
(iii) Loo{M, A, p,q} = loo(M, A, p, q).
Proposition 3.11 Let p, s be two sequences of strictly positive numbers. Then

co{M, A, p,q} = co{M, A, s,q} if and only if there exists a sequence u = (uy) of
strictly positive numbers such that eq.(1) and eq.(2) hold.

Proposition 3.12 Let the sequence a = (ay) = (SZ’: p,;p’; ). Thenco{M,A,p,q} =
co{M, A, s,q} if and only if eq.(3) and eq.(4) hold.

1
Proposition 3.13 Let the sequence a = (ax) = (s;* p,"* ). Then

1 1
lim ( — > =0 dmplies co{M,A,p,q} = co{M, A, s,q}.
k—oco \ Pk Sk

Proposition 3.14 Let f, = L& for every k € N. Let (fy) and (f*) both be in
EOO' Then EOO{M7 A?p’ q} gEOO{M7 A7 S7q}(f)'

Proposition 3.15 Let s = (s;) € loo. Then Loo{M,A,p,q} C loo{M,A,s,q} if
and only if eq.(5) holds.

Proposition 3.16 Let s = (s;) € Lo and co{M,A,p,q} = co{M,A,s,q} then
CO(MvAvp) = CO(MaAaQ)'
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