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1 Introduction

Let © : C' x C' — R be a bifunction, ¢ : C — R be a real-valued function,
and B : C — FE* be a nonlinear mapping. The generalized mized equilibrium
problem, is to find z € C such that

O(z,y) + (Ba,y — ) + ¢(y) — p(x) 20, VyeC. (1.1)
The set of solutions to (1.1) is denoted by €, i.e.,

If B = 0, the problem (1.1) reduce into the mized equilibrium problem for ©,
denoted by MEP(O, ¢), is to find « € C such that

O(z,y) + ¢(y) —p(r) >0, VyeC. (1.3)

If © = 0, the problem (1.1) reduce into the mized variational inequality of Browder
type, denoted by MVI(C, B, ¢), is to find 2 € C such that

(Br,y —x) + ¢(y) —¢(r) 20, Vyel. (1.4)

If B =0 and ¢ = 0 the problem (1.1) reduce into the equilibrium problem for O,
denoted by EP(0), is to find x € C such that

O(z,y) >0, Vyel. (1.5)

The above formulation (1.5) was shown in [1] to cover monotone inclusion
problems, saddle point problems, variational inequality problems, minimization
problems, optimization problems, variational inequality problems, vector equilib-
rium problems, Nash equilibria in noncooperative games. In addition, there are
several other problems, for example, the complementarity problem, fixed point
problem and optimization problem, which can also be written in the form of an
EP(©). In other words, the FP(0) is an unifying model for several problems aris-
ing in physics, engineering, science, optimization, economics, etc. In the last two
decades, many papers have appeared in the literature on the existence of solutions
of EP(O); see, for example [1-4] and references therein. Some solution methods
have been proposed to solve the EP(0O); see, for example, [3-7] and references
therein. In 2005, Combettes and Hirstoaga [5] introduced an iterative scheme of
finding the best approximation to the initial data when EP(O) is nonempty and
they also proved a strong convergence theorem.

Let E be a Banach space with norm || - ||, C be a nonempty closed convex
subset of E and let E* denote the dual of E. Let B be a monotone operator of C
into E*. The variational inequality problem is to find a point = € C such that

(Bz,y—x) >0, forall yeC. (1.6)

The set of solutions of the variational inequality problem is denoted by VI(C, B).
Such a problem is connected with the convex minimization problem, the comple-
mentarity problem, the problem of finding a point u € E satisfying 0 = Bu and so
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on. An operator B of C into E* is said to be inverse-strongly monotone, if there
exists a positive real number « such that

(x —y, Bz — By) > o||Bx — By||? (1.7)

for all z,y € C. In such a case, B is said to be a-inverse-strongly monotone. If
an operator B of C into E* is a-inverse-strongly monotone, then B is Lipschitz
continuous, that is | Bz — By|| < 1|z — y|| for all z,y € C.
In Hilbert space H, liduka et al. [8] proved that the sequence {z,} defined
by: x1 =2 € C and
Tnt+1 = Po(z, — A\pnBxy), (1.8)

where Pg is the metric projection of H onto C' and {\,} is a sequence of positive
real numbers, converges weakly to some element of VI(C, B).

In 2008, Tiduka and Takahashi [9] introduced the following iterative scheme
for finding a solution of the variational inequality problem for an inverse-strongly
monotone operator B in a Banach space: x1 = x € C and

Tpi1 = HeJ Y(Jz, — A\ Biy,) (1.9)

foreveryn = 1,2,3,..., where Il¢ is the generalized metric projection from F onto
C, J is the duality mapping from F into E* and {)\,} is a sequence of positive
real numbers. They proved that the sequence {z,,} generated by (1.9) converges
weakly to some element of VI(C, B).

Consider the problem of finding:

v € E such that 0€ A(v), (1.10)

where A is an operator from E into E*. Such v € F is called a zero point of A.
When A is a maximal monotone operator, a well-know methods for solving (1.10)
in a Hilbert space H is the prozimal point algorithm: z; = x € H and,

Tnt1l = Jpr, Tn, =123 ..., (1.11)

where {r,,} C (0,00) and J,, = (I +r,A)~!, then Rockafellar [10] proved that the
sequence {z,,} converges weakly to an element of A=1(0).

In 2008, Li and Song [11] proved a strong convergence theorem in a Banach
space, by the following algorithm: z; =z € E and

Yn = Jfl(ﬁnJ(xn) + (1 - Bn)J(Jrnxn))v

Tor1 = J HanJxr + (1 — an)J(yn)), (1.12)

with the coefficient sequences {a,}, {8} C [0,1] and {r,} C (0,00) satisfying
lim, o ay, = 0, fo:l oy, = o0, lim,__.oB, =0, and lim,,__,r, = co, where
J is the duality mapping from E into E* and J,. = (I +rT)~1'J. Then they proved
that the sequence {x,} converges strongly to Ilca, where Il is the generalized
projection from E onto C.
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Recall, a mapping S : C' — C is said to be nonexpansive if
Sz — Syl < [lz —y]

for all z,y € C. We denote by F(S) the set of fixed points of S. If C' is bounded
closed convex and S is a nonexpansive mapping of C into itself, then F(S) is
nonempty (see [12]). A mapping S is said to be quasi-nonezpansive if F(S) # 0
and ||Sz —y|| < |jz — y|| for all x € C and y € F(S). It is easy to see that if S
is nonexpansive with F'(S) # @, then it is quasi-nonexpansive. We write x,, — =
(x, — z, resp.) if {x,} converges (weakly, resp.) to x. Let E be a real Banach
space with norm || - || and let J be the normalized duality mapping from E into
2E" given by

Jo={z" € E*: (x,a") = ||z[l[|«"[|, [l«] = [l="[I}

for allz € E, where E* denotes the dual space of E and (-, -) the generalized duality
pairing between E and E*. It is well known that if E* is uniformly convex, then
J is uniformly continuous on bounded subsets of E.

Let C be a closed convex subset of E, and let S be a mapping from C' into
itself. A point p in C is said to be an asymptotic fixed point of S [13] if C' contains
a sequence {z,} which converges weakly to p such that lim,, . ||z, — Sz,|| = 0.

The set of asymptotic fixed points of S will be denoted by F(S). A mapping S

from C into itself is said to be relatively nonexpansive [14-16] if F(S) = F(S)
and ¢(p, Sz) < ¢(p,z) for all z € C and p € F(S). The asymptotic behavior
of a relatively nonexpansive mapping was studied in [17, 18]. S is said to be ¢-
nonexpansive, if ¢(Sz, Sy) < ¢(x,y) for z,y € C. S is said to be relatively quasi-
nonezxpansive if F(S) # () and ¢(p, Sz) < ¢(p,z) for z € C and p € F(S). Recall
that an operator S in a Banach space is call closed, if ©,, — = and Sz, — v,
then Sz =y.

In 2008, Takahashi and Zembayashi [19] introduced the following shrinking
projection method of closed relatively nonexpansive mappings as follow:

zo=x€C, Cy=C,
Yn = J HanJ(2n) + (1 — an)JS(2n)),
un € C such that O(uy,,y) + %(y — Up, Ju, — Jyn) >0, YyeC, (1.13)

On+1 - {Z S C’n. : ¢(Z,Un) S (b(zaxn)}a
Tni1 =g,

for every n € NU{0}, where J is the duality mapping on E, {a,} C [0, 1] satisfies
liminf,,— . an(1—ay) > 0and {r,} C [a,00) for some a > 0. Then, they proved
that the sequence {z,} converges strongly to Ilp(gyngp@©)2. Qin and Su [20]
proved the following iteration for relatively nonexpansive mappings 7" in a Banach
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space E:

xg € C, chosen arbitrarily,

Yn = J HanJz, + (1 — ap)JT2,),

2n = J Y Budxn + (1 = Bn)JTzy),
Cn={v€C:0(v,yn) < and(v,n) + (1 — an)o(v, 2)},
Qn={vel:{(Jxg— Jan,x, —v) >0},

Tn4+1 = chanxm

(1.14)

the sequence {z,} generated by (1.14) converges strongly to Ilpryzo. In 2009,
Cholamjiak [21], proved the following iteration

2n = Hed H(Jx, — A\ Azy),

Yn = J HanJzy + Bud Tapn + Y0 J Szn),

un, € C such that O(un,y) + %(y — Un, Jun —Jyn) >0, YyeC, (1.15)
Cn+1 = {Z €Cp: ¢(zaun) < Qb(Z,xn),

Tn+1 = e, o,

where J is the duality mapping on E. Assume that a,,, 3, and =, are sequence
in [0,1]. Then {z,} converges strongly to ¢ = IIpxg, where F := F(T)N F(S)N
EP(©)NVI(A,C). Moreover, Saewan et al. [22] proved the strong convergence
for two relatively quasi-nonexpansive mappings in a Banach space under certain
appropriate conditions. In 2009, Ceng et al. [23] proved the following strong
convergence theorem for finding a common element of the set of solutions for an
equilibrium and the set of a zero point for a maximal monotone operator 7" in a
Banach space F,

Yn = J_l(anJ(:EO) + (1 - O‘n)(ﬁnjxn + (1 - ﬁn)JJrn (l’n))),
o, = {Z eC: Qb(ZvTrnyn) < an¢(zvx0) + (1 - O‘n)¢(za In)}a
W,=4{2z€C:{x,— 2z, Jog— Ja,) > 0},

Tpy1 = Ilg, Aw, Zo.

(1.16)

Then, the sequence {z,, } converges strongly to Ilz-19ngp(e)To, where llp-19ngp(o)
is the generalized projection of E onto A=10 N EP(O).

Recently, Inoue et al. [24] proved the strong convergence for finding a com-
mon fixed point set of relatively nonexpansive mappings and the zero point set of
maximal monotone operators in Banach spaces E: o =z € C and

Yo = J Nand (@) + (1 — ) J Ty, (20))),
Cr = {2 € C: $(zun) < 6(2,20)},
Qn={z€C:{xy — 2, Jx, — Jx) > 0},
Tn+1 = HCannUC-

(1.17)

Then, the sequence {z,,} converges strongly to I pryna-10To, where Ilp(ryna-10
is the generalized projection of E onto F(T) N A~10.

In this paper, motivated and inspired by Li and Song [11], Tliduka and Taka-
hashi [9], Takahashi and Zembayashi [19], Ceng et al. [23] and Inoue et al. [24],
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we introduce the new hybrid algorithm defined by: 21 =z € C and

wy = Mo Y(Jzp — ApAzy),

2n = J(Bud(xn) + (1 = Bo)JT (-, wy)),

Yn = J HanJ(x,) + (1 — an)JSzn),

up € C such that O(uy,y) + (Bun,y — un) + ¢(y) — @(un) (1.18)
—I—T—1n<y — Up, Jup, — Jyn) >0, Vye C,

Cry1={2€Cy: (2,up) < and(z,z1) + (1 — an)p(z,x0)},

Tpt1 =g, 2, Vn 2> 1.

n+1

Under appropriate conditions, we will prove that the sequence {z,,} generated
by algorithms (1.18) converges strongly to the point Ilp(rynr(s)nvi(c,B)na-1 (0)na -
The results presented in this paper extend and improve the corresponding ones
announced by Li and Song [11], Inoue et al. [24] and many authors in the literature.

2 Preliminaries

A Banach space E is said to be strictly convex if [|Z52|| < 1 for all z,y € E
with ||z]| = Jly]| =1 and « # y. Let U = {z € E : ||z|| = 1} be the unit sphere of
E. Then the Banach space F is said to be smooth provided

t —
ety e
t—0 t

exists for each x,y € U. It is also said to be uniformly smooth if the limit is
attained uniformly for z,y € E. The modulus of convexity of E is the function
d:[0,2] — [0, 1] defined by

. r+y
o(e) =inf{l — [[——=] : 2,y € B, ||z = [ly| = 1, [lz = y]| = £}. (2.1)

A Banach space E is uniformly convez if and only if 6(¢) > 0 for all € € (0, 2]. Let
p be a fixed real number with p > 2. A Banach space F is said to be p-uniformly
convez if there exists a constant ¢ > 0 such that d(g) > ceP for all € € [0,2]; see
[25, 26] for more details. Observe that every p-uniform convex is uniformly convex.
One should note that no Banach space is p-uniformly convex for 1 < p < 2. It is
well known that a Hilbert space is 2-uniformly convex and uniformly smooth. For
each p > 1, the generalized duality mapping J, : E — 2E" is defined by

Tp(w) ={a* € E* : (w,a") = |||, |2"|| = [l]|P~"} (2.2)

for all z € E. In particular, J = Js is called the normalized duality mapping. If E
is a Hilbert space, then J = I, where [ is the identity mapping. It is also known
that if £ is uniformly smooth, then J is uniformly norm-to-norm continuous on
each bounded subset of E.

We know the following (see [27]):

(1) if F is smooth, then J is single-valued;
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(2) if E is strictly convex, then J is one-to-one and (z — y,z* — y*) > 0 holds
for all (x,2*), (y,y*) € J with = # y;

(3) if E is reflexive, then J is surjective;
(4) if F is uniformly convex, then it is reflexive;

(5) if E* is uniformly convex, then J is uniformly norm-to-norm continuous on
each bounded subset of E.

The duality J from a smooth Banach space E into E* is said to be weakly
sequentially continuous (28] if x, — x implies Jx,, =* Jz, where —* implies the
weak™ convergence.

Lemma 2.1 ([29, 30]). If E be a 2-uniformly convex Banach space. Then, for all
x,y € E we have

2
Iz~ yll < 2172~ Tyl
where J is the normalized duality mapping of E and 0 < ¢ < 1.

The best constant % in Lemma is called the 2-uniformly convex constant of
E; see [25].
Lemma 2.2 ([29, 31)). If E be a p-uniformly convex Banach space and let p be a
given real number with p > 2. Then for all x,y € E, J, € Jp(x) and J, € J,(y)

P
(x —y,Jo —Jy) > m”x—pra

1
where Jy, is the generalized duality mapping of E and — is the p-uniformly convexity
c

constant of E.

Lemma 2.3 (Xu [30]). Let E be a uniformly convex Banach space. Then for
each v > 0, there exists a strictly increasing, continuous and convex function
g:]0,00) — [0,00) such that g(0) =0 and

A2+ (1= 2))I* < Ml + @ = Nllyll* = A1 = Ng(llz =) (2.3)
forallz,y e {z€ E:|z| <r} and X € [0,1].

Let E be a smooth, strictly convex and reflexive Banach space and let C be a
nonempty closed convex subset of E. Throughout this paper, we denote by ¢ the
function defined by

$@,y) = 2] = 2{z, Jy) + llyl?, for z,y € E. (2.4)

Following Alber [32], the generalized projection llg : E — C'is a map that assigns
to an arbitrary point z € F the minimum point of the functional ¢(z,y), that is,
Ilcx = Z, where T is the solution to the minimization problem

o(z,x) = ;gg P(y, ) (2.5)
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existence and uniqueness of the operator Il follows from the properties of the
functional ¢(z,y) and strict monotonicity of the mapping J. It is obvious from
the definition of function ¢ that (see [32])

(lyll = l=1D* < ¢y, 2) < (llyll + [|2])?,  Ya,y € E. (2.6)

If E is a Hilbert space, then ¢(x,y) = ||z — y||*.

If F is a reflexive, strictly convex and smooth Banach space, then for z,y € F,
¢(x,y) = 0 if and only if x = y. It is sufficient to show that if ¢(z,y) = 0 then
x =y. From (2.6), we have ||z|| = ||y||. This implies that (z, Jy) = ||z||*> = || Jy]|*.
From the definition of J, one has Jx = Jy. Therefore, we have x = y; see [27, 33]
for more details.

Lemma 2.4 (Kamimura and Takahashi [34]). Let E be a uniformly convex and
smooth real Banach space and let {xy}, {yn} be two sequences of E. If ¢(Tn,yn) —
0 and either {x,} or {yn} is bounded, then ||z, — yn|| — 0.

Lemma 2.5 (Mutsushita and Takahashi [35]). Let C be a closed convex subset of
a smooth, strictly convex, and reflexive Banach space E and let T be a relatively
quasi-nonexpansive mapping from C' into itself. Then F(T) is closed and convex.

Lemma 2.6 (Alber [32]). Let C be a nonempty closed convex subset of a smooth
Banach space E and x € E. Then, xo = llcx if and only if

(xo —y,Jx — Jxg) >0, YyeC.

Lemma 2.7 (Alber [32]). Let E be a reflexive, strictly convex and smooth Banach
space, let C' be a nonempty closed convex subset of E and let x € E. Then

oy, Mez) + ¢p(Hex,x) < Py, ), Vye C.

Let E be a strictly convex, smooth and reflexive Banach space, let J be the
duality mapping from FE into E*. Then J~! is also single-valued, one-to-one,
and surjective, and it is the duality mapping from E* into E. Define a function
V:E x E* — R as follows (see [36]):

V(z,2%) = [|2]|* — 2(z,27) + ||| (2.7)

for allz € Ex € FE and z* € E*. Then, it is obvious that V (z,z*) = ¢(z, J~!(z*))
and V(z, J(y)) = ¢(x,y).

Lemma 2.8 (Kohsaka and Takahashi [36, Lemma 3.2)). Let E be a strictly conver,
smooth and reflexive Banach space, and let V' be as in (2.7). Then

V(z,z*) +2(J Y (z*) —z,y*) < V(z,z* +y*) (2.8)

forallx € E and x*,y* € E*.
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Let F be a reflexive, strictly convex and smooth Banach space. Let C be a
closed convex subset of E. Because ¢(x,y) is strictly convex and coercive in the
first variable, we know that the minimization problem inf,cc ¢(x, y) has a unique
solution. The operator Ilcx = argminyecc ¢(x,y) is said to be the generalized
projection of z on C.

A set-valued mapping A : E — E* with domain D(A) = {z € FE : A(z) # 0}
and range R(A) = {z* € E* : 2* € A(z),z € D(A)} is said to be monotone if
(x —y,x* —y*) >0 for all z* € A(z),y* € A(y). We denote the set {x € E:0 €
Ax} by A710. A is maximal monotone if its graph G(A) is not properly contained
in the graph of any other monotone operator. If A is maximal monotone, then the
solution set A710 is closed and convex.

Let E be a reflexive, strictly convex and smooth Banach space, it is knows
that A is a maximal monotone if and only if R(J 4+ rA) = E* for all r > 0.

Define the resolvent of A by J,x = z,.. In other words, J, = (J +7A)~1J for
all > 0. J,. is a single-valued mapping from E to D(A). Also, A~1(0) = F(J;)
for all » > 0, where F(J,.) is the set of all fixed points of J,.. Define, for r > 0, the
Yosida approzimation of A by A, = (J—JJ,)/r. We know that A,z € A(J,z) for
alr>0and z € F.

Lemma 2.9 (Kohsaka and Takahashi [36, Lemma 3.1]). Let E be a smooth, strictly
convex and reflexive Banach space, let A C EXE* be a mazximal monotone operator
with A=Y0 # 0, let r > 0 and let J, = (J +rA)"*J. Then

o(x, Jry) + ¢(Jry,y) < bz, y)
for allz € A='0 and y € E.

Let B be an inverse-strongly monotone mapping of C' into E* which is said to
be hemicontinuous if for all z,y € C, the mapping F of [0,1] into E*, defined by
F(t) = B(tx + (1 — t)y), is continuous with respect to the weak* topology of E*.
We define by N¢(v) the normal cone for C at a point v € C, that is,

Ne(w)={z*€ E*: (v—y,z") >0, Vye C}. (2.9)

Theorem 2.10 (Rockafellar [10]). Let C be a nonempty, closed convex subset of
a Banach space E and B a monotone, hemicontinuous operator of C into E*. Let
T C E x E* be an operator defined as follows:

| Buv+ N¢(v), veC;
To= { B, otherwise. (2.10)
Then T is mazimal monotone and T~10 = VI(C, B).

Lemma 2.11 (Tan and Xu [37]). Let {a,} and {b,} be two sequence of nonneg-
ative real numbers satisfying the inequality

an+1 < ap + by, for all n>0.

If 220:1 b, < 00, then lim,__ . a, exists.
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For solving the mixed equilibrium problem, let us assume that the bifunction
©:CxC —=Rand ¢:C — R is convex and lower semi-continuous satisfies the

following conditions:

(A1) O(z,z) =0 for all x € C;

(A2) O is monotone, i.e., O(z,y) + O(y,x) <0 for all z,y € C;
(A3) for each x,y,z € C,

limsup ©(tz + (1 — t)x,y) < O(z,y);
£10

(A4) for each z € C, y — O(z,y) is convex and lower semi-continuous.

Lemma 2.12 (Blum and Oettli [1]). Let C be a closed convex subset of a uniformly
smooth, strictly convex and reflexive Banach space E and let © be a bifunction of
C x C into R satisfying (A1)-(A4). Letr >0 andx € E. Then, there exists z € C
such that 1

O(z,y) + ;(y —z,Jz—Jz) >0, for ally e C.

Lemma 2.13 (Takahashi and Zembayashi [19]). Let C be a closed convex subset
of a uniformly smooth, strictly convex and reflexive Banach space E and let © be
a bifunction from C x C to R satisfying (A1)-(A4). For allT > 0 and z € E,
define a mapping T, : E — C' as follows:

1
Tix={2€C:0(z,y)+—-(y—2,Jz—Jz) >0, YyeC} (2.11)
7

for all x € E. Then, the followings hold:
(1) T, is single-valued;
(2) T, is a firmly nonexpansive-type mapping, i.e., for all v,y € E,

(Trx — Ty, JTrx — JTy) < (Trx — Try, Jx — Jy);

3) F(T) = EP(©);
(4) EP(O) is closed and convex.

Lemma 2.14 (Takahashi and Zembayashi [19]). Let C be a closed convex subset of
a smooth, strictly convex, and reflexive Banach space E, let © be a bifunction from
C x C to R satisfying (A1)-(A4) and let v > 0. Then, for x € E and q € F(T}),

(b(qv TT'I) + (b(TTIa I) S ¢(q7 I)

Lemma 2.15 (Zhang [38]). Let C be a closed convex subset of a smooth, strictly
convex and reflexive Banach space E. Let B : C — E* be a continuous and
monotone mapping, ¢ : C — R is convexr and lower semi-continuous and © be a
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bifunction from C x C to R satisfying (A1)-(A4). Forr >0 and x € E, then there
exists u € C such that

1
Define a mapping K, : C — C as follows:

K, (z) ={ueC:0(u,y)+ (Bu,y —u) + p(y) — p(u) + %(y —u,Ju—Jz) >0, Yy € C}
(2.12)

for all x € C. Then, the followings hold:
(i) K, is single-valued;

(i) K, is firmly nonexpansive, i.e., for all z,y € E, (K,x — Ky, JK,z —
JKy) < (Kyzx — Ky, Jo — Jy);

(iii) F(K,) =;
(iv) Q is closed and convez.
(v) ¢(p, K;2) + ¢(K,2,2) < ¢(p,2z) Vp € F(K,), z € E.

Remark 2.16 (Zhang [38]). It follows from Lemma 2.13 that the mapping K :
C — C defined by (2.12) is a relatively nonexpansive mapping. Thus, it is
quasi-¢-nonexpansive.

3 Strong Convergence Theorem

In this section, we prove a strong convergence theorem for finding a common
element of the set of solutions of mixed equilibrium problems, the set of solution
of the variational inequality operators, the zero point of a maximal monotone
operators and the set of fixed piint of two relatively quasi-nonexpansive mappings
in a Banach space by using the shrinking hybrid projection method.

Theorem 3.1. Let E be a 2-uniformly conver and uniformly smooth Banach
space, let C' be a nonempty closed conver subset of E. Let © be a bifunction from
C x C to R satisfying (A1)-(A4) let ¢ : C — R be a proper lower semicontinuous
and convex function and let B : C — E* be a continuous and monotone map-
pings, let A : E — E* be a mazimal monotone operator satisfying D(A) C C.
Let J, = (J+rA)~YJ for r > 0 and let W be an a-inverse-strongly monotone
operator of C' into E*. Let T and S are closed relatively quasi-nonexpansive from
C into itself such that F == F(T)NF(S)NVIC,W)NAL0)NQ # 0 and
Wyl < ||Wy —Wul for ally € C and w € F. Let {x,} be a sequence generated
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by xo € E with x1 = Ilg,z¢ and C1 = C,

wy, = e YJxy, — MWay),

2n = J Hand (2n) + (1 — ) JT(Jr, wy)),

un, € C such that O(un,y) + (Bun,y — un) + ©(y) — p(un)
—i—%(y — Up, JUn — Jyn) >0, VyeC,

OnJrl = {Z € On : ¢(Zvun) S 6n¢(za$n) + (1 - 6n)¢(zvzn> S Qb(zvxn)}

Tn41 = ch+1x0

(3.1)
for all n € N, where Il¢ is the generalized projection from E onto C, J is the
duality mapping on E. The coefficient sequence {an},{8n} C [0,1], {rn} C (0, 00)
satisfying limsup,,__, . an < 1, limsup,,_ . Bn < 1, liminf,,_ o7y, > 0 and
{M} C la,b] for some a,b with 0 < a < b < 0270‘, L is the 2-uniformly convewity
constant of E. If T and S are uniformly continuous, then the sequence {x,}
converges strongly to llpxg.

Proof. Let H(un,y) = O(un,y) + (Bun,y — un) +¢(y) — o(uy), y € C and K, =
{u € C: H(upn,y) + %(y — Up, Jup, — Jyn) > 0. Yy € C}. We first show that
{z,} is bounded. Put v, = J~'(Jx, — \y,Wa,), let p € F := F(T)N F(S) N
VIIC,W)NA~L(0)NQ and w,, = K, yn. By (3.1) and Lemma 2.8, the convexity

of the function V in the second variable, we have

¢(p7 wn) = ¢(p7 HCUn)
S ¢(p7 ’Un) = ¢(pa Jﬁl(‘]xn - AnWIn))
S V(p7 an - )\nwxn + )\nW:En) - 2<J_1(J='En - )\nAfEn) iy ) )\nWI'n>

V(p, an) - 2)\71 <Un - D Wxn>
= o(p,xn) — 2 \n{xp — p, Wan) + 2{vy, — T, — A Way,). (3.2)

Since p € VI(C,W) and W is a-inverse-strongly monotone, we have

- 2/\n<xn ey 2 W$n> = _2)\n<xn —p,Way, — Wp> - 2/\n<xn ey 2 Wp>
—2a\,||Wz, — Wpl?, (3.3)

A

and by Lemma 2.1, we obtain

2(vy — Ty — A Wayp) 20 N Jxy — MWay) — Tn, =AM Way,)

< 2T N Tzn = M Way) — 2 || | AWy |

< %HJmn — M Way, — Jzp ||| A Wa, |

= SR

< j—z)\iHW:vn — Wp|2. (3.4)
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Substituting (3.3) and (3.4) into (3.2), we get

4
d(p,wn) < O, Tn) — 20N, |[Way — Wp||2 + C_Q)\TQlHW‘Tn - Wp||2

2
o(p, zn) + 2A\, (C—2)\n - a> Wz, — Wpl|?

< O(p,wn)- (3.5)
By Lemma 2.8, Lemma 2.9 and (3.5), we have

IN

d(p,2n) = o(p, Jﬁl(an‘](xn) + (1 = an)JT(Jr,wn)))
V(p, and(@n) + (1 — an)JT (., wy))

< ap ( J(x )) (1 - an)V(p, JT(Jrnwn))
- an(b(pv {En) + (1 - an) (pv TJann)
S an(b(pv {En) + (1 - an)¢(p7 Jann)
< nd(p ) + (1 — an)(@(ps wn) — ¢(Jr, Wy, wn)) (3.6)
< (P, wn) + (1 — an)d(p, wn)
S an(b(pv {En) + (1 - an) (pv {En)
= ¢(p7 {En),
it follows that
(b(pa yn) = ¢(p7 J_l(ﬁn’](xn) + (1 - ﬁn)’]s(zn)))
< BuVip, ( )) (1= Bu)V(p, JS(zn))
< ﬁn¢(pu xn) (1 - ﬁn)(b(p? Zﬂ)
< ﬁn¢(pu xn) (1 - ﬁn)(b(p? xﬂ)
< olp,an).
From (3.1) and (3.7), we obtain
o(p, un) = ¢, Kr,yn) < (0, yn) < d(p, zn). (3.8)

So, we have p € Cp41. This implies that ' C C, for all n € N, {z,} is well
defined.

From Lemma 2.6 and z,, = Ill¢, xo, we have
(xn, — 2z, Jxo — Jxp) >0, Vz €O, (3.9)

and
(wn —p, Jxg — Jxp) >0, Vp € F. (3.10)

From Lemma 2.7, one has

¢z, 20) = ¢(Ilc, x0, 20) < G(p, 20) — (P, 2n) < G(p, o)
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for all p € F C C, and n > 1. Then, the sequence {¢(z,,zo)} is bounded.
Thus {z,} is bounded and {y,}, {zn}, {wn}, {Jr, wn} are also bounded. Since

zn = llg, 20 and x,, 11 = Ilg, 20 € Cry1 C Cp, we have

¢($n7x0) < (b(xn-i-laxO)a vn € N.

Therefore, {¢(zn,x0)} is nondecreasing. Hence the limit of {¢(xy,, xo)} exists. By
the construction of C,,, one has that C,,, C C,, and z,,, = llg,,x0 € C,, for any
positive integer m > n. It follows that

d)(xmaxn) (Im;HC -IO)
¢(zm, z0) — ¢(Ilc, 0, 7o) (3.11)

(b(iEm,Io) ¢($n,I0).

Letting m,n — oo in (3.11), we get ¢(Tm,x,) — 0. It follows from Lemma 2.4,
that ||, — .|| — 0 as m,n — oo. That is, {z,} is a Cauchy sequence. Since F
is a Banach space and C' is closed and convex, we can assume that xz,, — u € C,
as n — oo. Since

1IN

A(Znt1,2n) = O(Tny1, e, x0) < O(Tnt1, 20)—O(e, zo, 0) = G(Tnt1, T0)—O(Tn, o)

for all n € N, we also have lim,, oo ¢(zp41,2,) = 0. Since 2,41 = ¢
Ch+1 and by definition of C,, 41, we have

n+1x0 E

¢($n+1;un) S ¢(In+17 xn)

Noticing the lim, o ¢(xn41,2,) = 0, we obtain

lim ¢(xn+17un) =0.

From again Lemma 2.4, that
lm || Zpt1 — 2n|| = lim ||2p41 — up] = 0. (3.12)

Since J is uniformly norm-to-norm continuous on bounded sets, we obtain

lim ||Jzpt1 — Ja,| = lim ||[Jzp41 — Jun| = 0. (3.13)
So, by the triangle inequality, we get

lim ||y — uy|| = 0. (3.14)

n——o0

Since J is uniformly norm-to-norm continuous on bounded sets, we have
lim || Jz, — Juy,|| = 0. (3.15)
n——maoo

On the other hand, we observe that

¢(p, 2n) — G(p, un) [znll? = llunll® = 2 (p, J2n — Jun)

< lzn = unll(lzall + luall) + 2lplHJzn = Junll
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It follows that

o(p, xn) — d(p,un) — 0 as n — oo. (3.16)
From (3.1), (3.6), (3.7) and (3.8), we have
o(pyun) < d)(p Yn)
< (pu xn) + (1 671) (pa Zn)
< (pu :En) + (1 ﬁn)[an¢(pa :En) + (1 - Oén)((b(pa wn) - ¢(Jrnwn7wn))]
< (P, o) + (1= B )[O‘n¢(pa ) + (1 = an) (9 zn) — S(Jr, Wi, wn))]
< ¢(pafpn) (1 = an)(1 = Bn)o(Jr, wn, wn)
and then
(1 = an)(1 = Bn)d(Jr, wn, wn) < G(p,zn) — G(p, un). (3.17)

From conditions limsup,, . a, < 1, limsup,,__, ., B, <1 and (3.16), we obtain

lim (], wn,wy) = 0.

n——oo

By again Lemma 2.4, we have

lim || Jp, wn, — wy]|| = 0. (3.18)

n—-

Since J is uniformly norm-to-norm continuous on bounded sets, we obtain
lim ||J(Jp, wn) — J(wy)| = 0. (3.19)

Now, we claim that v € F. First we show that uw € F(T) N F(S).
From the definition of C),, we have

Bnd(z,20) + (1 = Bn)d(2,2n) < d(2,20) & d(2,20) < P(2,25), Vz € Cpin.

Since zp4+1 =1¢, 29 € Cpy1, We obtain

n41
(b(xn-l-l ) Zn) S (b(xn-l-l ) xn)

From lim,, o ¢(xpt1,2,) = 0, we get

lim &(zpn41,2n) = 0. (3.20)

n——aoo

From again Lemma 2.4, that

lim ||zp41 — 2n| = 0. (3.21)
By (3.12) and (3.21), we get
lim ||z, — 2| = 0. (3.22)

Since J is uniformly norm-to-norm continuous on bounded sets, we obtain

lim [[Jzpyr —Jzp| = lm |[Jz, — Jz,] = 0. (3.23)

n——-o0
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From (3.1) again

[Jzpt1 — Jznll = |J2ns1 — anJzn — (1 — an)J T, wa|
= |lan(Jzpni1 — Jzn) + (1 — an)(Jzpi1 — JT T, wy)||
= ||(1 —an)(Jent1 — JT T, wp) — an(Jxn — JTpi1)]|
> (1= an)||Jons1r — JTJr, wnl|| — anl||Jxn — JTpnta]|-

It follows that

1
|Jzns1 — JT Ty, wy| < I—a (IJzn+1 = Jznll + anllJ2zn — Jzpia ).

From conditions limsup,,_, . @, <1, (3.13) and (3.23), we have

Wm || Janss — JTJp,wy| = 0. (3.24)

n

Since J~! is uniformly norm-to-norm continuous on bounded sets, we obtain

lim ||zp41 —TJr, wy| =0. (3.25)

n——oo

limy, 00 @(Jp, Tnywy) = 0.
Apply (3.5) and (3.6), we observe that

(P un) < ¢(p7 Yn)
S (pv {En) + ( - 677«) (pv Zn)
< Bud(pizn) + (1 = Bu)land(p, zn) + (1 — an)d(p, wn)]
< Buod(pyzn) + (1 = Bu)land(p,zn) + (1 — an)[(¢(p; 72)
—2A (a = ZX\) W, — Wpl?)]
< 9pian) — (1 —an)(1 = Bn)2Mn ( - c%)‘n) W, — Wp||2
and hence

2 (= 500 ) I, = W < (60 22) — 6(p. 1)

1
(1—an)(1—0n)

foralln € N. Since0 <a <\, <b< ‘3270‘, limsup,,_ . an < 1,limsup,,_ . Bn <
1 and (3.16), we have

nEnw |[Wa, — Wp|| = 0. (3.26)
From Lemma 2.7, Lemma 2.8 and (3.4), we get
¢(xnu wn) = (b(xnaHC'Un) < ¢($na 'Un)

= ¢z, J N (Jzn — MWay))

= V(xp,Jo, — A\Wa,)

< Vi(xn, (Jon — AWzy,) + \yWay,)
—2J Y Jxy — M Wap) — 2, \nWery,)

= (b(xnu :En) + 2<Un — T, _)\nwxn>

= 2(vp — Tn, — A Way)
4)2

< C—QHWIn - Wp||2.
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From Lemma 2.4 and (3.26), we have
n@m |zr, — wy|| = 0. (3.27)

Since J is uniformly norm-to-norm continuous on bounded sets, we obtain

nhjlm [Tz, — Jwy|| = 0. (3.28)
From (3.18) and (3.27), we obtain

nli_)rnoo [, wr — 25| = 0. (3.29)
So, by the triangle inequality, we get

| Jrwn — TJyp, wp|| < || Jr,wn — 2| + |20 — Tnsa || + 2ot — Tp, wn |-

Again by (3.12), (3.25) and (3.29), we also have

lim || J,, wy, — T, wy|| = 0. (3.30)

n

From (3.29), (3.30) and T is uniformly continuous, we get
lim ||z, — T,/ = 0.

Since T is closed and x,, — u, we have u € F(T).
Applying (3.7), (3.8) and Lemma 2.14, we get

P(un,yn) = (K, YnsYn)
< (b(pa yn) - (b(pa Krnyn)
< (b(pv xn) - ¢(p7 uﬂ)
= ol = 2{(p, Jzn) + llzall® = (Il — 2{p, Jun) + lluall?)
= ol = lJunll® = 2(p, Jon — Jun)
< lon = un | (lzn + unll) + 2[pllJ2n — Jun|.

From (3.14) and (3.15) and Lemma 2.4, we get
lim s — gl = 0. (3.31)
From (3.12) and (3.31), we have
Jim_enss ~ gl 0. (3:32)
By (3.1), we get
|Txnt1 — Bndxn — (1 — Bn)JJ Sz
[1Br(J&ns1 = Jan) + (1 = Bn)(JEni1 = JSz,)|

||(1 - ﬁn)(JfEnJrl - JSZn) - ﬁn(*]zn - JInJrl)H
(1 - ﬁn)HJInJrl - JSZn” - 6n||‘]xn - an+1||-

| JZns1 — Jynll

Vvl
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It follows that

[J2nt1 — ISz <

1
1-3 (”an-'rl - Jyn” - ﬁnHan - an-i-l”)

By condition limsup,,__, . 8, < 1, (3.13) and (3.32), we have

lim |[Jxpy1 — JSzn| = 0.

Since J~! is uniformly norm-to-norm continuous on bounded sets, we obtain

lim ||zp41 — Szn] = 0. (3.33)

By the triangle inequality, we get
llzn — Sznll < [l2n — Tngall + |[Tn41 — Sznll-
By (3.21) and (3.33), we have

lim ||z, — Sz,| = 0.

n——o0

From (3.22), it follow that
lim ||z, — Sz,| =0.

Thus by the closedness of S and x,, — u, we get v € F(S). Hence u € F(T) N
F(S).

Next, we show that u € A~'0. Indeed, since liminf, ., 7, > 0, it follows
from (3.19) that

1
lim ||A,, wg] = lim r—Han — J(Jp,wy)| = 0. (3.34)

If (z,2*) € A, then it holds from the monotonicity of A that
(z = Jr, wp;, 2" = Ay, wp,) >0

for all ¢ € N. Letting i — o0, we get (z — u, z*) > 0. Then, the maximality of A
implies u € A~10.
Next, we show that u € VI(C,W). Let Y C E x E* be an operator as follows:

0, otherwise.

YU:{ Wuv+ Neo(v), veC,

By Theorem 2.10, Y is maximal monotone and Y10 = VI(C,W). Let (v,w) €
G(Y). Since w € Yv = Wov + N (v), we get w — Wov € N (v). From w,, € C, we
have

(v — Wy, w — Wuv) > 0. (3.35)
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On the other hand, since w,, = llcJ " *(Jx, — A\yWax,). Then by Lemma 2.6, we
have
(v = Wy, Jw, — (Jxy — AyWay)) >0,

thus 7 7
(v — wn, M — Wz,) <0. (3.36)
It follows from (3.35) and (3.36) that
(v—wp,w) > (v—wy, Wv)
Jx, — Jw,
> (v—wy,, Wo) + <v—wn,)\7—WIn>
" Jx, — Jw,
= (v—wp, Wv—Wazp) + (v — wp, /\7>
= (V= wp, Wo—Wuw,) + (v —wy, ann— Wx,)
H Jx, — an>
v — Wy, "
lwn — x| | J2zn — Jw,||
S P S P
Wy, — T, Jr, — Jwy,
- —M(H ”+ [ H),

o a

where M = sup,,~1{||v — wy||}. From (3.27) and (3.28), we obtain (v — u,w) > 0.
By the maximality of Y, we have u € Y ~'0 and hence u € VI(C,W).

Next, we show that v € Q. From (3.31) and J is uniformly norm-to-norm
continuous on bounded set, we obtain

lim || Ju, — Jys|| = 0. (3.37)
From the assumption r,, > a, we get

lim | Jun — Jyu|| _

n— o0 Tn

0.

Noticing that u, = K, y,, we have

1
H(un,y) + — (Y — tn, Jun, — Jy,) >0, VyeC.
T

Hence,
1
H(tn,,y) + — Yy — un,, Jun, — Jyn,) >0, VyeC.
r

uz

From the (A2), we note that

Tn,

i

1
> <y - unia‘]uni - Jyn1> > _H(umay) > H(?Ja“m)a
Tn,

7

”y_um

Vy € C. Taking the limit as n — oo in above inequality and from (A4) and
up, — u, we have H(y,u) < 0, Vy € C. For 0 <t < 1 and y € C, define
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yr = ty + (1 — t)u. Noticing that y,u € C, we obtains y; € C, which yields that
H(ys,u) < 0. Tt follows from (A1) that

0= H(ys,yt) < tH(ys,y) + (1 — t)H (ys, u) < tH (ys, ).

That is, H(y,y) > 0.
Let t | 0, from (A3), we obtain H(u,y) > 0, Vy € C. This implies that u € .
Hence u € F := F(T)NF(S)NVI(C,B)NA~*(0) N Q.

Finally, we show that u = IIpzg. Indeed from z, = Il¢, 2o and Lemma 2.6,
we have

(Jxg — Jxp, 2 — 2) >0, Vz € C,.

Since F' C C,,, we also have
(Jxg — Jxp, 2 —p) >0, Vpe€F. (3.38)
Taking limit n — oo, we obtain
(Jrog — Ju,u—p) >0, Vpe€F.

By again Lemma 2.6, we can conclude that u = IIgpxg. This completes the proof.
O

Corollary 3.2. Let E be a 2-uniformly convexr and uniformly smooth Banach
space, let C' be a nonempty closed convex subset of E. Let © be a bifunction from
C x C to R satisfying (A1)-(A4) let ¢ : C — R be a proper lower semicontinuous
and convex function and let B : C — E* be a continuous and monotone map-
pings, let A : E — E* be a mazimal monotone operator satisfying D(A) C C. Let
Jp = (J+rT)"1J forr > 0 and let W be an a-inverse-strongly monotone operator
of C into E*. Let T be closed relatively quasi-nonexpansive from C into itself such
that F == F(T)NVI(C,W)NA10)NQ # 0 and |[Wy| < [|[Wy — Wul| for all
ye€C andu € F. Let {x,} be a sequence generated by xy € E with 1 = I, o
and C; = C,

wy, = Mo Y Jzn — \iWay),

2n = J Yo (2n) + (1 — ap) JJT (-, wy)),

un € C' such that O(upn,y) + (Bun,y — un) + ¢(y) — @(un)
—I—%ﬂ(y — Up, Jup — Jz) >0, Vy e C,

Cry1 ={2€Cy : ¢(z,un) < ¢(z,2)}

Tn4+1 = HCn+1IO

(3.39)

for all n € N, where Il¢ is the generalized projection from E onto C, J is the
duality mapping on E. The coefficient sequence {an} C [0,1], {rn} C (0,00)

satisfying limsup,,_,  an < 1, liminf,,_ 7y, > 0 and {\,} C [a,b] for some
a,bwith 0 <a <b< 0270‘ L is the 2-uniformly convexity constant of E. If T is

7 ¢

uniformly continuous, then the sequence {x,} converges strongly to Upxy.
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Proof. In Theorem 3.1, if S =TI and (8, =1 for all n € NU{0} then (3.1) reduced
to (3.39). O

Corollary 3.3. Let E be a 2-uniformly convexr and uniformly smooth Banach
space, let C' be a nonempty closed convex subset of E. Let © be a bifunction
from C x C to R satisfying (A1)-(A4) and let p : C — R be a proper lower
semicontinuous and convex function and let B : C' — E* be a continuous and
monotone mappings, let W be an a-inverse-strongly monotone operator of C into
E*. Let T and S are closed relatively quasi-nonexpansive from C' into itself such
that F .= F(T)NFS)NVIC,W)NQ # 0 and |Wy|| < ||Wy — Wu| for all
y€C andu € F. Let {x,} be a sequence generated by xo € E with x1 = g, 2o
and C; = C,

wy, = Hed HJzn — MWay),
2n = J HanJ(xn) + (1 — ) JT(wy)),
Yn = Jﬁl(ﬁn‘](xn) + (1 - 671)‘]‘9(271))7
Up € C' such that O(un,y) + (Bun,y — un) + ©(y) — p(un)
—I—%(y — Up, Jun — Jyn) >0, VyeC,
Cn+1 = {Z €eCp: Qb(Z,’UJn) < ﬁnd)(zvxn) + (1 - 671)@5(2;271) < (b(Z,iEn)}

Tnt+1 = ch+1xo

(3.40)
for all n € N, where Il¢ is the generalized projection from E onto C, J 1is the
duality mapping on E. The coefficient sequence {an},{Bn} C [0,1] satisfying
limsup,, . an < 1, limsup,,_ .. Bn < 1 and {\,} C [a,b] for some a,b with
0<a<b< CQTO‘, % is the Z-uniformly convexity constant of E. If T and S are
uniformly continuous, then the sequence {x,} converges strongly to Upxg.

Proof. In Theorem 3.1, set A = Jic where i¢ is the indicator function; that is

i 0, ze€C,
7\ oo, otherwise.

Then, we have that A is a maximal monotone operator and J,. = II¢ for r > 0, in
fact, for any € E and r > 0, we have from Lemma 2.5 that
z=Jpx Jz+rdic(z) > Jx
Jr — Jz € rdic(2)
ZC(y) > <y - 27¥> +7’C(z)a vy €Ll
0>{y—=zJe—Jz), Vyel
z = argmingec ¢(y, )
z=Ilcx.

K

So, we obtain the desired result by using Theorem 3.1. (|
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4 Application to Complementarity Problems

Let K be a nonempty, closed convex cone in E, W an operator of K into E*.
We define its polar in E* to be the set

K*={y* € E*: (z,y") > 0,Vz € K}. (4.1)
Then the element u € K is called a solution of the complementarity problem if
Wue K*, (u,Wu) =0. (4.2)

The set of solutions of the complementarity problem is denoted by CP(K, W); see
[27], for more detail.

Theorem 4.1. Let E be a 2-uniformly conver and uniformly smooth Banach
space, let K be a nonempty closed convex subset of E. Let © be a bifunction from
K x K to R satisfying (A1)-(A4) and let ¢ : K — R be a proper lower semicon-
tinuous and convex function and let B : K — E* be a continuous and monotone
mappings, let A : E — E* be a mazimal monotone operator satisfying D(A) C K.
Let J, = (J+rT)"YJ for r > 0 and let W be an a-inverse-strongly monotone
operator of K into E*. LetT and S are closed relatively quasi-nonexpansive from
K into itself such that F := F(T)NF(S)NVI(K,W)NA10)NQ # 0 and
IWy| < ||Wy —Wul for ally € K and uw € F. Let {z,} be a sequence generated
by xo € E with x1 =1l x9 and C1 = K,

wy =g J Y (Jzp — XM Way,),
2 = J Hand(zn) + (1 — an)JT (T, wy)),
Un € K such that O(un,y) + (Bun,y — un) + ©(y) — ©(un)
—i—%(y — Up, Jun, — Jyn) >0, Vye K,
Cn+1 ={2 € Cn 1 ¢(z,un) < Bnd(z,20) + (1 = Bn)d(2, 2n) < ¢(z,2n)}
Tny1 = Ie,, o

(4.3)
for all n € N, where llg is the generalized projection from E onto K, J is the
duality mapping on E. The coefficient sequence {a,}, {8n} C [0,1], {rn} C (0, 0)
satisfying limsup,,_ oy < 1, limsup,,_ . B, < 1, liminf,, .7, > 0 and
{M} C la,b] for some a,b with 0 < a < b < 0270‘, 1 is the 2-uniformly convezity
constant of E. If T and S are uniformly continuous, then the sequence {x,}
converges strongly to llpxg.

Proof. As in the proof Lemma 7.1.1 of Takahashi in [27], we have VI(K, W) =
CP(K,W). So, we obtain the desired result. O
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